
ABSTRACT: Bayesian finite element model updating provides a rigorous framework to take various sources of uncertainty, 
such as uncertainties in observation, modeling and prior knowledge, into account when characterizing uncertainty in model 
parameters, through updates of their joint probability density function. The Markov chain Monte Carlo methods are currently the 
most popular simulation techniques for producing samples from the posterior probability density functions of the uncertain 
parameters. However, the effectiveness of these approaches is adversely affected by the dimension and correlation structure of 
the model parameter space. This paper presents the application of a manifold based Metropolis adjusted Langevin algorithm for 
solving high-dimensional model updating problems in structural dynamics. It exploits the Riemannian geometry of the model 
parameters to help construct proposal densities which closely approximate the target density. Thus, the Markov chain explores 
the target density faster. Practical issues for applicability of the proposed algorithm for the Bayesian FE model updating problem 
are illustrated using simulated data for a six degrees of freedom mass-spring model with up to 16 parameters to be calibrated. 

KEY WORDS: Bayesian FE model updating, Simplified Manifold MCMC, Gauss-Newton approximation of Hessian, Structural 
Dynamics. 

1 INTRODUCTION 

Quantifying uncertainty is crucial in robust prediction of 
future behavior and reliability analysis of structures. 
Epistemic uncertainty, due to lack of knowledge, arises from 
different sources; uncertainty in model parameters, 
mathematical models describing the underlying physics, 
measurements and numerical algorithms used to solve the 
underlying boundary value problem. The Bayesian model 
updating approach provides a systematic framework for taking 
various sources of uncertainty into account in characterizing 
the uncertainty of the model parameters through the updated 
joint Probability Density Function (PDF) using Bayes’ rule as 
[1] 

 |
|
|

 (1) 

Here  is the prior PDF, |  is the likelihood function 
and |  is the normalizing factor. The a 
priori unknown normalizing factor in Eq. (1) makes integrals 
with respect to | , common in Bayesian inference, 
become analytically intractable. Monte Carlo estimates to 
these integrals require simulated samples drawn from the 
posterior distribution | . The most common simulation 
techniques for simulating samples from this distribution are 
the Markov Chain Monte Carlo (MCMC) methods [2].  
Several competing MCMC methods exist in the literature [2-
7]. The Metropolis Hastings (MH) algorithm, first proposed 
by Metropolis [8] and then improved by Hastings [9], is 
probably the most popular MCMC algorithm to define a 
Markov process with the posterior density |  as the 
invariant PDF. The MH algorithm proposes a transition from 

 to * using the instrumental kernel q( ∗| ) which will be 

accepted by probability α , ∗ . The acceptance probability, 
also called the Metropolis update, guarantees that the MH 
chain satisfies the detailed balanced condition and has the 
stationary distribution | . One typical form of the 
instrumental kernel is an n-dimensional normal distribution 
N( , ), as used in the Random Walk Metropolis Hastings 
(RWMH) algorithm [10]. The popularity of this algorithm 
comes primarily from it being easy to implement, but it 
becomes inefficient in high dimensional spaces and its direct 
use demands careful tuning of the proposal covariance matrix 

