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ABSTRACT: Multi-degree of freedom (MDOF) non-linear systems are characterized by a number of response types. Limit Cycles
(LC) are of the most important representing typical post-critical response type of many systems. They can be encountered in aero-
elasticity, earthquake engineering, high speed traffic mechanics, plasma physics, optics, etc. Stable and unstable LCs should be
distinguished. The aspect of stability and non-stability impresses on LC the character of an attractor or a repulser. Normal form of
governing stochastic differential system with Gaussian white noise perturbations is considered. LC stability investigation is conducted
on the basis of the relevant Fokker-Planck (FP) equation. The stochastic differential system with multi-component additive and
multiplicative perturbation is then constructed and transformed into FP equation with respect to special toroidal coordinate system
around the LC. Perturbation of PDF stability is then analyzed in the meaning of the mean value and variance using stochastic moments
decomposition. As a demonstration one and two degree of freedom non-linear systems are discussed. This illustrating cases were
selected because of their relevance with the aero-elastic post-critical response types of a slender beam in a cross-flow. Strong and weak
attributes of the approach used are evaluated together with an outline of the future works.
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1 INTRODUCTION

Limit Cycles (LC) are encountered very often when studying
multi-degree of freedom (MDOF) non-linear systems. Their
features should be investigated carefully, especially the basic
existence, their emergence and extinction, or shape and type
identification. These factors are closely related to the stable or
unstable character of the LC in question. The aspect of stability
or non-stability impresses on LC the character of an attractor or a
repulser. A few special effects can accompany LC. It is primarily
the stability rate which should be observed carefully. Being at
low level it can result in quasi-periodic processes moving around
the LC and leading to a certain toroidal formation around the
LC, see e.g. [1]. In this case an easy transition into the chaotic
state is possible as demonstrated in papers, e.g. [2], as well as
in monographs, e.g. [3]. On the other hand the response of
many non-linear systems cannot include LC for principal reasons.
Indeed, regarding the same dynamic system, LCs can disappear
due to an internal damping increase or to changes in excitation
strategy. Various aspects of these effects have been discussed in
[4] or [5].

In practice the dynamic systems are subdued to various types of
perturbations acting as random excitations. Due to these external
effects the LC can change into a toroidal body. If deterministic
stability level of a particular LC is low and excitation power
large enough, the system energy barrier can be overcomed and
its stochastic stability lost.

Random component of the LC has principally different
character from possible chaotic response type and should be

investigated by means of special techniques. Therefore, it seems
that the generalization of the LC stability assessment into the
stochastic domain is worthy of consideration as it represents a
qualitative step in a reliability assessment of real physical and
technical problems.

Despite the fact that LCs are very important for many
reasons, their investigation has not progressed rapidly especially
concerning MDOF systems. Many papers appeared in the past
that dealt with various but very specific systems, see e.g. [6], [7],
and many others. Concerning the deterministic approach, many
aspects as mentioned above have been discussed as well, however,
dealing mostly on Single Degree of Freedom (SDOF) systems.
Let us make a reference to [8], [9] and other monographs, where
many aspects of LCs from the viewpoint of the pure mathematics
are summarized and discussed on the level of Banach space.
Nevertheless some different focus is necessary to prefer when
particular physical systems should be analyzed. Therefore,
it seems there is worthy of consideration an attempt to form
some general theory of LCs, in particular regarding the stability
assessment closely associated with real physical and technical
problems.

As regards stochastic formulation of MDOF system dynamics,
many well known monographs appeared during the last four
decades, see among others [10] or [11]. Also some important
papers are referenced in this study, see the last section. Relevant
models are based mostly on Markov processes and related tools.
However there are only a few papers focused to LC in stochastic
domain. So we try to outline in following parts some stochastic
approach of a general idea of an MDOF Limit Cycle (if any)
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analysis when the relevant trajectory is attacked by excitation of
Gaussian white noises.

