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a b s t r a c t

This paper addresses the issue of developing feasible advanced control strategies for the operation of industrial fed-

batch multi-stage sugar crystallization processes. The operation of such processes poses very challenging problems

mainly those inherent to its batch nature and also those due to the difficulties in measuring key process variables.

Inadequate control policies lead to out-of-spec batches, with consequent losses resulting from the need of product

recycling.

In order to address these problems, a modification of the general Nonlinear Model Predictive Control (NMPC) is

proposed in this paper, where the NMPC is executed only when the tracking error is outside a pre-specified bound

˛. Once the error converges towards the ˛-strip, the NMPC is switched off and the control action is kept constant. In

order to further reduce the complexity of the control system, the proposed modification, termed Error Tolerant MPC

(ETMPC), is provided with a Recurrent Neural Network (RNN) predictive model. The ETMPC + RNN control scheme

was extensively tested on a crystallizer dynamic simulator, tuned with data from two industrial units, and compared

with the classical NMPC and PI strategy. The results demonstrate that both NMPC and ETMPC controllers lead to

improved end point process specifications, when compared with the PI controller. The explicit introduction of the

error tolerance in the optimization relaxes the computational burden and can complement several other suggestions
in the literature for feasible industrial real time control.

© 2010 The Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.
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characteristics (brix and impurities); (ii) in the seeding charac-
. Introduction

.1. Batch and fed-batch process operation

he batch or fed-batch mode of operation is a most rele-
ant production scheme in a large group of pharmaceutical,
iotechnological, food and chemical industries. Within those
ypes of production lines, crystallization is often a core unit
peration, either as the main production process, sugar crys-
allization being a good example, or as a major downstream
nit for purification or isolation, as found in many pharma-
eutical or biotech production lines.

The economic and performance objectives of batch or fed-
atch operations are essentially focused at the end of the

rocess (Nagy and Braatz, 2003). In the case of crystallization
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processes, operation is normally carried out having as refer-
ence a pre-specified final product quality, expressed by the
final mass average size of crystals (AM) and the respective
final size distribution, the latter measured by its coefficient
of variation (CV).

In this paper we study the operation of industrial fed-batch
multi-stage sugar crystallization processes, in a collabora-
tive work with two sugar factories (Sugar refinery RAR.SA,
Portugal and Company 30 de Noviembre, Pinar del Río,
Cuba).

The main challenge of the sugar production is the batch
to batch variation of AM and CV. This lack of process repeata-
bility is the result of several perturbations, viz. (i) in the feed
orgieva), sfeyo@fe.up.pt (S. Feyo de Azevedo).
ccepted 6 October 2010

teristics; (iii) in nucleation rates; (iv) in evaporation rates; (v)

neers. Published by Elsevier B.V. All rights reserved.
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Nomenclature

AM Average (in mass) crystal size (mm)
B,Bx Brix (mass fraction of dissolved solids)
B̃0 Nucleation rate
bi Parameter (bias) vectors of the RNN
B(v) Birth rate function (based on total vessel vol-

ume) (m−6 s)
BPE Boiling point elevation (◦C)
Cp Specific heat
CV Coefficient of variation (%)
D(v) Death rate function (based on total vessel vol-

ume) (m−6 s)
E� Error function
e Instantaneous output error
Ff Feed flowrate (m3/s)
Fs Steam flowrate (kg/s)
G Linear grow rate
Gv Overall crystal volume growth rate (m3/s)
H Specific enthalpy (J/kg)
Hc Control horizon
Hp Prediction horizon
k Discrete time index
Kag Crystal agglomeration kinetic constant
Kg Crystal growth kinetic constant
Kn Crystal nucleation kinetic constant
Kp Proportional gain
kv Volume shape factor
kvap Parameter of the evaporation rate
L, L̄ Particle size; mean size of a population distri-

bution (mm)
m(L) Crystal mass-size distribution function (m−1)
M Mass (kg)
n(L) Crystal number-size distribution function

(m−4)
n(v) Crystal number-volume distribution function

(m−6)
n1, n2 RNN layer outputs
P Desired contribution of the second term in (7)
r, P Neural network input vector
Pur Purity (mass fraction of sucrose in the dissolved

solids)
Q Heat input (J/s)
qj/vj Equality/inequality constraints
R Gas constant (J/mol K)
ref Output reference
S Supersaturation
s Uncertain time-dependent parameters vector
Tm Temperature (◦C)
t0;tf Initial/final batch time (s)
ts Settling time (s)
u Manipulated input vector
v Crystal volume (m3)
V Volume (m3)
W Stirring power (J/s)
Wij RNN parameter matrix
wc Volume fraction of crystals
x State vector
y Measured output vector

Greek letters
˛ Error tolerance (design parameter)
ˇ′ Agglomeration kernel

�t Sampling time interval (s)
�u Control increments
� Smooth factor (design parameter)
�1, �2 Design parameters of the performance index
�d; �i Derivative/integral time constant
˛s Parameter of the heat input (J/kg)
�w(vac) Latent heat of water evaporation
�̃j(v) j-moment of number-volume distribution func-

tion n(�), mj

	j(L) j-moment of mass-size distribution function
m(L), mj


 Density (kg/m3)
� Variance of a population distribution

Subscripts
a Dissolved sucrose
c Crystals
cris Crystallization
f Feed
i Impurities
m Massecuite
max Maximum value
min Minimum value
sat Saturation
sol Solution
vac Vacuum
vap Evaporation
w Water

Acronyms
ANN Artificial Neural Network
BPTT Backpropagation through time
CSD Crystal Size Distribution
ETMPC Error Tolerant Model Predictive Control
IMC Internal Model Control
ITAE Integral Time Absolute Error
KKT Karush-Kuhn-Tucher
MILP Mixed-Integer Linear programming
MISO Multiple Input Single Output
MITO Multiple Input Two Output
MPC Model Predictive Control
NLP Nonlinear Programming
NMPC Nonlinear Model Predictive Control
PID Proportional Integral Derivative
QDMC Quadratic Dynamic Matrix Control
QP Quadratic Programming
RNN Recurrent Neural Network
SQP Sequential quadratic programming
in process variables that affect supersaturation, which in turn
is the main control variable of the crystal growth rates.

