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ABSTRACT: A nonlinear vehicle-structure interaction methodology for the assessment of the train running safety is proposed 

in this article. The contact formulation between wheel and rail consists in three main steps: the geometrical problem, where the 

contact point position is detected; the normal contact problem, in which the forces are determined based on the Hertz theory, and 

the tangential contact problem, where the creep forces are calculated using the rolling friction laws proposed by Kalker. The 

behavior in the contact interface is reproduced by a contact element developed for this problem. Constraint equations that relate 

the displacements of the vehicle and structure are imposed using a direct method. The formulation is validated using results of 

an experimental test performed in a rolling stock test plant of the Railway Technical Research Institute in Japan. 

KEY WORDS: Wheel-rail contact; Contact search; Experimental validation, Rolling stock plant. 

1 INTRODUCTION 

In more recent years, the dynamic effects produced by moving 

trains over bridges have been becoming an important issue in 

the railway engineering. With the continuous increase of the 

operating speeds and bridge dimensions, such dynamic effects 

can no longer be accurately accessed with simple models 

based on moving loads. Therefore, the consideration of the 

vehicle-bridge interaction becomes relevant to access not only 

the dynamic effects on bridges but also the comfort and 

running safety of railway traffic. 

The vehicle-structure interaction models can vary in terms 

of complexity, from models that account only the vertical 

dynamics [1-3], to models that also include the lateral effects. 

The latter are particular important to study the running safety 

of trains subjected to lateral vibrations provoked by 

earthquakes, wind loads or track. Although these models can 

deal with a wider range of problems, the complexity that 

arises from the consideration of wheel-rail contact can 

significantly increase the computational cost. Thus, the 

wheel-rail contact problem used for coupling the vehicle and 

structure is a key point in the whole methodology. 

Two different approaches used for determining the contact 

point position in realistic profiles can be found in the 

literature. The off-line contact search [4-6], where the location 

of the contact points are precalculated and stored in a lookup 

table to be later interpolated during the dynamic analysis, and 

the on-line contact search [7-10], in which a set of nonlinear 

equations is solved in each step of the dynamic analysis to 

determine the exact position of the contact point. While 

having a higher computational cost when compared with the 

off-line calculations, the on-line approaches tend to be more 

accurate since no simplifications are made (a rigid contact 

between wheel and rail is assumed in the off-line 

calculations). 

An extension of the formulation described in [11-12] that 

takes into account the lateral dynamic effects between railway 

vehicles and structures is proposed in the present article. The 

key point of the formulation consists in the wheel-rail contact 

model, which is divided in three main steps: the geometrical 

problem, where the location of the contact points between 

wheel and rail are detected, the normal problem, in which the 

normal contact forces are computed through the nonlinear 

Hertz contact theory, and the tangential problem, where the 

creep forces that appear as a consequence of the rolling 

friction contact are calculated.  

The present formulation is validated with an experimental 

test performed in the rolling stock test plant of the Railway 

Technical Research Institute (RTRI) in Japan. In this test, the 

car is mounted over four wheel-shaped that can be controlled 

independently, allowing the simulation of any type of rail 

deviation. The results obtained with the proposed formulation 

are compared with those obtained in the experimental test and 

with the train-structure interaction software DIASTARS 

developed by Tanabe et al. [13]. The present formulation is 

implemented in MATLAB [14]. The vehicle and structure are 

modeled using ANSYS [15], being their structural matrices 

imported by MATLAB. 

2 WHEEL-RAIL GEOMETRICAL CONTACT 

PROBLEM 

2.1 Contact and target coordinate systems 

The proposed method requires the definition of two main 

coordinate systems: the contact coordinate system 

 ccc zyx ,, , in which the contact forces (see Section 3) are 

defined, and the target element coordinate system  ttt zyx ,, , 

which defines the target surface of the contact formulation. 

The contact coordinate system follows the motion of the 

contact point, being its origin attached to the center of the 

contact area. The cz  axis is oriented along the direction 

normal to the contact plane, the cx  axis points towards the 

longitudinal direction of motion and the cy  axis completes 
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the right-handed system. The normal forces are defined along 

the cz  axis, and the longitudinal and lateral tangential forces 

are defined along the cx  and cy  axes, respectively. 

Regarding the target element coordinate system, the tx  axis 

has the direction of the longitudinal axis of the target element, 

the ty  axis is parallel to the track plane and the tz  axis 

completes the right-handed system. 

2.2 Parameterization of the wheel and rail profiles 

The rail profile coordinate system  rrr zyx ,,  is fixed with 

the rail and has its origin at the point where the wheel contacts 

the rail when the wheelset is centered with the track. The ry  

and rz  axes belong to the rail cross section plane, being the 

former oriented along the tangent to the surface at the contact 

point. The geometry of the rail is described in terms of the 

surface parameter rs , as depicted in Figure 1. 
 