2 GENERAL FEATURES OF LIMIT CYCLES

2.1 Geometry of Limit Cycle neighborhood

Limit cycle is a typical phenomenon which can be encountered
on a non-linear dynamic system only, although not every non-
linear system should include an LC as a special type of
the homogeneous differential system solution. As a general
mathematical model of the above physical objects an MDOF
autonomous Hamiltonian dynamic system with n degrees of
freedom being characterized by a stochastic differential system
is considered:

ẋ = P(x)+H(x) w(t) ; (1)

x = [x1, ...,x2n]
T ∈ R

2n ; x j = x j(t) ; j = 1, . . . ,2n (2)

P(x) = [P1(x), ...,P2n(x)]T ∈ R
2n; H(x) ∈ R

2n×m

w(t) = [w1(t), ...,wm(t)]T ∈ R
m

where
X - 2n space arithmetized by coordinates x j,
x2i−1(t), x2i(t) - displacements, velocities; i ∈ (1,n),
P(x), H(x) - smooth functions of state variables x,
w(t) - Gaussian white noises;

For MDOF system holds:

P2i−1(x) = x2i ; H2i−1,l(x) = 0 i = 1, . . . ,n, l = 1, . . . ,m (3)

Only single and smooth LCs in the system (1) are supposed
being described by a radius vector in the space X :

L0 : x j = ϕ j(s) ; j1, . . . ,n (4)

where s is a coordinate along the LC, for some details see
[12]. Whatever more complex LC types (multiple, multi-periodic,
multi-point, etc.) are not regarded. Following assumptions have
been adopted: (i) functions ϕ j(s) are considered to be continuous
and smooth enough without any singular points; (ii) the LC curve
is closed being passed through within a single period T ; (iii)
the LC is a unique function with respect to at least one central
point, (iv) the LC portrait is identical within every period, so
that the process can be taken as cyclic-stationary, (v) response in
consecutive periods continues smoothly one by one; (vi) relation
between parameters s and t meet the condition

ds
dt

= 1. (5)

Respecting random perturbation in Eq. (1), one can assume
that a perturbed curve L∗

0 represents the LC being mildly deflected
from the trajectory L0, but almost sure remaining within a
narrow neighborhood of the LC. To investigate it’s stability,
a toroidal domain with an arbitrarily narrow cross-section is
constructed. This geometry is arithmetized by the vector q(s) =
[ϕ ′

1(s), ...,ϕ
′
2n(s)] ∈ R

2n tangential to the LC together with a
system of (2n− 1) vectors n j(s) ∈ R

2n which are orthogonal

Figure 1. Limit Cycle trajectory in 2D and 3D and local
coordinates in the relevant hyper-cube K.

to the tangential vector q(s) and orthogonal mutually as well, see
Figure 1. Coordinates on vectors n j are given by parameters n j
summarized into the vector n. Vectors q and n j can be gathered
into a square matrix:

Q = [q,n1, ...,n2n−1] ∈ R
2n×2n (6)

The matrix Eq. (6) forms an orthogonal basis depending on s
of the toroidal domain surrounding the limit cycle. Thanks to
the assumptions (i)-(v) concerning the type of LC investigated
the orthogonal matrix Q exists and its determinant DQ = det[Q]
never vanishes. Hence Q can represent a regular linear transform
in 2n-dimensional space, where DQ is its Jacobi determinant.

The subspace specified by normals n j and attached to the LC
curve L0 is also curvilinear. Nevertheless the problem will be
dealt within a small neighborhood of the L0. Therefore, the
problem will be studied inside the domain which can be defined
as a hyper-cube K:

K : (0 < s < T,−δ < n j < δ ), j ∈ (1,2n−1) (7)

where δ < ε is a small real number approaching zero and T is
one period of s running around the LC. Let us observe that under
conditions specified above the relevant normals of the length
approximately 2δ ·Δs coming out of two adjacent points with a
small distance Δs on the trajectory L0 don’t intersect.