Control policies based on Proportional Integral Derivative
(PID) controllers are known to have poor performances in guid-
ing the process along optimal paths, when facing such process
loads (Burns, 2001). This results in out-of-spec productions
that lead to the need of product recycling, with the associated
economical losses. It is thus of significant industrial inter-
est to search and implement alternative (advanced) operation
policies, aiming at maximizing production, while minimizing

costs by reducing such energy and material losses.
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.2. Model-based predictive control in sugar industry

he model-based predictive control (MPC) concept was
ntroduced in the eighties (Clarke et al., 1987) and nowa-
ays became an attractive and relevant control strategy

n many practical applications. The first industrial imple-
entations of MPC were based on linear models (Morari,

994) and later on, nonlinear cases such as reactive dis-
illation columns (Balasubramhanya and Doyle, 2000) and
olymerization reactors (Seki et al., 2001) were reported.
hough its recognized success in a variety of process

ndustries (Camacho and Bordons, 2004) only over the last
ecade research on MPC for sugar plants has started. Yet,
ugar production is still a very heuristically operated pro-
ess, with PID controllers being the most typical solution.
his is primarily due to the lack of reliable techniques

or on-line measurements of crystal qualities of interest,
amely; CSD, crystal morphology and purity (de Prada et al.,
008) and its categorization as a non-high value indus-
ry.

First, linear MPC controller (LMPC) has been applied to a
ontinuous sugar plant (Bordons and Camacho, 2000; Prada
t al., 2000) and latter on to a mixed batch/continuous (hybrid)
ystem combined with a scheduling algorithm (Sarabia et al.,
007, 2006). The mixed-integer (MI) optimization has been
onsidered in Kaya and Noakes (2003) for a sequence of batch
nd continuous sugar units. The process scheduling is for-
ulated as a MILP optimization problem, where the decision

ariables are the times to start the operation of each batch
nit and the duration of each batch. LMPC was also proposed

n Nott and Lee (1999) to schedule the process stages and the
nal sugar production. The present study was preceded by
n introductory work to implement LMPC only to the crys-
allization phase of the same sugar plant (Sánchez Dediós
t al., 2006). A new identification procedure was proposed
n Sánchez Dediós et al. (2006) to refine the linear crystal-
ization model. Though some improvements were registered,
nly one of the tested LMPC scenarios (controlled output –
upersaturation, manipulated input – steam flowrate) satisfied
ll conflicting control objectives. The accumulated conclu-
ion (Paz Suárez et al., 2009a, 2009b) was that a nonlinear
PC (NMPC) would meet better the sugar production quality

equirements.
However, on-line implementation of MPC with predictions

unning on a large number of nonlinear differential and alge-
raic equations (DAE), i.e. the first principles process model,

s a huge challenge that may lead to feasibility problems for
rocesses with fast nonlinear dynamics (as some of the sugar
roduction stages) or brings numerical problems (e.g. stiff-
ess, ill-conditioning). Moreover, in many cases development
f first principles models is difficult and time consuming (see
ppendix A).

Several suggestions have been made to attack these prob-
ems ranging from simple extension of Dynamic Matrix
ontrol (DMC) based on successive linearization of the
onlinear model to more elaborate techniques involving dis-
retization of the model followed by solution via nonlinear
rogramming (Zavala et al., 2008). These solutions are usually
omputationally very intensive and feasible assuming unlim-
ted computational resources, which is only valid for high
alue products and industries with modern control equip-
ent. However, sugar plants are typically equipped with not
tate-of-the-art and in some cases over a decade old control
ardware.
In order to address these problems in the framework of the
particular application, a modification of the general NMPC is
proposed in this paper, where the NMPC is executed only when
the tracking error is outside a pre-specified bound. Once the
error converges towards the strip, the NMPC is switched off
and the control action is kept constant. This explicit intro-
duction of the error tolerance (ET) in the optimization relaxes
the computational burden and can complement several other
suggestions in the literature for feasible industrial real time
control. In order to further reduce the complexity of the con-
trol system, the proposed modification, termed Error Tolerant
Model Predictive Controller (ETMPC), is provided with a data-
based predictive model, namely a Recurrent Neural Network
(RNN).

Over the past two decades the Artificial Neural Net-
works (ANNs) have been frequently used in modeling and
control of nonlinear processes (Kambhampati et al., 2000;
Nahas et al., 1992). It is because they have many advantages.
More specifically, NNs can approximate nonlinear behavior of
dynamical processes. ANNs are trained using available data
sets, thus the necessity to develop comprehensive first prin-
ciples models is avoided. Unlike fundamental models, neural
models have simple structure and relatively small number of
parameters. As a result, numerical problems typical of MPC
algorithms based on complex systems of DAE are not encoun-
tered.

However, there is very little research work published using
ANNs as a sugar crystallization model. For example in Rohani
et al. (1999) a feed forward NN (FFNN)-based NMPC of a con-
tinuous KC1 cooling crystallizer process was demonstrated to
outperform Quadratic DMC with linear ARX model. Most of the
dynamical system approximations are based on FFNNs, data
driven models without feedback connections.

However, following recent advances in ANN research
(Schaefer et al., 2008) RNNs seem most suitable for modeling
purposes since they can encode past and current input–output
information and thus approximate dynamical relationships.
In the present work we make a step towards analyzing the suit-
ability of a RNN as a reliable model in the sugar crystallization
context.

In all, the potential innovative aspects of the present work
are focused on the explicit introduction of the error tolerance
in the MPC formulation (ETMPC) and the RNN predictive mod-
els in the framework of a challenging multiple stages sugar
crystallization. The potential benefits of the ETMPC + RNN
control scheme, compared with other typical control solutions
are analyzed over the rest of the paper.

1.3. Scope and report structure

From a systems engineering point of view, this multi-stage
fed-batch process can be found, with due adaptations, in
a significant number of industrial processes. Therefore, the
RNN-based ETMPC strategy developed for the present indus-
trial case has the potential to be further extended and applied
to other processes.

This paper proceeds as follows: in Section 2 the general
NMPC problem is stated in a discrete form; Section 3 presents
the Error Tolerant MPC strategy and in Section 4 the RNN
predictive model is discussed; Section 5 comprises a short
description of the sugar crystallization process; control tests
and comparative results with ETMPC, NMPC and PI controllers

are presented and discussed in Section 6; finally, the conclud-
ing remarks are addressed in Section 7.
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2. Discretized NMPC problem

Although individually different in form, the underlying idea of
all MPC schemes can be summarized as follows: (i) a dynamic
model and on-line measurements are used to predict the
future process behavior; (ii) on the basis of the process out-
put predictions, optimization is performed to find a sequence
of manipulated input moves that minimizes a chosen perfor-
mance index while satisfying all given constrains; (iii) only the
first of the calculated input sequence is implemented and the
whole optimization is repeated at the next sampling time.