. Large transitions in the parameter space may drive the MH 
chain to the low probability regions resulting in a high 
rejection rate of proposals. On the other hand, high acceptance 
rate can be obtained using small transitions, but the chain then 
explores the stationary distribution slowly, has low mixing 
time, and the generated samples are highly correlated. 
Consequently, the proposal variance must be optimally 
designed to avoid both extremes, a concept referred to as the 
Goldilocks principle [11]. Tuning of the proposal process in 
adaptive versions of the MH algorithm is possible, but it 
demands expensive pilot runs [12]. 
The Metropolis Adjusted Langevin Algorithm (MALA) [13] 
provides a proposal process which is achieved using the 
Euler-Maruyama discretization of the Itȏ stochastic 
differential equation of Langevin dynamics. Compared to the 
RWMH formulation, the mean value of the proposal density 
has an additional drift term which is the scaled gradient of the 
negative logarithm of the target distribution. The drift term 
drives the chain to a point with higher probability density and 
results in faster exploration of the highly probable part of the 
target distribution. The MALA algorithm can be viewed as a 
special case of the Hamiltonian Monte Carlo (HMC) 
algorithm, first proposed by Duane et. al. in statistical physics 
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literature [5]. The HMC algorithm simulates a Markov chain 
in which each iteration involves a Metropolis update with a 
resampled stochastic proposal and a deterministic proposal 
found using the solution to a discretized Hamiltonian 
dynamics problem. Cheung and Beck [2] adopted an HMC 
algorithm to solve a high-dimensional model updating 
problem in structural dynamics using real time data.   
While MALA and HMC potentially improve the mixing time 
and optimal acceptance rate of the MCMC sampling 
algorithms, their tuning remains a challenge for highly 
correlated parameter spaces involved in FE model updating 
problems. Another improvement to MCMC algorithms is 
called mMALA [12], a method in which the proposal process 
is derived using the discretized Itȏ stochastic differential 
equation of Langevin diffusion on a Riemann manifold where 
the metric tensor is the Hessian of the negative logarithm of 
the target distribution. If the local curvature of the Riemann 
manifold is assumed to be constant, the algorithm collapses to 
the simplified mMALA (smMALA) algorithm. The drift term 
in the proposal process of the smMALA method can be 
interpreted as a scaled Newton step from an optimization 
perspective [6] and is used to drive the Markov chain towards 
the higher probability region. Using the information of the 
manifold structure of the parameter space provides a 
systematic manner to design a Markov chain which explores 
the posterior distribution more efficiently in highly correlated 
target distributions, provided that the scale factor is small 
enough.  

This study primarily shows how the smMALA algorithm 
can be adopted to solve challenging model updating problems 
in structural dynamics. Practical issues are addressed to 
improve the effectiveness of the method when dealing with 
high dimensional posterior distributions. The potential 
applicability of the proposed adaptive algorithm to estimate 
the posterior distribution of the parameters in a Bayesian FE 
model updating problem is illustrated using simulated data 
from a 6DOF mass-spring-damper system with 16 parameters 
to be calibrated. 

2 FRF-BASED BAYESIAN MODEL UPDATING  

2.1 Forward problem 

Using the FE method, the governing partial differential 
equations of motion of a linear structure can be transformed 
into a set of ordinary differential equations as 

 (2) 

Here ∈  is the nodal displacement vector,  is 
the external load vector which is governed by a Boolean 
transformation of the input vector, . The real, 
positive-definite, symmetric matrices ,  and 

∈  are the parameterized mass, damping and 
stiffness matrices, respectively, and ∈  is the 
normalized vector of model parameters. The Fourier 
transform of Eq. (2) (assuming a stationary state) gives 

; ;  where ; ;  
denotes the spectrum of nodal accelerations and   

;  (3) 

denotes the predicted acceleration Frequency Response 
Function (FRF) of the th degree of freedom due to an 
external load at the th degree of freedom.   

2.2 Uncertainty in FRF measurements 

Let represent the discrete time history of a structure’s 
response, in terms of acceleration, by ∈ , 1, … ,  
where  is the number of measurement channels and  is the 
number of time samples. In the context of Bayesian model 
updating, the observed acceleration data can be modeled as 
follows 

 , 1, … ,  (4) 

where  denotes the accelerations predicted by the 
structural model and  is the prediction error. This 
formulation thus states that there is a difference between 
measured response and the model response due to 
measurement noise. The prediction error is modeled as zero-
mean, independent and identically distributed (i.i.d) Gaussian 
noise with variance . It is also assumed that the prediction 
error in each measurement channel is independent of other 
channels. For the sake of simplicity, we furthermore assume 
that the structure is excited through a single, noise free, input 
channel.  