 
Figure 1. Parameterization of the rail profile. 

 

The position vector 
t
Ru  of an arbitrary point R of the rail 

surface, defined with respect to the target element coordinate 

system, is given by 

 
r
R

Ttrt

rO
t
R uTuu   (1) 

where 
t

rOu  is the position vector of the origin of the rail 

profile coordinate system defined with respect to the target 

element coordinate system and 
r
Ru  is the position vector of 

the arbitrary point of the rail surface defined in the rail profile 

coordinate system and 
tr

T  the transformation matrix from 

the target element coordinate system to the rail coordinate 

system. In the implemented wheel-rail contact method, the 

normal and tangent vectors to the rail surface at the contact 

point are necessary to calculate its location. The tangent 

vector to the rail surface at the contact point along the lateral 

direction 
t

yr ,t  defined with respect to the target element 

coordinate system is given by 

 
r

yr

Ttrt
yr ,, tTt   (2) 

where the tangent vector 
r

yr ,t , defined with respect to the rail 

profile coordinate system, is obtained by differentiating the 

rail surface function with respect to the surface parameter. 

The normal vector to the rail surface 
t
rn  at the contact point 

defined with respect to the target element coordinate system is 

given by 

 
t

yr
t

xr
t
r ,, ttn   (3) 

where 
t

xr ,t  is an unitary tangent vector along the tx  axis and 

with 
t
rn  pointing outwards the surface. Finally, the contact 

angle  , defined between the lateral tangent vector and the 

track plane, is given by 
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The wheel profile coordinate system  www zyx ,,  has the 

same origin of the rail profile coordinate system. Since the 

contact point search is restricted to only one plane, the yaw 

angle contribution is neglected in the geometrical problem [4, 

6-7]. 

The method proposed in the present paper allows the 

detection of two contact points between the wheel and rail. To 

this end, the wheel is parameterized by two functions, one for 

the tread and another for the flange, making the location of the 

contact points in each region of the wheel fully independent. 

Figure 2 shows the parameterization of the wheel profile in 

terms of a single surface parameter ws  to clarify the 

illustration. 

 

  
Figure 2. Parameterization of the wheel profile. 

 

The position vector 
t
Wu  of an arbitrary point W of the 

wheel surface, and the tangent and normal vectors to the 

wheel surface at the contact point, 
t

yw,t  and 
t
wn , defined with 

respect to the target element coordinate system, are calculated 

in an analogous way as in the rail. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1235 

2.3 Convex contact search 

The convex contact approach consists on determining the 

location of the potential contact points in convex regions by 

solving the following set of nonlinear algebraic equations  
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where 
t

yr ,t , 
t

yw,t  and 
t
rn  are defined in Section 2.1 and 

t
wrd  

is the vector that defines the relative position of the point of 

the wheel with respect to the point of the rail, given by 

 
t
R

t
W

t
wr uud   (6) 

where 
t
Ru  and 

t
Wu  are also defined in Section 2.1. The first 

condition described by Eq. (5) ensures that the tangent vector 

to the rail is perpendicular to the vector defining the relative 

position of the point of the wheel with respect to the point of 

the rail. The second condition ensures that the normal vector 

to the rail is perpendicular to the tangent vector to the wheel. 

Before analyzing the penetration condition, the convexity of 

the wheel surface in the potential contact point is evaluated. 

According to the sign convention adopted in the present work, 

the surface is convex if the curvature is positive. Therefore, 

for each potential contact point detected with Eq. (5), the 

wheel curvature is evaluated to check the validity of the 

obtained solution. If the surface is convex the solution is 

accepted, otherwise the concave contact search approach must 

be activated (see Section 2.3) in order to guarantee a correct 

solution for the problem, since in these cases Eq. (5) may has 

multiple solutions. 

The potential contact points determined with the procedure 

described above have to fulfil a last condition, that is, the 

parametric surfaces have to intersect each other. This 

condition can be expressed mathematically as 

 0 t
r

t
wr nd  (7) 

which means that the intersection between two bodies is 

guaranteed only if the vectors 
t
wrd  and 

t
rn  point in opposite 

directions. 

2.4 Concave contact search 

The concave contact approach consists on determining the 

location of the potential contact points in the regions where 

the convex contact approach cannot find a solution, i.e., the 

concave regions that exist in the transition between the wheel 

tread and flange. Although this approach does not have any 

limitation related with the surface type, the accuracy of the 

algorithm depends on the degree of discretization of it, which 

implies a higher computational cost in order to achieve a good 

solution. Thus, the concave contact approach is called only if 

the convex approach finds a solution in a concave region. 