The on-line NMPC implementation has usually a discrete
form, where the exact optimization is substituted by a discrete
approximation and transformed into nonlinear programming
(NLP). The continuous time t ∈

⌊
t0, tf

⌋
is divided into equally

spaced time intervals �t, with discrete time steps tk = t0 + k�t
and k = 0, 1, . . ., N. For the purposes of this study we consider
the following performance index:

min
[u(tk+1),u(tk+2),...,u(tk+HC)]

J = �1

Hp∑
k=1

(e(tk))2 + �2

Hc∑
k=1

(�u(tk))2 (1)

where e(tk) = ref(tk) − y(tk) denotes the process output (y) devia-
tion from its respective reference (ref) and �u(tk) = u(tk) − u(tk−1)
are the manipulated input increments. Parameters �1 and �2

determine the contribution of the sum of the squares of the
output error and the control increments over the performance
index.

The cost function (1) has to be minimized subject to the
following constraints:

x(tk+1) = f [x(tk), u(tk), s(tk)] (2.1)

y(tk) = h[x(tk), s(tk)] (2.2)

qj(x(tk), u(tk), s(tk)) = 0, j = 1, 2, . . . , c (3.1)

vj(x(tk), u(tk), s(tk)) ≤ 0, j = 1, 2, . . . , l (3.2)

Eq. (2) is a discretized process model, where (2.1) is the
state-space description with x(tk) ∈ � n as the state vector,
u(tk) ∈ � m denotes the input vector, and s(tk) ∈ � r the vector of
given or possibly uncertain time-dependent parameters. Eq.
(2.2) is a relationship between outputs and states. qj and vj are
equality and inequality constraints with c and l dimensions
respectively.

Typical constraints covered by (3.2) are the process input
constraints expressed as

umin ≤ u(tk) ≤ umax,

�umin ≤ �u(tk) ≤ �umax
(4)

and the process output constraints

ymin ≤ y(tk) ≤ ymax (5)

umin and umax are the lower and the upper bounds of the
manipulated inputs, while �umin and �umax are the limits of
the manipulated input increments. Constraints (4) are usually
related with actuator saturation or rate-of-change restrictions,
whereas constraints (5) are associated with operational lim-

its (ymin, ymax) such as equipment specifications and safety
considerations.
The prediction horizon Hp is the number of future
time steps over which the prediction errors are minimized
and the control horizon Hc is the number of future time
steps over which the control increments are minimized.
u(tk+1), u(tk+2), . . . , u(tk+Hc

) are tentative values of the future
control signal.

The abundance of batch processes (as the crystallization)
and continuous processes with wide operating ranges require
nonlinear models for prediction, therefore functions f[.], h[.]
and the constraints (3) are supposed to be nonlinear functions.

A number of approaches have been developed to solve
(1). Early in 1985, Ricker has shown that control sys-
tem constraints can be handled by a combination of
quadratic-programming (QP) and linear Internal Model Con-
trol (IMC) (Ricker, 1985). Later on, Lee and Ricker (1994) have
solved the NMPC problem by local linear approximation of
state/measurement equations computed at each sample time.
The indirect (variational) approach, which is based on the Pon-
tryagin’s Maximum Principle, is more adequate for problems
without inequality constraints. On the other hand, the main
direct methods, namely the sequential approach (also known
as single shooting methods) and the simultaneous approach
(multiple shooting methods) apply directly NLP solvers that
are numerically expensive and often not feasible for on-line
applications (Diehl et al., 2005). In the past few years research
efforts were focused on adapting the off-line optimization
methods for real time implementation (Zavala et al., 2008).
The new algorithms propose several approximations of expen-
sive operations as for example the second derivative Hessian
matrix as a product of two Jacobian matrices, Riccati differen-
tial equations are substituted by linear expressions (Ohtsuka,
2004), or the set of constraints are approximated by an ellip-
soid (Van Antwerp and Braatz, 2000), etc. The new optimal real
time control solutions are feasible for industries with state-of-
the-art control equipment. However, there are applications,
as sugar crystallization, fermentation or precipitation pro-
cesses, considered as non-high value industries, for which is
still desirable to have the benefits of advanced control, but for
which the time and expense of installing modern hardware is
not justified. The heuristic modification proposed in the next
section is particularly valuable for such type of processes.

3. Error tolerant MPC

3.1. Problem formulation

We propose a modification of the general NMPC formulation
(1), where the discretized optimization is performed based on
the following performance index

min
[u(tk+1),u(tk+2),...,u(tk+Hc )]

J = �1

Hp∑
k=1

(e(tk))2 + �2

Hc∑
k=1

(�u(tk))2,

if E˙ > ˛, ˛ ∈ R+, (6a)

where

E˙ = 1
Hp

Hp∑
k=1

∣∣e(tk)
∣∣ (6b)
subject to the same constraints (2)–(5).
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With this formulation the future control actions are calcu-
ated in the following way

(tk+1) =

⎧⎪⎨
⎪⎩

u :

{
min

[u(tk+1),u(tk+2),...,u(tk+Hc )]
F = �1

Hp∑
k=1

(e(tk))2 + �2

Hc∑
k=1

(�

u∗,

Eq. (6) is a particular form of the general performance index
efined by (1). We denote it as an error tolerant (ET) MPC because
he optimization is performed only when the error function

˙ is above a predefined real positive value ˛. When the error
unction is inside the ˛-strip the control action is equal to u*,
he last implemented optimal control.

The ETMPC modification is in the spirit of Ilchmann and
yan (1994), where an adaptive controller is designed to reg-
late a bioreactor into a pre-specified small neighbourhood
f a constant set-point reference. �-Tracker (as the authors
ermed their method due to the �-strip of error tolerance) was
uccessfully applied in several biochemical reactors, namely
ontinuous stirred tank bio-reactors and biological waste
ater treatment units.

We extend this idea to the NMPC framework, for both con-
tant and variable set-points. In all cases, the price to be paid
s that the tracking is not achieved asymptotically, but in a
eighborhood of the reference. However, the ˛ tolerance can
e arbitrarily small and is determined on a case by case basis,
hich suffices for practical purposes.

The constrained optimization problem (6) and (7) can be
olved using any standard optimization technique such as
equential quadratic programming (SQP). The benefit of the
roposed approach, compared to the classical case, is that in
he latter, when the optimization does not converge within the
olerance, a suboptimal control input is implemented, which
till comes from the latest optimization. This may not lead to
easible control, whereas the approach proposed implements
he last optimal control, u*.

Note that the error function E˙ in (6b) is defined as
he mean of the errors between the predicted outputs and
heir references along the next Hp steps (the future errors).
his choice is not unique. In a previous work (Paz Suárez
t al., 2009c) the instantaneous error E˙ =

∣∣ref (tk) − y(tk)
∣∣

as used to enable the ETMPC. It speeded up the opti-
ization, but made the algorithm more sensitive to short

erturbations. Alternative definitions for E˙ can be also
onsidered.

