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ABSTRACT: One of the specific difficulties encountered in active control of structures subjected to moving loads consists of 
the time varying nature of the matrix parameters that adds to the modal mass, damping and stiffness matrix that describes the 
system in modal coordinates.  
The proposed paper presents a novel approach to the problem of robust structural control of a beam subjected to a stream of 
random moving loads. In this approach the time varying matrix parameters characteristics of the modal space equation of the 
system are described as structured uncertainties. The uncertain parameters are determined based on the probabilistic description 
of the loads action and are bounded in frequency domain. This way the time-varying problem is transformed into a stationary 
problem and it is possible to rewrite the control problem within a classical H-infinity framework whereas the moving loads 
action is modelled as both structured uncertainty and input disturbance. The paper presents and tests a method of approximating 
the non-Gaussian processes characteristic of the moving load problem with a Gaussian filtered noise and their influence on the 
controller design. Two simple design methods are evaluated and their solutions for the robust control problem analysed.  

KEY WORDS: Random stream of moving masses; non-Gaussian stochastic processes, Uncertainty description, Robust control. 

1 INTRODUCTION 
Vibration control of beams subjected to a moving mass/load 
has been studied mostly in relation to vehicle-bridge 
interaction problem [1][2] although the mathematics behind it 
applies to a larger class of problems. As compared to the 
general problem of structural control [3][4] a particularly 
distinct difficulty arises from the time varying nature of the 
systems’ equations. Even though a time invariant or a passive 
control method [5] is able to provide a simpler controller this 
cannot always guarantee the expected dynamic behaviour 
improvement [6]. The effect of the time-invariant controller 
on the time-varying structural model depends on the 
supporting structure model and the particular sensor-actuator 
placement. 

Some particular aspects of this problem like the knowledge 
of the excitation can provide a way of improving the 
controller design efficiency by taking into account directly the 
input disturbance and concentrate the control effort toward 
reducing the structure’s response to the moving load action 
[7]. The main problem with this solution is that the 
synthesised control depends on the particular excitation 
considered. There are other inconveniences related to this 
approach and one of them is that the method usually leads to 
an off-line design of the controller or in the cases of bounded 
control even to an open-loop control system. Another moving 
load acting on the structure at the same time with the one for 
which the controller was designed or a stream of moving 
loads makes even this control solution difficult to use. 
Although on-line time varying methods were studied [6][7][8] 
the robustness of such an approach was not presented in this 
context. 

The main idea of this study is to take advantage of the 
stationary nature of the excitation characteristic of a random 

stream of moving masses and transform the control problem 
from a time-varying into a time-invariant problem. To this 
end, the time-varying modal matrices describing the excitation 
are written as additive uncertainties and the system is cast into 
an M-Δ form [9][10][11] whereas the time invariant part of the 
system is separated from the time-varying part and described 
by M and the uncertainties are lumped into a separate block 
with the advantage of focusing the control design on the 
input-output relation only. This gives a certain flexibility 
whereas the controller can be designed as a regulator or as it 
can be designed for disturbance rejection focusing on the 
moving load action. There still exists the possibility that the 
synthesised controller may be conservative for the modelled 
system as the uncertainties are thought to cover all the 
possible variations of the system and this issue still needs 
investigation effort. 

This study focuses on this novel approach to uncertainty 
description based on the probabilistic description of the 
stochastic processes representing the action of the moving 
loads and presents and evaluates a simple and straightforward 
solution to the controller design problem. 

2 STRUCTURE – MOVING MASSES INTERACTION 
MODEL 

Different aspects of the dynamics of a beam or plate structure 
under the action of different moving loads have been object of 
numerous studies [2]. For this study the beam-random masses 
interaction model consists of an Euler-Bernoulli beam 
structure of mass per unit length ρA and flexural rigidity EI 
subjected to a stream of independently and normally 
distributed moving masses  that enter the beam at a set of 
N(T) Poisson distributed arrival times τi. Under these 
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assumptions the excitation process becomes a filtered Poisson 
process [12][13]. 
The dynamic equation in modal coordinates writes:  

∆ ∆ ∆  (1) 

where the (constant) modal matrices ,  and  can be 
expressed as function of the modal shape vectors , mass 
per unit length ρA, damping ρAc and stiffness EI [1]. 

   

   

   

(2) 

The time dependent matrices ∆ , ∆  and ∆  
elements are stationary stochastic processes and are explicitly 
described by: 

∆ ,  

∆ 2 ,  

∆ ,  

 

(3) 

with , ⁄  a window function that equals 1 
when moving mass  is on the beam and 0 otherwise 
(6) and  the elements of the dyadic product of 
the modal shape vectors (7). 