Using the Fast Fourier Transform (FFT), the measured 
spectra can be defined as  

  , 1, … ,  (5) 

where the FFT of  is defined as follows 

 1

√
exp 2π , 1, … ,  (6) 

Here, 1,… ,  is corresponding to the frequencies 
1 / Δ , where Δ  is the sampling time interval. A 

similar formulation is used to define the FFT of the model 
response and the prediction error. The measurement noise  
is an asymptotically circular normal variable and independent 
over the frequency lines  [14]. This means that the real and 
imaginary parts of  are independent and identically 

distributed as , , where  is the  identity 

matrix. Let the measured spectrum of the input which 
corresponds to the frequency  be denoted by . Then, the 
measured FRFs, ∈ , can be written as  

  (7) 

For Bayesian model updating, the FRF values 
corresponding to frequencies , 2, … ,  contain the 
required information, where INT /2  is the Nyquist 
frequency. The data at 1 and 1,… ,  is 
omitted since the value for 1 is the scaled average value 
of the signal and is often contaminated by the offset error of 
the measurement channel, and the values for 
1,… ,  are the conjugate mirror images of the values for 

2,… , . Hence, they add no more information.  
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2.3 Bayesian inference framework 

In the context of Bayesian inference, the model parameters 
∈  are treated as random variables and probability 

distributions are assigned to these parameters. These 
distributions are updated through Bayes’ rule, i.e. Eq. (1). The 
initial probability distributions reflect our prior knowledge 
about the model parameters in the absence of measurement 
data and are often originated from historical data or 
engineering judgment. One of the most common methods to 
construct such prior PDFs is based on the Maximum Entropy 
Principle [15]. In this study, we assume that each model 
parameter in the vector  can be synthesized independently 
using a normal distribution such that 

1

2 det
exp

1
2

 
(8) 

where  is the prior covariance matrix and  is the 
mean value of the parameter vector. 

The likelihood function |  in Bayes’ theorem can be 
interpreted as a measure of how good the model predictions fit 
the observed data. Using the statistical properties of the 
measurement noise on the measured FRFs, one can show that 
the likelihood function at each frequency line can be written 
as 

1

2 det
 

exp
1
2

 

(9) 

where ; ∈ , 
; , and 2‖ ‖⁄  is 

the covariance matrix of . Using the fact that the s are 
independent over the frequency lines , the total likelihood 
function can be defined as  

|
1

2 det
 

exp	
1
2

vect vect  

(10) 

in which vect .  is an operator that collects all the 2  
elements of  or  at all sampling frequencies into a column 
vector and diag ,… , . Substituting the 
above likelihood function into Bayes’ theorem, i.e. Eq. (1), 
the posterior PDF is proportional to  

| ∝ exp
1
2
vect vect

1
2

 
(11) 

In most practical applications, computation of the posterior 
distribution using Eq. (11) involves the solution of high-
dimensional integrals which are analytically intractable and 
hence demand approximation techniques or sampling 
methods.  

When a large amount of data is observed and the model 
updating problem is globally or locally identifiable, the 
posterior distribution can be approximated by a Gaussian PDF 
as ,  where  is a Maximum A Posteriori 
(MAP) point, hence a point which maximizes the posterior 
PDF, and the covariance matrix  is defined as the 
Hessian of the negative log posterior evaluated at MAP point 
[14].  

An alternative method is to generate samples from the 
posterior PDF using MCMC methods. Gibbs’ algorithm [4], 
Adaptive Metropolis Hastings  [16], Transitional MCMC [3] 
and Hybrid Monte Carlo [2] are sampling techniques used in 
the literature to explore posterior PDFs involved in model 
updating problems. In the next section, the smMALA 
algorithm is employed to explore the aforementioned posterior 
PDF to identify the model parameters.  

3 SIMPLIFIED MANIFOLD MALA  

3.1 Simplified manifold MALA algorithm 

Given the uncertain parameter vector ∈  and the 
probability measure | , the Langevin diffusion is 
defined using the Itô stochastic differential equation [13] 

 
1
2

log |  (12) 

 
Algorithm 1- the general Pseudo code for Metropolis-Hastings MCMC  
 Given , 

Compute |  
For 	 	0, … , 1 repeat 

1. Simulate ∗ from instrumental density ∗|  
2. Compute ∗| , ∗|  and | ∗  

3. Compute acceptance probability , ∗ min 1,
	 ∗| | ∗

| ∗|
 

4. Simulate  ~ 0,1  
5. If 	 , ∗  

      Accept the proposal, ∗ 
Else 
      Reject the proposal,  
End 

End 
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where  is the n-dimensional Brownian motion. The 