.2. Selection of MPC parameters

is a design parameter whose choice is decisive for achiev-
ng a reasonable compromise between computational costs
nd tracking error. While a formal procedure for selecting ˛

s not defined, the error tolerance is chosen based on com-
on sense consideration of ±1% to ±5% error around the

et-point.
The choice of Hp is related with the sampling period (�t) of

he digital control implementation, which in turn is a function
f the settling time ts (the time before entering into the 5%
round the set-point) of the closed loop system. As a rule of

humb, it is suggested �t to be chosen at least 10 times smaller
han ts (Soeterboek, 1992). Hence, the prediction horizon can
))2, if E˙ > ˛

if E˙ < ˛

(7)

be chosen according (8).

Hp = Int

(
t

�t

)
(8)

It is known that the smaller the sampling time, the better
is the reference trajectory tracking and disturbance rejec-
tion. However, choosing a small sampling time yields a large
prediction horizon. In order to compute the optimal control
input, the optimization (6) is performed at each sampling time
and requires large amount of computer memory per iteration
and fast communication and computation resources. Such
requirements are still unbearable for many industries with
not-state-of-the-art control equipment. The ETMPC intro-
duced by (6) has the potential to reduce the computational
burden in such cases complementing other solutions in the
literature for feasible real time optimal control.

In the control tests, discussed in Section 6, the design
parameter �1 is set to 1, while the choice of �1 is based on
the following empirical expression:

(umax − umin)2 · �2 = emax
P

100
(9)

where P defines the desired contribution of the second term
in (7) (0% ≤ P ≤ 100%) and

emax = max((ref − ymax)2, (ref − ymin)2) (10)

The intuition behind (9) and (10) is to make the two terms
of (7) compatible and overcome the problem of different
numerical ranges. This empirical choice of �2 appears to be
complementary to the general criteria related with robustness
and actuation cost aspects as for example in LQR.

4. Recurrent Neural Network (RNN)
predictive model

ANN are computational structures characterized by the archi-
tecture (the network topology and pattern of connections
between the nodes), the method of determining the con-
nection weights and the activation functions that employ
(Narendra and Parthasarathy, 1990). The ANN-based control
can be approached in direct or indirect control framework.
Direct neural control means that the controller itself is an
ANN, while in the indirect neural control scheme, first an
ANN is used to model the process to be controlled, and this
model is then embedded in the controller. The implementa-
tion of the first approach is simple but its design and tuning
are quite challenging. The second approach is chosen in the
present work. Feedforward ANNs are usually used for dynam-
ical system approximation because of its simplicity and well
established techniques/software for training and simulation.
However, ongoing research (Schaefer et al., 2008) suggests
that Recurrent Neural Networks (RNNs) are more adequate to
approximate dynamical relationships since they can encode
past and current input–output information. Among a num-
ber of alternatives, RNN with global feedback was chosen (see

Fig. 1), with a linear activation function located at the out-
put layer (Layer 2 – purelin) and hyperbolic tangent functions
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Fig. 1 – Recurrent Neural Network (RNN) architecture with

global feedback.

located at the hidden layer (Layer 1 – tansig). Other activa-
tion functions can be also considered for the hidden nodes,
however the symmetry of the hyperbolic tangent function
into the interval (−1, 1) is often advantageous for functional
approximation. The network input consists of two vectors
formed by present and past network exogenous inputs (r) and
past fed back network outputs (p), respectively. Note that the
global feedback makes the RNN model similar to Nonlinear
Autoregressive Moving Average with eXogenios input (NAR-
MAX) filters (Haykin, 1999). The mathematical structure of the
RNN model is the following:

uNN = [r, p] (complete network input) (11)

r = [r1(tk), . . . , r1(tk−d), . . . , rc(tk), . . . , rc(tk−d)]

(network exogenous inputs) (12)

p = [n2(tk−1), . . . , n2(tk−h)] (recurrent network inputs) (13)

x = W11r + W12p + b1 (network states) (14)

n1 = ex − e−x

ex + e−x
(hidden layer output) (15)

n2 = w21 · n1 + b2 (network output) (16)

where W11 ∈ � m×(c*(d+1)), W12 ∈ � m×h, w21 ∈ �1×m, b1 ∈ � m×1,
b2 ∈ � are the network weights (in matrix form) to be adjusted
during the RNN training, m is the number of nodes in the hid-
den layer, d is the number of past exogenous input samples
and h is the number of past network output samples fed back
to the input.

First the RNN models were extensively trained and val-
idated off-line with real data from two industrial units
representing fed-batch sugar crystallization multi stage pro-
cesses and then the NMPC was executed on-line.

In order to extract the underlying nonlinear process
dynamics a preprocessing of the initial industrial data was
performed. From the complete time series corresponding to
the input signal of one stage only the portion that really
excites the process output of the same stage is extracted.
Hence, long periods of constant (steady-state) behavior are
discarded. Since, the steady-state periods for normal opera-
tion are usually preceded by transient intervals, the data base
constructed consists (in average) of 60–70% of transient period

data. Due to the simultaneous spatial (network layers) and
temporal (past values) aspects of the optimization, the static
Backpropagation (BP) learning method was substituted by the
Backpropagation through time (BPTT) learning (Haykin, 1999).
Though the BPTT is a complex and costly training method,
since the model has been designed off-line it does not bring
realization problems.

5. Case study – sugar crystallization

5.1. Phases in process operation

There are two basic types of sugar production: from cane sugar
or from beet. The process considered in this work is of the first
type and a typical industrial unit operation can be divided into
the following sequential phases (Simoglou et al., 2005):

Charging: During the first phase the pan is partially filled
with a juice containing dissolved sucrose (termed liquor). The
initial liquid charged in the pan corresponds approximately to
40% of the total vessel height. The charge is usually performed
by complete opening of the feeding valve until the level sensor
indicates 40%. Therefore, no special control policy is required
at this stage.

Concentration: The next phase is the concentration. The
liquor is concentrated by evaporation, under vacuum, until
the supersaturation reaches a predefined value. At this value
seed crystals are introduced into the pan to start the produc-
tion of crystals. This is the beginning of the crystallization
phase.

Crystallization (main phase): At this phase as evaporation
takes place further liquor is added to the pan in order to guar-
antee crystal growth at a controlled supersaturation level and
to increase the sugar content of the pan. Near to the end of
this phase and for economical reasons, the liquor is replaced
by other juice of lower purity (termed syrup).

Tightening: The fourth phase consists of tightening which
is principally controlled by evaporation capacity. The pan is
filled with a suspension of sugar crystals in heavy syrup, which
is dropped into a storage mixer. At the end of the batch,
the massecuite undergoes centrifugation, where final refined
sugar is separated from (mother) liquor that is recycled to the
process.