To construct normals n j for a given tangential vector q in
matrix Q represents a multi-sense task. Indeed, if the vectors
n j are normalized, they can be rotated around the tangential
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vector q keeping mutual orthogonality. A square matrix H ∈
R

2n−1,2n−1 may exist including column eigen-vectors of a square
positive definite matrix. Then every matrix Q̃ being obtained by
multiplication:

Q̃ = Q ·
[

1, 0T

0, H

]
; 0T = [0, ...,0] ∈ R

2n−1 (8)

satisfies the above conditions. It means that the matrix Q can be
selected with a certain degree of freedom taking advantage of the
particular problem. With respect to this feature it is convenient to
define the matrix Q (and to outline the vectors n j) in the following
form (prime means the derivative with respect to s):

Q = [q,n1, ...,n2n−1] =

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϕ ′
1, κ11, κ12, κ13,..., κ1,2n−1

ϕ ′
2, κ21, κ22, κ23,..., κ2,2n−1

ϕ ′
3, 0, κ32, κ33,..., κ3,2n−1
...

...
...

...
. . .

...

ϕ ′
2n−1, 0, 0, 0, ..., κ2n−1,2n−1

ϕ ′
2n, 0, 0, 0, ..., κ2n,2n−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(9)

where κ jk = κ jk(s) are components of the vectors nk.
In order to determine κi j following algorithm can be applied.

One select κ j, j−1 = 1(1 < j ≤ 2n − 1) in the first step, e.g.
κ21 = 1,κ32 = 1, .. etc. To determine the remaining components
κ jk, 2n−1 linear equation systems should be solved successively
one at a time, using orthogonality of q and n j vectors: A
recurrent process of κ jk determination can follow the Gram-
Schmidt orthogonalization procedure, see [13]. One select
κ j, j−1 = 1(2 < j ≤ 2n) in the first step, e.g. κ21 = 1,κ32 = 1, ..
etc. To determine the remaining components κ jk, 2n− 1 linear
equation systems should be solved successively one at a time,
using orthogonality of q and n j vectors:

nT
1 q = 0 ⇒ κ11 ·ϕ ′

1 +1 ·ϕ ′
2 =0 (10a)

nT
2 q = 0 ⇒ κ12 ·ϕ ′

1 +κ22 ·ϕ ′
2 +1 ·ϕ ′

3 =0 (10b)

nT
2 n1 = 0 ⇒ κ12 ·κ11 +κ22 ·1 =0 (10c)

nT
3 q = 0

nT
3 n2 = 0 ⇒ . . . . . . (10d)

nT
3 n1 = 0

. . . . . .

. . . . . .

nT
2n−1q = 0

nT
2n−1n2n−2 = 0 ⇒ . . . . . . (10e)

nT
2n−1n1 = 0

In other words, in the first step κ11 is evaluated using Eq.
(10a). Then Eq. (10b) represent the second linear system for two
parameters κ12,κ22. The last system consists of 2n−1 equations
for κ1,2n−1, ...,κ2n−1,2n−1. Using procedure (10a-d) individual

vectors n j are determined with the exception of multiplicative
constants. They are convenient to be selected as normalizing
constants: Nj = (nT

j n j)
−1/2, or to eliminate denominators. Any

another way is applicable as well. These factors finally represent
parameters κ j, j−1.

2.2 Perturbation of the Limit Cycle trajectory

Let’s address briefly the deterministic case, as it will be referred
in later sections. In this case H = 0 in (1) and random noises w
are not taken into account. The LC being mildly deflected from
its trajectory L0 can be described as follows:

L∗
0 : x∗j = ϕ∗

j (s,n) = ϕ j(s)+
2n−1

∑
k=1

nkκ jk(s) ;

j = 1, . . . ,2n ; n = [n1, ...,n2n−1]

(11)

where −δ < nk < δ are values of respective coordinates on
the vectors nk. For a slightly different approach see also [14].
Respecting the system Eq. (1) the following differential system
involving the perturbed LC state can be carried out:

dx∗j
dt

=
∂ϕ∗

j

∂ s
· ds

dt
+

2n−1

∑
k=1

∂ϕ∗
j

∂nk
· dnk

dt
= P∗

j (12)

where P∗
j = P∗

j (ϕ∗
1 (s,n), ...,ϕ

∗
2n(s,n)) ; j = 1, . . . ,2n. Eqs (12)

represents the governing system of the LC perturbed trajectory in
the K domain, where |L∗