Langevin diffusion process converges to the stationary 
distribution | . The actual implementation of the process 
is to discretize Eq. (12) using the Euler-Maruyama scheme as 

 
2

log |  (13) 

where ~ ,  and  is the discretization step. Due to 

discretization error the Markov chain of Eq. (13) behaves 
different from the diffusion process of Eq. (12) and may not 
converge to |  as its invariant measure [12]. A MH 
update step can be adopted after each iteration of the 
discretization algorithm to avoid this discrepancy and 
guarantee the reversibility of the chain with respect to 

| . Algorithm 1 represents a step-by-step 
implementation of the random walk Metropolis-Hastings 
algorithm. 

In Algorithm 1, if the instrumental density is replaced by 
∗| log | , , the resulting 

MCMC algorithm is called the MALA algorithm. As was 
discussed in the introduction, proposals obtained by the 
MALA algorithm consist of two terms, where the drift term, 
which is the scaled gradient of the negative logarithm of the 
target distribution, drives the chain towards the high 
probability region. As a consequence, the MALA algorithm 
explores the invariant distribution faster, and outperforms 
outperforming RWHM. Since the second term of the MALA 
algorithm is an isotropic Brownian motion, highly correlated 
parameter structures place a constraint on the discretization 
step size to be smaller than the standard deviation in the most 
constrained direction. This issue leads the MALA algorithm to 
explore such parameter spaces slowly. The performance of the 
MALA algorithm is improved by exploiting the geometric 
structure of the parameter space [12]. Thus, Girolami et al. 
[12] defined the Itô stochastic differential equation of the 
Langevin diffusion on a Riemann manifold with the metric 
tensor  as 

  (14) 

where 

1
2

∂
∂

log |

| | / ∂
∂

| | /  

(15) 

and the metric tensor  is the Hessian of the negative 
logarithm of the invariant PDF, i.e. log	 | . This Itô 
stochastic equation has |  as its unique stationary 
distribution. The first term on the right hand side of Eq. (14) 
transforms the isotropic Brownian motion into a new 
coordinate system that is aligned according to the local 
curvature of the Riemann manifold. On the other hand, the 
second term in Eq. (15) involves the derivative of the local 
curvature of the manifold. This term is expensive to evaluate 

and reduces to zero if one assumes that the manifold curvature 
is locally constant. For a flat manifold with a constant 
curvature, Eq. (14) can be discretized using the Euler-
Maruyama integrator such that 

2
log |

 
(16) 

This proposal mechanism defines a new instrumental density 
∗| log ,  

which can be employed in algorithm 1 in conjunction with the 
MH step to ensure that the new MCMC method, denoted the 
simplified manifold MALA, smMALA, converges to the 
invariant distribution | . One can expect that the 
smMALA explores the target distribution faster than the 
MALA algorithm, provided that the Hessian of the target 
distribution is positive definite and the scale factor  is 
sufficiently small. Thus, the appropriate tuning of the scaling 
factor is of particular interest in practice.        

3.2 Starting from high probability region 

smMALA is a local MCMC algorithm, meaning that it is not 
able to explore posterior PDFs with well-separated regions of 
high probability. However, in practice, there is often one 
important region with high probability content. Thus, 
initiating the chain in this region leads to efficient exploration 
of the target distribution. To this end, a simulated annealing 
algorithm is employed in this study to find an appropriate 
starting point  in the high probability region.  

3.3 Numerical approximation of Hessian 

The smMALA algorithm requires computation of the full 
Hessian of the negative log posterior, i.e., 

1
2
vect vect

1
2

constant 
(17) 

In this formulation, the noise covariance function can be 
decomposed as  using either the symmetric 
square root or Cholesky factorization. Let the first term in Eq. 
(17) be called the misfit. This function can be rewritten as  

1
2

vect vect
1
2
‖ ‖  (18) 

We assume that the predicted FRFs are twice continuously 
Fréchet differentiable functions, and we denote the Jacobian 
of the misfit function by . Thus, the gradient and Hessian 
of   can be written as 

 (19) 