A sample of the process (ΔM(t))11 describing the time 
variable mass matrix element which corresponds to the first 
vibration mode of the beam is graphically represented in 
Figure 1. 

 
Figure 1 Representation of a sample of the stochastic process 

representative of the mass variable matrix elements 

The time history was limited to half a second and represents 
the action of three different masses entering the beam at 
around 50.09, 50.11 and 50.45 seconds.  

As the process is composed by a finite number of sine 
functions which are bounded it itself is bounded. This allows 
to find a limit to how much actually the constant modal mass 
component is modified by the time varying component (3) and 
this is of great importance in the design control process as it 
gives a way to assess the robustness of the controlled system. 

3 UNCERTAINTY DESCRIPTION 

3.1 Approximation of a non-Gaussian process by a filtered 
Gaussian white noise 

Consider a set {mk}N(T)≥k≥1 of N(T) identically distributed and 
independent random variables with a given distribution and 
N(T) a Poisson counting process with constant arrival rate λ. 

The process composed by the superposition of a stream of 
random pulses described by a deterministic function W(t,tk ) 
arriving at random times tk scaled by the elements of the set 
{mk}N(T)≥k≥1 can be represented by 

                              ∑ ,                        (4) 

This type of process is a filtered Poisson process as presented 
in section 3.1 consistent with the process describing the action 
of a set of random loads {mkg}k≥1travelling at constant speed v 
along a beam. In this case the random pulses are functions 
taken from the set of beam modal shape functions restricted to 
a finite time interval and are only functions of the time 
difference t-tk: 

                g ,            (5) 

In the above equation, 

              ,            (6) 

represents a rectangular window function that restricts the 
action of the load only to the interval of time it acts on the 
beam. 

As an example the elements of matrix ∆  presented in 
(3) which represents the time-varying damping in the dynamic 
equations describing the action of a random stream of N(T) 
point masses moving at constant speed along a beam written 
in modal coordinates are filtered Poisson processes with the 
weighting functions: 

   ,    (7) 

A more general and realistic approach will allow for the 
moving speed to be a random variable as well which may be 
jointly distributed with the random mass distribution. A 
typical example will be the correlation between the moving 
speed and the mass of a vehicle. A heavier vehicle is expected 
to be slower than a light vehicle. For the case the vehicles’ 
speed is different, the mode shape functions write: 

             sin                      
(8) 

corresponding to a structure modelled by a simply supported 
Euler-Bernoulli beam. 

The action of a filtered Poisson process like the one 
presented in (4) for the case of a simply supported beam can 
be represented as a system fed in with a Poisson compound 
process eventually with delayed arguments [13]. Although 
this allows for the dynamic problem to be solved from a 
control perspective it generates a rather complicated filter. 

One of the main ideas of this study is that the frequency 
distribution function of a filtered Poisson process like the ones 
described above can be approximated on a frequency range by 
the output of a low order filter feed in with a Gaussian white 
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noise w(t) with unit spectral density. The result is a filtered 
Gaussian process  which can approximate the initial non-
Gaussian process at least for the frequency range of interest. 

          2                        (9) 

The advantage of this approximation is that the original 
non-Gaussian process can now be represented as the output of 
a low order filter with an input bounded all over the frequency 
range |Δ(ω)|<β but more importantly it changes the 
perspective of the control problem. 

 
Figure 2 Approximation of the non-Gaussian process by a 
second order filter. non-Gaussian process (blue, dashed) 
filtered Gaussian approximation (green, continuous) 

For a simply supported beam as described in section 2 and 
for a normally distributed set of masses the process describing 
the contribution of the masses to the constant modal mass 
matrix is represented in Figure 1. This time process can be 
approximated by a filtered Gaussian white noise process 
realised by the second order filter: 

                      
.  

                         (10) 

Based on this filter the non-Gaussian process can be 
accurately approximated at low frequencies (up to 50 Hz) as 
seen in Figure 2. 

When the effect of the time-varying matrix elements 
presents a maximum at a certain frequency the approximation 
needs to be realised by at least a third order filter. Figure 3 
shows that a white noise process approximated by an initial 
second order filter cannot approximate correctly the low 
frequency range, which is of interest for this type of system 
modelling and therefore it was corrected by a high-pass first 
order filter that improved the dynamics up to 30 Hz. The 
resulting third order filter 

                 .  
.  