0 −L0|< δ for every s ∈ (0,T ).
Substituting to Eqs (12) for ϕ∗

j following Eq. (11), an easy
rearrangement gives:(

ϕ ′
j +

2n−1

∑
k=1

nk ·κ ′
jk

)
· ds

dt
+

2n−1

∑
k=1

κ jk · dnk

dt
= P∗

j (13)

or in the matrix form:
Q∗n∗ = P∗ (14)

where Q∗, u∗ are defined as :

Q∗ =

(
Q +

2n−1

∑
k=1

n j ·Qκk

)

n∗ =
[

ds
dt
,

dn1

dt
, . . . ,

dn2n−1

dt

]T

and the matrices Qκ j

Qκ j = n′
j · eT

1 ; eT
1 = [1,0, . . . ,0]T ∈ R

�� (15)

Eqs (13) or (14) can be regarded as a system of 2n
linear algebraic equations for 2n unknowns: ds/dt, dn j/dt, j =
1, . . . ,2n− 1. Due to regularity of all elements on both sides of
the system Eq. (14), its solution can be formally expressed using
the Cramer’s rule in the form:

ds
dt

= Ds(s,n) ·DQ∗(s,n)−1 (16a)

dn j

dt
= D j(s,n) ·DQ∗(s,n)−1 (16b)
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where DQ∗(s,n) = det Q∗ is the determinant of the system matrix
in (13) and Ds(s,n), D j(s,n) are determinants subsistent to
individual unknowns with respect to right-hand side P∗. Dividing
Eq. (16b) by Eq. (16a), one obtains:

dn j

ds
= D j(s,n) ·Ds(s,n)−1= r j(s,n) ; j = 1, . . . ,2n−1 (17)

The system (17) describes behavior of the LC in the
δ−neighbourhood of the basic trajectory L0 in the form of small
deviation in orthogonal basis n j with regard to stationary point
n = 0, which represents the basic trajectory L0. Therefore, the
decision concerning LC stability will be evaluated on the basis of
the system (17) and its behavior in the δ−neighbourhood of the
origin n = 0.

Systems Eqs (16), (17) are meaningful if it holds:

Ds(s,n) �= 0 (18a)
DQ∗(s,n) �= 0 (18b)

It can be shown that the following identities are valid almost
everywhere on the LC L0:

DQ∗(s,0) = DQ(s) (19a)
Ds(s,0) = DQ(s) �= 0 (19b)
D j(s,0) = 0 (19c)

and in the same time:

dn j

dt

∣∣∣
n j=0

= 0 =⇒ dn j

ds

∣∣∣
n j=0

= 0. (20)

With respect to smoothness and regularity of all functions taking
part in matrices investigated and selecting satisfactorily small δ
it can be concluded that both inequalities (18a,b) are in force not
only on the trajectory L0 but in the whole domain K.

Let us take a notice that the solution of the system (17) is
significantly dependent on a set of initial conditions n j(s)|s=0 =
n j,0. Let us expand a notation of Eq. (17) into the form:

dñ j(s|0,n0)

ds
= r j(s, ñ(s|0,n0)) ; j = 1, . . . ,2n−1 (21)

where:

ñ = [ñ1(s|0,n0), . . . , ñ2n−1(s|0,n0)]
T ;

n0 = [n1,0, . . . ,n2n−1,0]
T

Let us differentiate Eq. (21) with respect to individual
components of the vector n0:

dñ
ds

·dT =
1

2n−1
r ·

2n−1︷ ︸︸ ︷
d̃T · ñ ·dT (22)

where

r = [r1, ...,r2n−1]
T ;

d̃T = [∂/∂ ñ1, ...,∂/∂ ñ2n−1] ;

dT = [∂/∂n1,0, ...,∂/∂n2n−1,0] .