The rail and wheel surface are discretized in nr and nw 

points, respectively. This discretization is performed by 

interpolating the profile functions described in Section 2.1. 

Next, the points of the surfaces in contact that intersect each 

other are computed. To detect these points, each rail point is 

projected into the wheel surface and vice-versa. Then, the 

vertical distances between the points of each surface and the 

respective projection on the other surface, irh ,  and jwh , , are 

computed as 

   rz
proj

ir
t

irir nih ,,2,1;,,,  euu  (8) 

   wz
t

jw
proj

jwjw njh ,,2,1;,,,  euu  (9) 

where 
proj

ir ,u  and 
proj

jw,u  are the projections of the ith rail point 

into the wheel surface and the projection of the jth wheel point 

into the rail surface, respectively, and ze  is an unit base 

vector of the global coordinate system. A point in the rail 

surface and wheel surface belongs to the intersection region if 

fulfills the following conditions, respectively 

 0, irh  (10) 

 0, jwh  (11) 

If there are no intersection regions, the bodies are not in 

contact. On the other hand, if contact is detected, each point in 

the rail surface that belongs to the intersection region has a 

potential contact pair in the wheel surface. The potential 

contact pair of a given point in the rail surface is the closest 

point belonging to the wheel surface. These can be expressed 

mathematically as 
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where id  is the distance between the ith rail point and the 

closest point belonging to the wheel surface, 
IR
rn  and 

IR
wn  are 

the number of points of the rail and wheel surfaces, 

respectively, that belong to the intersection region. 

Finally, the contact pair is the one among all the potential 

contact pairs with the maximum distance between the rail 

point and the correspondent wheel point, i.e., the contact pair 

that leads to the maximum penetration d  given by 

   IR
ri nidd ,,1;max   (13) 

3 CALCULATION OF THE CONTACT FORCES 

3.1 Normal contact forces 

When two non-conforming bodies are loaded they will deform 

in the vicinity of the point of first contact, touching over an 

area. The normal contact problem is analyzed based on the 

nonlinear Hertz contact theory [16], which assumes that the 

contact area is elliptical. This theory can only deal with 

non-conformal contact where the contact area is small when 

compared with the dimensions of the two bodies and the 

relative radii of curvature of the surfaces. However, this 

assumption is perfectly acceptable in railway applications, 

since the wheel and rail have considerably different shapes. 

The normal contact force nF  between the wheel and rail is 

given by 
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 2

3

dKF hn   (14) 

where d  is the, and hK  is a generalized stiffness coefficient 

[17-18]. Since the Hertz law is an analytic function, the 

tangent stiffness matrix can be updated at each iteration in 

order to take advantage of the full Newton-Raphson method 

[19]. 

3.2 Tangential contact forces 

If two bodies that are compressed against each other are 

allowed to roll over each other, some points on the contact 

area may slip while others may adhere. The difference 

between the tangential strains of the bodies in the adhesion 

area leads to a small apparent slip, called creep. The creep, 

which depends on the relative velocities of the two bodies at 

the contact point, is crucial for the determination of the 

tangential forces that develop in the contact area, called creep 

forces. These forces can be calculated through three 

dimensionless parameters, called creepages, defined with 

respect to the contact point coordinate system (see Section 

2.1). The creepages are the relative velocities between the 

wheel and rail at the contact point, normalized to the vehicle 

forward velocity.  

In the present work, the longitudinal and lateral creep forces  

are precalculated and stored in a lookup table, based on 

USETAB [20], to be later interpolated during the dynamic 

analysis as a function of the creepages and the semi-axes ratio 

of the contact ellipse. This table has been calculated with the 

software CONTACT [21] which is based on Kalker's exact 

three-dimensional rolling contact theory [22]. 

4 VEHICLE-STRUCTURE INTERACTION  

The vehicle-structure dynamic interaction problem is solved 

using the direct method proposed by Neves et al. [12]. In this 

method, the governing equilibrium equations of the vehicle 

and structure are complemented with additional constraint 

equations that relate the displacements of the contact nodes of 

the vehicle with the corresponding nodal displacements of the 

structure, with no separation being allowed. These equations 

form a single system, with displacements and contact forces 

as unknowns, that is solved directly. An extension of the 

aforementioned formulation to take into consideration 

possible separations between the wheel and rail has been 

proposed in [11]. Due to the nonlinear nature of this 

phenomenon, an incremental formulation based on the 

Newton method iterative scheme has been added to the 

formulation. 