The different phases of the process are moved by dis-
tinct driving forces, therefore a sequence of four control loops
was designed, as schematically represented in Fig. 2. The
transitions between the loops follow the operation strategy
formulated in Table 1.

5.2. Process simulator

The process simulator employed throughout this work was
developed within the group, in MATLAB environment. It is
based in a general phenomenological model of the fed-batch
crystallization process proposed by Georgieva et al. (2003), con-
sisting of mass, energy and population balances as detailed in
Appendix A. It was extensively tuned with real data from two
industrial units (Sugar refinery RAR.SA, Portugal and Company
30 de Noviembre, Pinar del Río, Cuba). For all measured process
variables (the vacuum pressure, brix and temperature of the
feed flow, pressure and temperature of the steam), the simula-
tor provides an option to introduce industrial measurements,
which serves as a natural source of disturbance and noise. The

results in the next section are related with the Sugar refinery
RAR.SA plant unless otherwise stated.
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Table 1 – Fed-batch multiple stages sugar crystallization operation strategy.

Stage Actions Control

Charge 1. The steam valve is closed.
2. The stirrer is off.
3. The vacuum pressure changes from 1 to 0.23 bar.
4. The vacuum pressure reaches its maximum value of 0.5 bar
(hard constraint), feeding starts with max rate.
5. Liquor covers 40% of the vessel height.

No control
The feed valve is completely open

Concentration 1. The vacuum pressure stabilizes around 0.23 bar.
2. The stirrer is on.
3. The volume is kept constant.
4. The steam flowrate increases to 2 kg/s.
5. The supersaturation reaches 1.06, the feeding is closed, the
steam flowrate is reduced to 1.4 kg/s.

Control loop 1
Controlled variable: volume;
Manipulated variable: liquor feed
flowrate

Seeding and setting the
grain

1. The supersaturation reaches 1.11.
2. Seed crystals are introduced.
3. The steam flowrate is kept at the minimum for 2 min.

No control
The feed valve is closed

Crystallization with liquor
(phase 1)

1. The steam flowrate is kept around 1.4 kg/s.
2. The supersaturation is controlled at the set point 1.15.

Control loop 2
Controlled variable:
supersaturation
Manipulated variable: liquor feed
flowrate

Crystallization with liquor
(phase 2)

1. The volume of crystallizer reaches ≈22 m3.
2. The feed valve is closed.
3. The supersaturation is controlled at the set point 1.15.
4. The stirrer power reaches 20.5 A.

Control loop 3
Controlled variable:
supersaturation
Manipulated variable: steam
flowrate

Crystallization with syrup 1. The steam flowrate is kept around the maximum of 2.75 kg/s
(hard constraint).
2. The volume fraction of crystals is kept at the set point 0.43.
3. The volume reaches its maximum value (30 m3).
4. The feed valve is closed.

Control loop 4
Controlled variable: volume
fraction of crystals.
Manipulated variable: syrup feed
flowrate

Tightening 1. The stirrer power reaches the maximum value of 50 A (hard
constraint). The volume fraction of crystals should be <50%.
2. The steam valve is closed.

cond

No control
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designed, with corresponding architectures as summarized in
Table 2. All networks have one hidden layer, single input, sin-
3. The stirrer and the barometric

. Control design and tests

.1. Controller design and implementation

he operation strategy of four sequential control loops
Table 1) was implemented with five alternative control
chemes (NMPC, ETMPC, RNN-MPC, RNN-ETMPC, PI) and com-
aratively tested on the process simulator. The control action

s computed in a moving horizon framework, i.e., only u(tk+1) is
mplemented at the next sampling instant, and the optimiza-
ion is repeated based on the updated information from the
lant. In the simulations SQP optimization was implemented
y fmincon subroutine of MATLAB optimization toolbox. At
ach major iteration, an approximation is made of the Hessian
f the Lagrangian function using a quasi-Newton updating
ethod. This is then used to generate a QP subproblem whose

olution is used to form a search direction for a line search pro-
edure. The QP solution involves two phases. The first phase
s the calculation of a feasible point (if one exists). In case the
P subproblem is infeasible it indicates that the problem is
ighly nonlinear and that convergence might take longer than
sual. The second phase involves the generation of an itera-
ive sequence of feasible points that converge to the solution.
n this method a set of active constrains is maintained (i.e.,
hose that are on the constraint boundaries) at the solution
oint. More details for SQP can be found in Fletcher (1987).

Within the controllers the process output predictions are
rovided either by a discretized state-space model (realized in

atlab) or by a RNN model (realized in the Neural Network

oolbox).
enser are stopped.

In the control schemes where RNN predictive models were
employed, for each process stage a distinct RNN model was
Fig. 2 – Sugar crystallization operation strategy.
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Table 2 – RNN architectures.

Control loop (CL) RNN topology

Input Output No. of neurons

CL1 Liquor feed flowrate Volume of massecuite 3
CL2 Liquor feed flowrate Supersaturation 5
CL3 Steam flowrate Supersaturation 5
CL4 (two RNN models) Liquor feed flowrate Fraction of crystals (constant set point) 3
Liquor feed flowrate

gle output and the number of the hidden layer neurons was
determined during training with the Back Propagation algo-
rithm. The RNN models were trained and validated with real
industrial data. A number of regression models were obtained
based on data of two, four or six in-spec batches. The RNN
trained with six batches exhibits the best performance, there-
fore only results with this model are reported here.

Fig. 3 depicts the validation of the sequence of four RNN
models (for each control loop) over a complete process run
using real data not used for network training (validation
batches).

6.2. NMPC parameters (˛, Hp, Hc)

The NMPC design parameters for each control loop are chosen
according to the empirical considerations given in Section 3
and are summarized in Table 3. ˛-Strip values were chosen

as about 1% around the specified set points. The set-points
correspond to the usual industrial referenced values. These
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Fig. 3 – Validation of the sequence of four RNN models over a com
training).
AM (variable reference) 5

may not be always the optimal values, however they maintain
the transfer of saccharose from the massecuite to the crystals
as high as possible.

6.3. Special case of on-line determined AM reference in
the 4th loop

The traditional practice of sugar production is a sequence of
control loops where measurable variables are kept constant
over a certain period. This intuitive strategy leads to simple
error-correction based control, easy to implement and main-
tain. However, the controlled variables are often not the ones
that directly determine the process performance, but the ones
that are possible to measure. Meanwhile, advances in software
sensor research (Feyo de Azevedo et al., 1993, 1994; Gonzaga
et al., 2009) demonstrated that it is often plausible to estimate
the unmeasurable variables that directly determine the pro-

cess performance and take control corrections based on these
estimations.
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Table 3 – NMPC design parameters for the control loops in Table 1.