Scalar identity d̃T · ñ = 2n−1 has been included into Eq. (22).
Due to smoothness of functions ñ, the sequence of differentiation
d/ds and dT on the left-hand side can be interchanged. Regarding
the right-hand side, the operator d̃T or dT will be applied on r or
ñ respectively (diadic products). Then Eq. (22) reads as follows:

d
ds

N(s) =
1

2n−1
R(s) ·N(s) ; N(s),R(s) ∈ R

2n−1,2n−1

N(s) =

⎡⎢⎢⎣
∂ ñ1/∂n1,0 , ..., ∂ ñ1∂n2n−1,0

...
. . .

...

∂ ñ2n−1,0/∂n1,0 , ..., ∂ ñ2n−1,0/∂n2n−1,0

⎤⎥⎥⎦ ;

R(s) =

⎡⎢⎢⎣
∂ r1/∂ ñ1 , ..., ∂ r1/∂ ñ2n−1,0

...
. . .

...

∂ r2n−1/∂ ñ1 , ..., ∂ r2n−1/∂ ñ2n−1,0

⎤⎥⎥⎦

(23)

Relation (23) represents the linear differential equation for an
unknown square matrix N and matrix R is the Jacobi matrix
associated with the system (17) and (21). The solution of Eq.
(23) can be symbolically expressed in the form:

N(s) = N0 · exp

⎛⎝ s∫
0

R(θ) dθ

⎞⎠ (24)

Decreasing or increasing the shape of N(s) components indicates
stable or unstable LC. The decision can be made following the
state for the full length of the LC, i.e. s = T . In principal
the LC is stable if the real part of all eigen-values of N(s)
for all s is negative. In this particular case, the detailed
evaluation can be tuned adjusting the matrix of initial values N0
to particular circumstances. This means, for instance, introducing
only one perturbation component and successively the other, e.g.
separating the influence of individual imperfection components.

A certain information can be obtained inspecting the determi-
nant det[N(s)] = DN(s). Employing the Liouville theorem the
following equation can be deduced:

d
ds

DN =
1

2n−1
TR(s) ·DN

⇓
DN(s) =

1
2n−1

DN,0 · exp

⎛⎝ s∫
0

TR(θ) dθ

⎞⎠ (25)

where TR(θ) is the trace of the corresponding Jacobi matrix R(s).
Hence the LC is stable if it holds:

Re{
s∫

0

TR(θ)}< 0. (26)

for s = T , then LC can be taken as stable. For n = 1, e.g. for an
SDOF system, both variants (24) and (26) are identical. However
for n > 1 the criterium (26) should be used with care. The
negative trace Re{TR(θ)} doesn’t necessarily guarantee that the
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real part of at least one eigen-value is positive. Consequently, the
condition (26) provides only general information. This condition
should be considered as necessary but not satisfactory. Another
way can represent the case when eigen-values and eigen-vectors
of the matrix R are available. Then the normal space can be
rotated adequately and all coordinates j = 1, . . . ,2n− 1 assessed
separately. Notice that the upper limit of the integral is rather free
which can give possibilities of a wide generalization.

Some analogy with the Lyapunov exponent widely used for
the stability testing of numerical analysis of non-linear dynamic
systems can be observed taking into account the exponential
character of formulae Eq. (24) and (26), see e.g. [15], [16], [17],
[18] and particularly [7]. Some numerical approaches very close
to those discussed here by an analytical way can be found also in
literature, e.g. [19]. A common influence of both looks to be very
promising. Some above conclusions and formulae can be fruitful
for development of such hybrid procedures.

2.3 Limit Cycle reflecting random excitation effect

This section is partly based on the deterministic procedure
described in the previous section. Random excitation results in
LC perturbation. Therefore an approximate solution following
from Eqs (1) and (4) can be adopted in a form:

L∗
0 : x∗j = ϕ∗

j (s,Ξ) = ϕ j(s)+
2n−1
∑

k=1
ξkκ jk(s) ;

j = 1, . . . ,2n ; Ξ = [ξ1, . . . ,ξ2n−1]

(27)

where ξk are independent random processes fluctuating on
coordinates given by vectors nk, cf. Eq. (6) or (9) and
deterministic counterpart of this equation (11). Random
processes ξk are collected into the vector Ξ. Functions ϕ∗

j (s,Ξ)
represent parametric equations of the perturbed Limit Cycle L∗

0
and hence ϕ∗

j (s,0) = ϕ j(s).
The system of Eqs (27) represent a linear approximation of L∗

0
in a small neighborhood of the Limit Cycle L0 being valid only
within the hyper-toroid KT following Eq. (7).