The vehicle-structure interaction problem can be expressed 

in a matrix form as  
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where K  is the current effective stiffness matrix of the 

vehicle-structure system, D  is a matrix that relates the 

contact forces, defined with respect to the target element 

coordinate system, with the nodal forces defined in the global 

coordinate system, H  is the transformation matrix that relates 

the nodal displacements of the target elements, defined in the 

global coordinate system, with the displacements of the 

auxiliary points defined with respect to the target element 

coordinate system, ψ  is the residual force vector that 

depends on the nodal displacements a  and on the contact 

forces X  and r  the vector with the irregularities that may 

exist in the contact interface. The superscript tt   indicates 

the current time step, while i  and 1i  denotes the previous 

and current Newton iteration, respectively. Details about the 

formulation of the system of equations (15) as well as the 

complete formulation of the direct method, can be found in 

[11-12]. 

5 VALIDATION OF THE FORMULATION 

The present formulation is validated with results obtained in 

an experimental test conducted in the rolling stock test plant 

in RTRI. The test consists of analyzing a railway vehicle 

mounted over four wheel-shaped rails controlled by 

independent actuators that can simulate different types of rail 

deviations (Figure 3).  

 

 
 

Figure 3. Setup of the experimental test. 

 

The structure is modeled with rigid finite elements, being 

the track deviation included as an irregularity in the lateral 

direction, as depicted in Figure 4a. The characterization of the 

transition detail presented in Figure 4b to account the 

continuous deformation of the rails may be consulted in [23-

24]. 

 

 
Figure 4. Deflection model: (a) shape; (b) transition detail. 

 

The time step used in the performed analysis is s001.0 t  

and the total number of time steps is 2500, while span length 

L of 20 m and 40 m are considered. Since DIASTARS uses 

the Newmark integration scheme to solve the equations of 

motion, no numerical dissipation is considered in order to 
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establish a more reliable comparison. Therefore, the 

parameters 0 , 25.0  and 5.0  are adopted. 

The comparison between the lateral accelerations measured in 

the carbody above the rear bogie and the results obtained with 

the proposed method and DIASTARS is depicted in Figure 5. 

A good agreement can be observed between the measured 

data and the numerical results. The differences observed may 

be justified by the fact that the numerical model of the vehicle 

does not consider the flexibility of some components, 

especially the carbody, where the accelerations were 

measured. When comparing the numerical results obtained 

with the proposed method and with DIASTARS an excellent 

agreement can be observed. 

 

 
           a)  

 
            b) 

Figure 5. Lateral accelerations in the carbody: a) 20 m span 

and b) 40 m span. 

 

The lateral contact forces in the right wheel of the first 

wheelset obtained with the proposed method and with 

DIASTARS for the experimental tests with span length 20 m 

and 40 m are depicted in Figure 6. A much higher value of 

contact force can be observed in the test with 20 m span due 

to the flange impact. Again, a very good agreement is 

observed.  

 
        a) 

 
         b) 

Figure 6. Lateral contact forces in the right wheel of the first 

wheelset: a) 20 m span and b) 40 m span. 

 

Finally, Figure 7 shows the experimental and numerical 

maximum lateral accelerations measured in the carbody 

obtained for different span lengths and riding velocities. In 

most of the cases, the numerical results obtained with the 

proposed formulation show a good agreement with the 

experimental results. 

 

 
Figure 7. Maximum lateral accelerations in the carbody. 

 

6 CONCLUSIONS 

A nonlinear vehicle-structure interaction method to analyze 

the lateral dynamics is proposed in this article. This method 
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takes into account the geometry of the wheel and rail surfaces 

in order to accurately evaluate the lateral interaction. 

The wheel-rail contact model used in the present method is 

divided in three main steps: the geometrical problem, where 

the location of the contact points between wheel and rail are 

detected, the normal problem, in which the normal contact 

forces are computed through the nonlinear Hertz contact 

theory, and the tangential problem, where the creep forces that 

appear as a consequence of the rolling friction contact are 

calculated. 

The coupling between structure and vehicle is performed by 

imposing a set of constraint equations that relate the 

displacements of the vehicle and structure. By complementing 

the governing equations of motion with the aforementioned 

equations, a single system of equations is formed, with 

displacements and contact forces as unknowns, that is solved 

directly. 

The proposed formulation is validated using the results 

obtained in an experimental test performed in the rolling stock 

test plant of the Railway Technical Research Institute in 

Japan. This test consists of a full scale railway vehicle running 

over four wheel-shaped rails controlled by actuators that 

impose rail deviations in the lateral direction. The lateral 

accelerations inside the carbody have been measured and 

compared with those obtained with the proposed method and 

with DIASTARS. The results show a good agreement, 

especially when the two numerical methods are compared. 

Regarding the experimental results, the discrepancies 

observed may be caused by the fact that vehicle is modelled 

using rigid bars and thus important deformations were not 

considered. 

The good results obtained with the proposed formulation 

prove that it is adequate for analyzing the train running safety 

in scenarios where the lateral vibrations of the structure could 

affect the safety of the train.  
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