Control
loop (CL)

ts (s)
Settling time

�t (s)
Sampling period

Hp
Prediction horizon

Hc
Control horizon

�2
Weight

Controlled
variable

Set-
point

˛-Strip
(1%)

CL1 40 4 10 2 1000 Volume 12.15 0.15
CL2 40 4 10 2 0.1 Supersaturation 1.15 0.01
CL3 60 4 15 2 0.01 Supersaturation 1.15 0.01

2 10,000 Fraction of crystals 0.43 0.004
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Table 4 – PID parameters tuned by ITAE criteria for the
sequence of control loops in Table 1.

Control
loop 1

Control
loop 2

Control
loop 3

Control
loop 4

kp 0.05 −0.5 20 −0.01
�i 30 40 10 70
� 0 0 0 0

The results of this work are summarized in Figs. 5–13
and reflect the main aspects of our study, computational

Fig. 5 – Optimization time per iteration over one batch of
sugar production. (a) NMPC and (b) ETMPC with discretized
nonlinear state-space predictive models.
CL4 80 4 20

We apply this concept for the average (in mass) crystal size
M in the last process stage. AM is the main sugar quality
easure which is still not directly measurable. During normal

lant operations, samples were periodically taken out over
he 4th control loop and the evolution of the AM was off-line
nalyzed. Based only on the samples of qualified (referenced)
atches a time varying reference for the crystal growth was
educed as the following empirical expression.

Mref (k) = (1 − �) · AMend ref + � · AMref (k − 1), � ∈ [0, 1] (17)

here AMend ref is the reference for the crystal size at the batch
nd, for the particular case AMend ref = 0.56 mm. � belongs to
he interval [0,1] and determines how smooth is the evolution
urve. If � = 1, AMref turns to be the desired final crystal size,
hile if � = 0 the reference is equal to the value computed at

he previous step or to the initially defined AMref(0). In a normal
peration � = 0.9 is the value that provides the typical expo-
ential curve depicted in Fig. 4. At each iteration step, the AM
eference is recomputed on-line, according to (17).

.4. PID controllers

he various MPC schemes are also compared with the classical
ID control strategy. The velocity form of the PID controller is

(t + k) = u(t+k−1)+Kp

(
(e(t+k) − e(t + k − 1)) + �t

�i
· e(t + k)

+ �d

�t
· (e(t + k) − 2 · e(t + k − 1) + e(t + k − 2))

)
(18)

ith the parameters kp, �i, �d tuned, using the ITAE (integral of
he time weighted absolute error) criteria for tracking (Aström
nd Hägglund, 1995).

TAE =
∫ ∞

0

t
∣∣y(t) − yref (t)

∣∣ dt.

For each parameter an interval of possible values was

efined based on empirical knowledge and process operator
xpertise. The optimized parameters of the sequence of four
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ig. 4 – Crystal growth reference over the 4th (the last)
ontrol loop.
d

PID controllers are summarized in Table 4. Note that in all
loops the tuning suggested PI controllers therefore the deriva-
tive time constant is zero.

6.5. Discussion of results
Fig. 6 – Optimization time per iteration over one batch of
sugar production. (a) RNN-MPC and (b) RNN-ETMPC.
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Fig. 7 – Optimization time per iteration over the 4th (the
last) control loop of sugar production. Simulator of Sugar
refinery RAR.SA, Portugal: (a) RNN-MPC and (b) RNN-ETMPC.

Fig. 8 – Optimization time per iteration over the 4th (the
last) control loop of sugar production. Simulator of
Company 30 de Noviembre, Pinar del Río, Cuba: (a)
RNN-MPC and (b) RNN-ETMPC.
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Fig. 9 – 1st control loop: controlled variable (V – volume),
manipulated variable (Ff – feed flowrate). Dashed line –
RNN-MPC; full line – PI; dash-point line – RNN-ETMPC.
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Fig. 10 – 2nd control loop: controlled variable (S –
supersaturation), manipulated variable (Ff – feed flowrate).
Dashed line – RNN-MPC; full line – PI; dash-point line –
RNN-ETMPC.
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Fig. 11 – 3rd control loop: controlled variable (S –
supersaturation), manipulated variable (Fs – steam flow
rate). Dashed line – RNN-MPC; full line – PI; dash-point line

– RNN-ETMPC.

spects, tracking performance and end point product qual-
ity.

6.5.1. Computational time reduction
Figs. 5–8 depict the computational time per iteration over a
complete batch, comparing the classical NMPC with perfor-
mance index (1) and the Error Tolerant MPC (ETMPC) with
performance index (6). Fig. 5 shows the case where the NMPC
and the ETMPC are implemented with discretized nonlinear
state-space predictive models. Fig. 6 depicts the computa-
tional times when the same type of controllers (NMPC and
ETMPC) employ RNN predictive models (RNN-NMPC and RNN-
ETMPC) and finally Figs. 7 and 8 compare the RNN-MPC and
the RNN-ETMPC for the special case of variable AM reference
in the 4th loop. Process simulators of two sugar plants are con-

sidered: Sugar refinery RAR.SA, Portugal (Fig. 7) and Company
30 de Noviembre, Pinar del Río, Cuba (Fig. 8). In all cases the
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Table 5 – Sugar crystallization final quality measures.

Performance measures Constant set point references in all control loops Variable reference in the 4th loop

Classical NMPC ETMPC RNN-MPC RNN-ETMPC PI RNN-MPC RNN-ETMPC PI

(a) Batch 1
AM (mm) (specif. 0.56) 0.586 0.588 0.584 0.583 0.590 0.559 0.550 0.589
CV (%) 32.17 31.39 31.13 31.26 32.96 30.14 30.15 30.24
Average optim. time per iteration 0.166 0.074 0.091 0.061 – 0.203 0.151 –

(b) Batch 2
AM (mm) (specific. 0.56) 0.615 0.603 0.609 0.605 0.613 0.573 0.550 0.611
CV (%) 29.36 30.26 30.28 30.42 31.14 29.34 30.15 30.83
Average optim. time per iteration 0.166 0.088 0.102 0.078 – 0.214 0.144 –

(c) Batch 3
AM (mm) (specif. 0.56) 0.636 0.625 0.631 0.625 0.626 0.581 0.578 0.622
CV (%) 28.74 29.85 29.42 30.76 29.23 28.39 28.67 28.64
Average optim. time per iteration 0.167 0.103 0.096

Table 6 – Physical parameter constraints.