In order to express the behavior of the system within the Limit
Cycle neighborhood, approximation (27) should be inserted in
Eq. (1). After some modifications, the following expressions can
be written:

dx∗j
dt

=
∂ϕ∗

j

∂ s
ds
dt

+
2n−1

∑
k=1

∂ϕ∗
j

∂ξk

dξk

dt
= P∗

j (x)+
m

∑
l=1

H∗
jl(x)wl(t) (28)

where P∗
j = P∗

j (ϕ∗
1 (s,Ξ), . . . ,ϕ

∗
2n(s,Ξ)) ; j = 1, . . . ,2n and

similarly for H∗
jl . Eqs (28) represent the governing system of

the LC perturbed trajectory in the KT domain, where |ξk(s)| < δ
for every s ∈ (0,v0 ·T ).

Following the deterministic procedure (13) and taking ϕ∗
j from

Eq. (27) we have:(
ϕ ′

j +
2n−1

∑
k=1

ξk ·κ ′
jk

)
· ds

dt
+

2n−1

∑
k=1

κ jk
duk

dt
= P∗

j +
m

∑
l=1

H∗
jlwk(t) (29)

or in the matrix form:

Q∗Ξ∗ = P∗+H∗w(t) (30)

where :

Q∗ =

(
Q +

2n−1

∑
k=1

ξ j ·Qκk

)

Ξ∗ =
[

ds
dt
,

dξ1

dt
, . . . ,

dξ2n−1

dt

]T

and the matrices Qκ j are defined in (15).
Eqs (29) or (30) constitue a system of 2n linear algebraic

equations for 2n unknowns: ds/dt, dξ j/dt, j = 1, . . . ,2n − 1.
Since every element on both sides of the system (29) is regular,
solution of the system can be expressed as:

ds/dt = Ds∗(s,Ξ, t) ·D−1
Q∗ (s,Ξ); (31a)

dξj/dt = D j∗(s,Ξ, t) ·D−1
Q∗ (s,Ξ) ; j = 1, . . . ,2n−1 (31b)

where DQ∗(s,Ξ) = det Q∗ is the determinant of the system matrix
in (30) and Ds∗(s,Ξ, t), D j∗(s,Ξ, t) are determinants subsistent to
individual unknowns with respect to right hand side P∗+H∗w(t).

It can be shown, that:

L∗
0 : DQ∗(s,Ξ) �= 0; Ds∗(s,Ξ, t) �= 0 ;

L0 : DQ∗(s,0) = DQ(s); Ds∗(s,0, t) = DQ(s) �= 0;
(32)

and therefore solutions (31) are meaningful.
Let us go through the internal structure of the above

determinants. Making use the matrix Q∗ internal structure being
obvious from Eqs (30), and particularly profiting from ”the first
column” character of Qκ1, ...,Qκ,2n−1 following Eq. (15), the
determinant DQ∗(s,Ξ) enables to be expressed in a closed form.
Hence the determinant DQ∗(s,Ξ) is a linear function of all random
variables Ξ which are supposed to remain in the δ neighborhood
of the LC. Therefore the reciprocal value of DQ∗(s,Ξ) can be
approximately expressed in the form:

D−1
Q∗ (s,Ξ)≈ D−1

Q (s)
(

1−D−1
Q (s)

2n−1
∑

k=1
qk(s)ξk

)
qk(s)=

2n
∑

h=1
κ ′

h,k(s)Dh,1(s)
(33)

where DQ(s) is the determinant of Q(s) matrix, i.e. on the LC
itself, and Dh,1(s) are sub-determinants of Q following the 1-st
column and h−th row.
Determinant Ds∗(s,Ξ, t) can be written out as follows:

Ds∗(s,Ξ, t)=Ds(s)+
2n−1
∑

k=1
gsk(s)ξk +

m
∑

l=1
rsl(s) wl(t)

gsk(s) =
2n
∑

h=1
Dh,1(s)Shk(s) ; rsl(s) =

2n
∑

h=1
Dh,1(s)Hhl(s)