 (20) 

where  is the Hessian of the 
misfit function, and ∑  denotes 
second order terms of the Hessian of the misfit function. In 
general, computation of the full Hessian of the misfit function, 
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, poses two difficulties. First,  is not always 
nonnegative. Such violation occurs when  has one or 
more negative eigenvalues. This means that the drift term in 
the smMALA algorithm can take the current state of the chain 
towards lower probability regions. Second, computation of the 
second order terms is impractical for large scale problems. In 
this study, the Gauss-Newton portion of the full Hessian of the 
misfit function is used in the smMALA algorithm, i.e., 

  (21) 

The Guass-Newton approximation of the Hessian has two 
immediate advantages. First, computation of this Hessian 
requires only one evaluation of  for each column of the 
Jacobian matrix, which can furthermore be simultaneously 
used to calculate the gradient vector. Thus,  function 
evaluations are required, where  is the number of uncertain 
parameters, at each step of the smMALA algorithm. Second, 
the Gauss-Newton Hessian matrix is always positive 
semidefinite. 

The Gauss-Newton portion of the Hessian is a good 
approximation of the full Hessian of  if a large amount of 
data is available and the model parameters are identifiable, or 
the observation noise is small.  

3.4 Control of scaling factor 

Exploiting the Riemann geometry of the parameter space in 
the smMALA algorithm leads to an automated adjustment of 
the relative step length in different directions corresponding to 
the local correlation structure of the parameter space. 
However, the scaling factor, , in the proposal process must 
still satisfy the Goldilocks principle and hence a proper 
adjustment becomes necessary. In particular, one can 
numerically show that it is crucial to use a sufficiently small 
scaling factor, , in the transient phase, otherwise the chain 
can easily become trapped in this phase for a long time. After 
the burn-in period, a larger scaling factor is desirable for 
efficient exploration of the target density [6]. 

3.5 Connection to HMC 

This section exploits the connection between smMALA and 
the HMC algorithm used by Cheung and Beck [2] to solve 
Bayesian model updating problems with large parameter 
spaces. In HMC, a fictitious dynamical system is introduced 
where the uncertain parameters ∈  with probability 
density |  are treated as displacement variables and 
independent auxiliary variables ∈  with density 

,  are introduced as momentum variables. The 
Hamiltonian function of this dynamical system is defined as 

,  with the potential energy term 
ln	 |  and the kinematic energy term 

. The Hamiltonian function can also be 
interpreted as the negative logarithm of the joint distribution 
of  , . The evolution of this system through a fictitious 
time  is given by  

 

 

(22) 

 

The resulting solution flow ( , ) has three key 
features: (a) it preserves the total energy and subsequently 
leaves the joint distribution of ( ,  as the stationary 
distribution, (b) it is time reversible, and (c) it preserves the 
volume of a region of phase space. However, Eq. (16) needs 
to be solved using an appropriate integration algorithm such 
as the leapfrog algorithm, formulated as follows: 

2
 

 

2
 

(23) 

The solution flow obtained by the leapfrog integrator does 
not preserve the total energy. Hence, an additional MH step is 
required after each leapfrog algorithm to ensure that the 
algorithm converges to the correct stationary joint probability 
density. Consequently, at each step of the HMC algorithm the 
proposal sample produced by  time steps of the leapfrog 
algorithm ( , → ∗, ∗  will be accepted with probability 
min 1, exp	 ∗, ∗ , .  

In the HMC algorithm, there are three parameters; ,  and 
, that need to be selected properly. The time step  should 

be selected such that the average rejection rate in the MH step 
is not very high and the number of time steps should be tuned 
such that neighboring samples are as independent as possible. 
However, one can use a single integration step to produce 
proposals of the form  

2
log |  (24) 

which is equivalent to a preconditioned proposal 
mechanism in the MALA algorithm. Comparing this 
formulation with Eq. (16) demonstrates that in the smMALA 
algorithm the mass matrix is selected as the Hessian of the 
negative logarithm of the stationary probability distribution. 
This perspective demonstrates how the choice of  can affect 
the performance of the HMC as well.  