Process variable Max value

Vacuum pressure 0.5 bar
Steam flowrate 2.75 kg/s
Stirrer power 50 A
Volume 30 m3

Feed flowrate 0.025 m3/s
Volume fraction of crystals (wc) 50%
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TMPC requires less time to compute the control action. The
verage CPU times per iteration over three batches are pre-
ented in Table 5 (last line of each table). Note that they range
rom about 0.166 s for the classical NMPC to 0.061–0.078 s for
he RNN-ETMPC, assuming only 1% error tolerance. In case
he process tolerates higher tracking imprecision the compu-
ational time can be further reduced. The results presented in
able 5 suggest also that the substitution of the first princi-
les model by a RNN reduces additionally the CPU time/per

teration. The maximum values (hard constraints) of critical
rocess variables are resumed in Table 6. Note that during the

ast few minutes of the 3rd control loop (Fig. 11) the steam
owrate reaches its max value and this is an example of sub-

ptimal control.
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ig. 12 – 4th control loop: controlled variable (wc – fraction
f crystals), manipulated variables (Ff – feed flowrate).
ashed line – RNN-MPC; full line – PI; dash-point line –
NN-ETMPC.
0.067 – 0.209 0.140 –

Many authors have studied the computational aspects of
real time NMPCs and proposed efficient techniques to make
the optimization feasible. The optimization time reduction
achieved in this work does not compete with them, instead
it can complement the other techniques and introduce addi-
tional benefits in those cases where the optimization does not
converge but the tracking error is below a certain threshold.

6.5.2. Set-point tracking
Time trajectories of the controlled and the manipulated vari-
ables for each of the four control loops simulated over one
in-spec batch (Batch 1) are depicted in Figs. 9–13, respectively.
While the NMPC and PI controlled variables strictly follow the
respective set points, ETMPC enables more variations inside
the allowed ˛-strip. Similar results were obtained for other
referenced batches. Though the figures suggest that the PI con-
trolled process is better able to track a reference, the batch has
typically longer duration (see Figs. 12 and 13), which leads to
higher production costs and energy consumption.

Remark: Fig. 12 depicts the 4th control loop (crystallization
with syrup), see Table 1, where the volume fraction of crys-
tals (wc) is kept around 0.43. This stage ends when the volume
reaches its maximum value (30 m3). The feed valve is closed
(Ff goes to zero) and then starts the last crystallization stage –
tightening. Over this stage the steam valve is closed, wc natu-
rally increases, when the stirrer power reaches the maximum
value of 50 A (hard constraint), the stirrer and the barometric
condenser are stopped, the batch process is over.

6.5.3. Final product quality
The quality of the produced sugar is evaluated only after the
process is finished and is quantified by the final values of AM
and CV. The quality measures of three batches applying all
scenarios studied are summarized in Table 5. The NMPC and
ETMPC strategies outperform the PI control. The interpreta-
tion of this result is that MPC takes into consideration the
process future and therefore it is able to achieve better end
point product quality. Note that both the NMPC and ETMPC
strategies for the scenario with variable AM reference in the
4th loop end up with an average crystal size very close to the
desired value (specification 0.56 mm) and the lowest crystal
size variation (CV%). This is also confirmed by Fig. 13. The
intuition behind is that in case a reliable estimation of a key
process variable is provided it would be favorable to control

it instead of controlling a measurable but less critical process
variable.
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Fig. 13 – 4th control loop: controlled variable – AM, manipulated variable (Ff – feed flowrate). (a) RNN-ETMPC; (b) RNN-MPC;
(c) PI.
7. Concluding remarks

The aim of this study was to carry out nonlinear model based
control of a multiple stages fed-batch sugar crystallization
using the combined concepts of RNNs (for predictive model-
ing) and NMPC (for control). A heuristic modification of the
NMPC is proposed (termed ETMPC) where the optimization
is executed only when the tracking error is above a prede-
fined level. An operation strategy with a sequence of four
control loops, driven by individual ETMPC controllers, is for-
mulated and compared with traditionally applied PI control
schemes and the classical MPC. Scenarios with two control
policies (constant or variable reference) and two predictive
models (analytical nonlinear state-space model or a RNN
input–output model) were analyzed.

The results demonstrate that both NMPC and ETMPC con-
trollers lead to improved end point process specifications (AM
and CV), when compared with the PI controller. Particularly, in
the case of variable reference for AM (in the last loop), there is
a tendency of getting final crystals with very uniform size dis-
tribution. It is well known that the PI controller is well suited
for constant set-point tracking, yet, the specific (end point)

requirements of the fed-batch sugar production favor more
advanced solutions.
Furthermore, it was demonstrated that the optimization
time per iteration is reduced, when employing ETMPC, and
additionally relaxed when implementing a data-based predic-
tive model (the control scheme RNN-ETMPC). In the presence
of limited computational resources suboptimal control is often
the compromise due to feasibility problems or lack of solution
(convergence) within the restricted time per iteration. With
ETMPC such problems can happen less frequently and affect
milder the overall system performance.

From a systems engineering point of view, the multi-stage
fed-batch process considered in this work can be found,
with due adaptations, in a significant number of indus-
trial processes. Therefore, the control solution proposed for
the present industrial case has the potential to be further
extended and applied to other processes.
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ppendix A. Crystallization model

ugar crystallization occurs through the mechanisms of
ucleation, growth and agglomeration. The general phe-
omenological model of the fed-batch crystallization process

onsists of mass, energy and population balances, including
he relevant kinetic rates for nucleation, linear growth and
gglomeration (Ilchmann and Ryan, 1994). While the mass and
nergy balances are common expressions in many chemical
rocess models, the population balance is related with the
rystallization phenomenon, which is still an open modeling
roblem.

.1. Mass balance

he mass of all participating solid and dissolved substances
s included in a set of conservation mass balance equations:

˙ = f1(M(t), F(t), S1(t)), t0 ≤ t ≤ tf , M(0) = M0 (A1)

here M(t) ∈ � q and F(t) ∈ � m are the mass and the flow rate
ectors, with q and m dimensions respectively, and tf is the
nal batch time. S1(t) ∈ � r1 is the vector of physical time
ependent parameters as density, viscosity, purity, etc. For the
rocess in hand, the detailed form of the macro-model (A1) is
s follows

sol = Ma + Mi + Mw (A1-1)

m = Msol + Mc (A1-2)

dMw

dt
= Ff 
f (1 − Bf ) + Fw
w − Jvap (A1-3)

dMi

dt
= Ff · 
f · Bf · (1 − Purf ) (A1-4)

dMa

dt
= Ff · 
f · Bf · Purf − Jcris (A1-5)

dMc

dt
= Jcris (A1-6)

m = Mc + Msol


sol
(A1-7)

a = Hsol − Hc + (1 − Bsol)(dHsol/dBs

Msol · C

b = 
f (Hf − Hsol + (Bf − Bsol)(dHsol

M

vap = W + Q

�vap
+ Kvap · (Tm − Tw(vac) − BPE) (A1-8)
A.2. Energy balance

The general energy balance model is

dTm

dt
= aJcris + bFf + cJvap + d (A2)

where parameters a, b, c and d incorporate the enthalpy
terms and specific heat capacities derived as time depen-
dent functions of physical and thermodynamic properties as
follows