                 (11) 

approximates correctly the frequency distribution of the 
process up to 59 Hz. The addition of another filter to limit the 
bandwidth which will result in a fourth order filter will not 
improve drastically the approximation but will limit the high-
frequency range. 

 

 
Figure 3 Approximation of the non-Gaussian process ΔD11(t) 
by a second order filter. Non-Gaussian process (blue, dashed) 

order four filtered Gaussian approximation (green, 
continuous); order two filtered Gaussian approximation (red, 

dotted) 

A situation similar to the approximation of mass matrix 
elements occurs for the time-varying stiffness matrix elements 
whereas the stochastic process can be approximated by a 
white noise filtered by a second order filter:  

                       .  
.

                         (12) 

It should be mentioned that the shape of the  
weighting functions are similar only the amplitude and sign 
differ. Using a higher order filter obtained by a multiplicative 
first order decaying filter will not improve drastically the 
approximation (Figure 4) but will limit the high frequency 
values. The approximation is good over the low frequency 
range which is of interest for this type of problem. 

 
Figure 4 Approximation of the non-Gaussian process by a 
second order filter; non-Gaussian process (blue, dashed), 

order 3 filtered Gaussian approximation (green, continuous), 
order 4 filtered Gaussian approximation (red, dotted) 
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3.2 Modelling of the time-varying system as an uncertain 
system 

For this study, the dynamic equation describing the structure-
moving masses interaction in modal coordinates is modelled 
as uncertain elements whereas the dynamic effect of the time-
varying matrices is described as parametric uncertainties. 

The uncertain elements are lumped into a single diagonal 
perturbation block Δ. This way the system is separated from 
the uncertainties. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

One idea in using this approach is to find a minimum factor µ 
such that the determinant det(I-µ-1MΔ) is not null. The 
transfer function of the above system with matrix M 
partitioned in four submatrices is obtained by the upper linear 
fractional transformation  

            ,           (13) 

The uncertain block Δ in a very general scenario may 
include both structured and unstructured uncertainties with the 
only requirement that these uncertainties can be separated. In 
the subsequent study block matrix Δ containing n uncertain 
elements will be of strictly of the form: 

                   Δ   , … , :                     (14) 

The above defined linear fractional transformation (13) 
allows to represent the uncertainty in a unique form. In 
particular not only the whole system but each uncertain 
component of the system can be replaced by an M-Δ diagram 
[9]. For instance in the case of a particular system parameter 
modelled by an additive uncertainty  the M 
matrix can be identified via its partitions from (12) as: 

                                    0 1                                    (15) 

In this study the method is used to model the dynamic 
parameters of a beam-moving mass system modelled as 
uncertain elements (the uncertainty being related to the time-
varying dynamics). For instance, based on the approximations 
presented in 3.1 the uncertain damping matrix elements will 
be modelled in frequency domain as 

                                1  ΔC                        (16) 

where the components of  are approximating filters as 
shown in (11). 

4 CASE STUDY 
For this study the vibration control of a simply supported 
beam of length 0.5 m modelled using only the first mode is 
considered. The beam is under the action of a stream of 
normally distributed moving masses running at non-equal 
speeds [14]. The dynamic equations in modal coordinates are 
as described by (1) and subsequently explained in Section 2. 
The time span for analysis is 250 seconds and the intensity of 
the Poisson process describing the action of the masses is 
λ=0.15. 

A simple control design is chosen whereas the control input 
is one actuation force applied at the midspan  and the 
output is the deflection response at the same location . 

The state space system corresponding to this model is given 
by: 

 
 (17) 

where the matrices are: 

           

0  
(18) 

The state vector is made up by the modal coordinates 
   and the disturbance  by the time-varying 

modal forces. 

4.1 Uncertainty Modelling 
In this design setup the states variable matrix A is uncertain. 

Following the procedure described in section 3.1 the 
perturbation due to the moving masses w is also modelled via 
a filtered a white noise process. The block diagram of the 
system with uncertainties is represented in Figure 6.  

The uncertainty associated to the modal force input has 
been represented in a separate block to point clearly that δp 
and the disturbance is related to the time-varying elements of 
the excitation process. Thus the uncertainty represents 
samples of the stochastic processes as seen in Figure 7. 