3.6 Statistical properties of MCMC estimates 

The smMALA algorithm produces dependent samples of , 
1,… , , from the stationary distribution | , 

provided that the samples generated in the transient part of the 
chain are discarded. The expectation of any function  of 
the uncertain parameters  can be estimated as follows: 

 
1

 (25) 

It is clear that  is an asymptotically unbiased estimator of 
. The variance of this estimator can be formulated as 

follows: 

var  (26) 

Now, let substitute Eq. (25) in Eq. (26)  
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var
1

 (27) 

1
 

Using the definition of the autocovariance function, i.e. 
, the 

above formula can be rewritten as   

var
0

1  (28) 

where 2∑ 1 ⁄  and the autocovariance 

function can be approximated using the following expression: 

1
 (29) 

From Eq. (28) one can show that 0 ⁄ var
0 . The lower bound of this inequality is achieved if the 

samples are independent while the upper bound is achieved 
for perfectly correlated samples. Thus, the effective sample 
size, which is the effective number of independent samples, 
can be computed by / 1 . 

4 APPLICATION TO FE MODEL UPDATING 

This section presents a numerical example to demonstrate the 
efficiency of the smMALA algorithm to solve the FE model 
updating problem with high dimensional parameter spaces.     

4.1 6DOF mass-spring-damper system 

Figure 1 illustrates a 6DOF mass-spring system. A relative 
modal damping of 1% is assigned to all modes of the model. 
Suppose that the system is excited through the sixth degree of 
freedom and the noisy acceleration data, simulated in this 
study, is measured at all degrees of freedom. The acceleration 
data is contaminated with a small amount of noise, 8% RMS 
noise-to-signal ratio, not to violate the small-noise-level 
assumption made for the Gauss-Newton approximation of 
Hessian. FE model updating is to be performed to estimate all 
the masses, , and the stiffnesses, , of the system. Thus, 
we need to estimate 16 parameters in this problem.   

 
 

 
Figure 1. 6DOF mass-spring system with 16 parameters 

 
  

Amplitude (dB) 

Figure 2. Magnitude of the simulated FRFs (acceleration as 
output) for 8% RMS noise-to-signal ratio.  

   
Figure 2 depicts the amplitude of the measured FRF data 

within the frequency range [3, 23] Hz. To ensure that all 
resonance frequencies within this frequency range are 
measured with the same level of accuracy, the same number 
of frequency lines should be selected in the half-band-width 
around each resonance frequency. This implies taking 
constant steps in a logarithmic frequency scale, resulting in 
206 frequency lines with the frequency resolution of 0.03 Hz 
in order to have 3 frequency lines within each half-band-
width. 

The likelihood function of Eq. (10) can be rewritten for this 
problem as follows 

|
1

 

exp
1

vect vect  

(30) 

Here, 6, 206, 0.057 and ‖ ‖ 1,
1, … , . It should be noted that this model updating problem 
is globally identifiable in the sense that there is exactly one 
Maximum Likelihood Estimate in the parameter space. The 
prior PDF for the parameter vector  is selected as 
independent Gaussian distributions with means equal to the 
nominal values , 1, … ,6, and , 1, … ,10, see 
Table 1, and coefficient of variation (C.o.V) of 10%. The 
physical parameters, i.e., , 1, … ,6, and , 1, … ,10 
are related to the normalized parameter vector  and their 
nominal values such that 1 , 1, … ,6 and 

1 , 1,… ,10. 
The smMALA chain is initiated in the high probability 

region of the posterior PDF, | , using the simulated 
annealing algorithm Global Optimization Toolbox of 
MATLAB by 10000 evaluations of | . Then the 
smMALA algorithm is applied to explore the posterior PDF.  
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(A) 

(B) 

Figure 3. The trace plot of posterior samples produced by 
smMALA for (A)  and (B) .   

 
 
(A) 

(B) 

Figure 4. The autocorrelation plot of posterior samples 
produced by smMALA for (A)  and (B) . The first 4000 

samples are discarded as burn-ins.  

 
In this algorithm, the scale factor 0.01 is selected in 

the transient phase of the chain whereafter its value is 
smoothly increased after the burn-in period to 1.5 such 
that the correlation between the neighboring samples is less 
than 0.4. The convergence of the smMALA chain for  and 

 is shown in Figure 3, in which the trace of samples drawn 
from |  is plotted. Again, the chain started from the 
initial point estimated by the simulated annealing algorithm. 
As can be seen, in the transient phase the drift term of the 
proposal kernel takes the chain to the high probability region. 
In this phase the average acceptance rate is about 0.97 since 
the scaling factor is too conservative but helps the chain not to 
get trapped in this phase. 