((1 − Pursol)/Bsol) · (dHsol/dPursol)
Mc · Cpc

(A2-1)

l) + ((Bf (Purf − Pursol))/Bsol) · (dHsol/dPursol))

Cpsol + Mc · Cpc
(A2-2)

c = Hsol − Hvap − Bsol · (dHsol/dBsol)
Msol · Cpsol + Mc · Cpc

(A2-3)

d = W + Q + Fw
w(Hw − Hsol + Bsol)(dHsol/dBsol)
Msol · Cpsol + Mc · Cpc

(A2-4)

dHsol

dBsol
= −29.7Tm + 4.6PursolTm + 0.075T2

m (A2-5)

dHsol

dPursol
= 4.61BxsolTm (A2-6)

A.3. Population balance

Mathematical representation of the crystallization rate can
be achieved through basic mass transfer considerations or
by writing a population balance represented by its moment
equations. Employing a population balance is generally pre-
ferred since it allows to take into account initial experimental
distributions and, most significantly, to consider complex
mechanisms such as those of size dispersion and/or par-
ticle agglomeration/aggregation. The basic moments of the
number-volume distribution function are

d�̃0

dt
= B̃0 − 1

2
· ˇ′ · �̃2

0 (A3-1)

d�̃1

dt
= Gv · �̃0 (A3-2)

d�̃2

dt
= 2 · Gv · �̃1 + ˇ′ · �̃2

1 (A3-3)

d�̃3

dt
= 3 · Gv · �̃2 + 3 · ˇ′ · �̃2

2 (A3-4)

Jcris = 
c · d�̃1

dt
,

where B̃0, G and ˇ′ are the kinetic variables nucleation rate,
linear growth rate and the agglomeration kernel, respectively
with the following mathematical descriptions.

B̃0 = Kn · 2.894 × 1012 · G0.51
(

�̃1

kv · Vm

)0.53

· Vm (A3-5)
ˇ′ = Kag · G · �̃1

V2
m
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G = Kg · exp
(

− 57, 000
R(Tm + 273)

)
· (S − 1)

·exp(−13.863(1 − Psol)) ·
(

1 + 2
v

Vm

)
(A3-6)

Gv = 3 · kv

(
v

�̃0

)2/3
· G. (A3-7)

The crystallization quality is evaluated by the particle size
distribution (PSD) at the end of the process which is quantified
by two parameters – the final average (in mass) particle size
(AM) and the final coefficient of particle variation (CV) with
the following definitions:

AM = L̄ (A3-8)

CV = �

L̄
(A3-9)

where � and L̄ are computed from:

L̄ =
(

	3

1 + 3 · (�/L̄)
2

)1/3

(A3-10)

15	2
3

(
�

L̄

)6
+ (45	2

3 − 9	6)
(

�

L̄

)4

+(15	2
3 − 6	6)

(
�

L̄

)2
+ 	2

3 − 	6 = 0 (A3-11)

In (A3-10) and (A3-11), 	j represent moments of mass-size dis-
tribution functions, that are related to the moments of the
number-volume distribution functions (�j) by the following
relationships:

	3 = �2

kv · �1
, (A3-12)

and

	6 = �3

kv
2 · �1

(A3-13)

A.4. Correlations for physical properties

Q = ˛s · Fs · �Hs (A4-1)


f =
(

1000+Bxf · (200+Bxf )

54

)(
1−0.036

Tf −20

160−Tf

)
(A4-2)

Cpf = 4186.8 − 29.7Bxf + 4.61Bxf Purf + 0.075Bxf Tf (A4-3)

Hf = Cpf · Tf (A4-4)


∗
sol =

(
1000 + Bxsol · (200 + Bxsol)

54

)(
1 − 0.036

Tm − 20
160 − Tm

)
(A4-5a)


sol = 
∗+1000(−1+exp[(−6.927 × 10−6 · Bxsol
2

−1.164 × 10−4 · Bxsol)(Pursol − 1)]) (A4-5b)
Cpsol = 4186.8 − 29.7Bxsol + 4.61BxsolPursol + 0.075BxsolTm (A4-6)
Hsol = Cpsol · Tm (A4-7)


m = 
sol · 
c


c − wc · (
c − 
sol)
(A4-8)

Pursol = Ma

Ma + Mi
(A4-9)

Bsol = Ma + Mi

Msol
(A4-10)

Bxsol = 100 · Bsol (A4-11)

Bxsat = 64.447 + 8.222 × 10−2 · Tm + 1.66169 × 10−3 · T2
m

−1.558 × 10−6 · T3
m − 4.63 × 10−8 · T4

m (A4-12)

S∗ = 1.129 − 0.284(1 − Pursol)

+(2.333 − 0.0709(Tm − 60))(1 − Pursol)
2 (A4-13)

S = Bxsol/(100 − Bxsol)
(Bxsat/(100 − Bxsat)) · Csat

(A4-14)

Csat = 0.1
Bxsol

100 − Bxsol
(1 − Pursol) + 0.4

+0.6 exp
(

−0.24
Bxsol

100 − Bxsol
(1 − Pursol)

)
(A4-15)

v = Mc


c
(A4-16)

wc = Mc

Mc + Msol
(A4-17)

Cpc = 1163.2 + 3.488Tm (A4-18)

Hc = Cpc · Tw (A4-19)


w = 1016.7 − 0.57Tw (A4-20)

Tw(vac) = 122.551 exp(−0.246Pvac)(Pvac)
0.413 (A4-21)

Tw(s) = 100.884 exp(−1.203 × 10−2 · Ps)(Ps)0.288 (A4-22)

�w(vac) = 2263.28 − 58.21 ln(Pvac) (A4-23)

�s = 2257.51 − 85.95 ln(Ps) (A4-24)

Hw = 2323.3 + 4106.7Tw + Tw
2 (A4-25)

Hw(s) = 2323.3 + 4106.7Tw(s) + Tw(s)
2 (A4-26)

Hs = 2, 491, 860 − 13, 270Ps + (1946.5 + 37.9Ps)Ts (A4-27)

Hvac=2, 499, 980−24, 186Pvac+(1891.1+106.1Pvac)Tm (A4-28)

�Hs = Hs + Hw(s) (A4-29)
BPE = (0.03 − 0.018Pursol)(Tw(vac) + 84)
(

Bxsol

100 − Bxsol

)
(A4-30)
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For more detailed presentation of the process model, refer
o Georgieva et al. (2003).
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