The block diagram presented in Figure 6 allows some 
flexibility in the design process. By rearranging the blocks the 
controller can be designed for disturbance rejection or it may 
take a similar form to a classical LQG based design whereas 
weights are given to the controlled outputs and control effort. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Δ 

M 

Figure 5 Standard M-Δ open-loop 
configuration of the system 
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Figure 6 Block diagram of the system GΔ with 
uncertainties 
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The frequency response function of the open-loop perturbed 
system (from disturbance w to output y) computed for a set of 
values of the disturbance [-1 -0.5 0 0.5 1] is represented in 
Figure 7. 

 
Figure 7 Frequency analysis of the open-loop uncertain 

system (dotted lines) versus the baseline system (continuous 
line). 

The frequency analysis shows a high level of variability in 
the system which may be a disadvantage when assuring the 
robust performance requirements.  

The robust control of a system of this type can be achieved 
by using different frequency based methods [15] [16] where 
the uncertainty is represented as a template or if possible as an 
uncertainty circle plotted over the range of frequencies of 
interest. For this study the solution proposed is based on the 
classical H-infinity two Riccati equations method or LTI 
method already accessible through Matlab Robust Control 
Toolbox [17].    

4.2 Linear H-infinity Controller Design 
It is possible to design an H-infinity controller for the system 
presented in the above section. The controller K will minimize 
the norm of the lower linear fractional transformation 
FL(GΔ,K) over all stabilizing controllers. The standard H-
infinity synthesis achieves the performance objectives via a 
set of minimizing weighted transfer functions. 

The state-space description of the generalized 
interconnected system GΔ is completed to [9][10]: 

   
 

 
(19) 

where        is the exogenous input vector and 
contains the input disturbance and the sensor noise n,  is the 
output vector and yv is the measurement vector. The matrices 

, ,  and  which were not explicitly given are 
related to the weighted performance matrices Figure 8. 

A block diagram of the H-infinity interconnection for the 
structural problem considered is presented below. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The control force is limited by the weighting function Wu 

The magnitude of Wu is chosen to increase at frequencies 
higher than the natural frequency of the structure in order to 
limit the bandwidth of the controlled system. 

The Wp weight magnitude rolls off above 500 rad/sec. 
In this design a suboptimal H-infinity controller for the 

nominal system can be achieved  

   .   . . .  
. . . .

     (20) 

This controller assures a peak magnitude reduction by 
almost 2.6, but it does not assure completely the performance 
requirement for all the variability in the system. 

 
Figure 9 Closed loop nominal performance of the system. 
(green dashed – uncontrolled system; blue continuous – 

controlled system) 

In terms of the transient time response the controller 
achieves a reduction by a factor of 2.6 of the settling time. 

4.3 µ-synthesis method 
The H-infinity design approach was unable to achieve the 
required robust performance against the structured uncertainty 
considered. 

Wp GΔ Wd

Wu 
control

sensor noise

yv 

y d

Figure 8 Block diagram of the open-loop system used for 
H-infinity synthesis 

z1 

z2 
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A more efficient approach in terms of robust performance 
are design methods based on the structured singular value . 
The design solution adopted is based on the D-K iteration 
method [10] and uses the standard configuration presented in 
Figure 10 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
The method consists in finding a stabilizing controller 

method through an iteration process that starts with a scaling 
matrix D chosen as the identity matrix. The iteration consists 
of two steps one in which a controller is synthesised for the 
scaled problem with a fixed D then a matrix D is found that 
minimizes the singular value of the system [10].  As the H-
infinity method, the D-K iteration method is implemented in 
Matlab [17]. 

 

 
Figure 11 Samples of the controlled system (green-dotted) 
samples of the uncontrolled system (blue-dashed) and the 
nominal value of the uncontrolled system (red-continuous) 

The controller realised is a lot more complex that the initial H-
infinity controller. The closed loop system obtained is 
presented in Figure 11 against the nominal value system and 
the samples of the uncontrolled system. Due to the variability 
in the system the effort of the controller is a lot stronger than 
in the H-infinity case. 

5 CONCLUSION 
The problem of vibration control of a structure subjected to a 
random steam of moving loads was addressed. The novelty of 
the approach consists of describing the time-varying 
parameters as structured uncertainties. A probabilistic based 
approximation method for description of the uncertain 
parameters was presented and two solutions for the vibration 
control were presented and analysed. 

The control solution taking into account the uncertainty 
shows a certain improvement of the frequency response but 
most importantly the description of the uncertainty which is 
the most important part of this study seems to be the right 
method to address the robust control problem for this type of 
system at least in absence of a nonparametric method. The 
presented method also opens the possibility to extend the 
description of uncertainty method presented herein to different 
type of structures subjected to filtered Poisson processes. 
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