As expected, in the stationary phase the average acceptance 
rate is around 1. The reason to this fact is twofold. First, since 
a lot of data points are available in this problem and the 
problem is globally identifiable, the posterior distribution can 
be approximated as a Gaussian distribution around the MAP 
point according to the central limit theorem. This fact can be 
clearly seen in Figure 5 where the posterior samples for  
and  are plotted in the Gaussian probability paper. Since the 
samples lie on the straight line, the posterior marginal 
distribution of these parameters can be assumed to be 
Gaussian. Second, the proposal kernel in the smMALA 
locally approximates the posterior distribution using a 
Gaussian distribution tailored to the local Hessian of the target 
density as the inverse of the covariance matrix. Thus, all the 
samples generated in this case are independent samples from 
the posterior distribution and are accepted with probability 1.  
 
(A) 

(B) 
 

Figure 5. Gaussian probability paper plot for (A)  and (B) 
.    
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Table 1. Statistical results for structural parameters estimates for 8% RMS noise-to-signal ratio. 

Parameter  = nominal 
value  

 = true value  = mean value 
of estimates 

⁄  = c.o.v. estimate 
of parameters 

Error = 
| |

 

 3810 3600 3665.3 1.29% 1.81% 
 1825 1725 1738.9 3.86% 0.80% 
 1100 1200 1198.1 4.58% 0.15% 
 2000 2200 2214.8 0.60% 0.67% 
 1620 1320 1309.8 3.98% 0.77% 
 1130 1330 1300.9 4.36% 2.18% 
 1000 1500 1413.3 3.33% 5.78% 
 5950 5250 5326.6 0.95% 1.45% 
 3200 3600 3416.0 3.31% 5.11% 
 650 850 871.2 3.37% 2.49% 
 1.5 1 1.01 0.74% 1.01% 
 1.2 1.4 1.41 3.79% 0.71% 
 1.5 1.2 1.18 4.46% 1.66% 
 2.1 2.2 2.07 3.27% 5.90% 
 2.1 2.5 2.53 1.17% 1.20% 
 0.7 0.9 0.89 0.10% 1.11% 

 
 

Figure 4 demonstrates the autocorrelation function for  
and  where the first 3000 samples are discarded as the burn-
ins. This figure also confirms that the correlation between 
neighboring samples generated by smMALA is small.  

Table 1 shows the nominal value, exact value, sample mean, 
sample C.o.V and the estimation error of the uncertain 
parameters. Two observations are immediate. First, the 
uncertainty in the parameters is reduced in comparison to the 
prior uncertainty inasmuch as the measured data provides 
information about these parameters. Second, the estimation 
error is small:	0.15 5.78% for stiffness parameters and 
0.71 5.9% for mass parameters. 

5 CONCLUSION 

This paper presented a simplified manifold Metropolis 
adjusted Langevin algorithm to solve Bayesian FE model 
updating problems with large scale parameter spaces. The 
proposal density in the smMALA involves two parts. The 
deterministic part, which is a scaled Newton step in 
deterministic optimization and takes the current state of the 
chain towards the high probability region of the target density 
given that the Hessian is positive definite. The stochastic term 
is distributed using an n-dimensional Gaussian distribution 
fitted to the local structure of the target density using the 
Hessian of the negative log posterior as the inverse covariance 
matrix. The Gauss-Newton approximation of the Hessian 
matrix guarantees that the geometric tensor is positive 
semidefinite and that the drift term finds its way towards the 
high probability region. It also reduces the computational time 
of Hessian matrix.  
The smMALA algorithm was presented and its features were 
discussed in details. An illustrative example demonstrated that 
the presented MCMC method is capable of generating 
samples from a high dimensional posterior distribution when 
the structural model class is identifiable. One possible 
extension of this work is to improve the smMALA to make it 
an enabling methodology to solve Bayesian model updating 
problems with unidentifiable parameters.          
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