Shk = κhk(s) (h−odd); Shk = ∂Ph(s,0)/∂ξk (h− even)

(34)

Similarly also determinants D j∗(s,Ξ, t) can be written out:

D j∗(s,Ξ, t)=D j(s)+
2n−1
∑

k=1
g jk(s)ξk +

m
∑

l=1
r jl(s) wl(t)

j = 1, . . . ,2n−1
(35)
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where g jk(s),r jl(s) are expressions analogous to gsk(s),rsl(s)
introduced in Eqs (34). They are functions of sub-determinants
Dk, j(s) of the matrix Q(s).

Let us substitute partial expressions for determinants, Eqs (33),
(34) and (35), into equations (31). With respect to relations
(32) and omitting terms of the order higher than Δt following
stochastic system can be carried out:

ds
dt

= 1+D−1
Q (s)

2n−1

∑
k=1

(gsk(s)−qk(s))ξk+

+D−1
Q (s)

m

∑
l=1

2n−1

∑
k=1

rsl(s)
(

1−D−1
Q (s)qk(s)ξk

)
wl(t)

(36a)

dξ j

dt
=D−1

Q (s)

(
D j(s)+

2n−1

∑
k=1

(
g jk(s)−D−1

Q (s)D j(s)qk(s)
)

ξk+

+
m

∑
l=1

2n−1

∑
k=1

r jl(s)
(

1−D−1
Q (s)qk(s)ξk

))
wl(t)

j = 1, . . . ,2n−1

(36b)

Stochastic system Eqs (36) is linear including additive and
multiplicative excitations. Omitting terms of the order higher than
Δt a relevant Itô system related with a physical system Eqs (31)
or (36) can to be expressed in the form:

ds = Fs(s,Ξ) ·dt +
2n−1

∑
k=1

Gsk(s,Ξ) ·dBk(t) (37a)

dξ j = Fj(s,Ξ) ·dt +
2n−1

∑
k=1

G jk(s,Ξ)·dBk(t)
j = 1, . . . ,2n−1

(37b)

Symbols introduced in Eqs (37) have a following meaning:

Fs(s,Ξ) = 1+D−1
Q (s)

2n−1

∑
k=1

(gsk(s)−qk(s))ξk +Zs(s,Ξ) (38a)

Fj(s,Ξ) = D−1
Q (s)

(
D j(s)+

+
2n−1

∑
k=1

(g jk(s)−D−1
Q (s)D j(s)qk(s))ξk

)
+Z j(s,Ξ)

(38b)

2n−1

∑
l=1

G jlGkl = D−2
Q

m

∑
r=1

Krrr jrrkr

(
2n−1

∑
l=1

1−D−1
Q qlξl

)2

(38c)

j,k = s,1, ...,2n−1

Zs,Z j - Wong-Zakai terms, [20], [21]
Bk(t) - unit Wiener processes
Krr - intensity of the wr(t) process (Krs = 0,r �= s)

System of Eqs (37) is closed and could be investigated as a
stochastic differential system of the Itô type. It is useful to realize
that the Limit Cycle is stable if the response is stationary in the
second moment meaning. In such a case the stochastic averaging
in limits of one LC pass should be applied in order to assess the
asymptotic stability of LC.

Assuming that the response in a form of the LC is stationary
(deterministic/stochastic), the stochastic averaging can be used

to verify the dynamic system stability. This strategy has been
widely used in a number of variants in analytical studies, see
among others [22], [23] and in numerical simulations, e.g.
[24], [25], [26]. It can be shown that the application of
the averaging operator on the Eq. (37a) comes to conclusion
(on the Δt level) that the influence of random inputs on the
time behavior of s coordinate running along the Limit Cycle is
negligible. Therefore, s(t) as a result of the deterministic analysis
is satisfactory to be introduced. Hence we can apply the averaging
operator on Eqs (37b) where s = s(t) is considered. In the first
step a very simple approximation can be adopted, in particular:
s= v0 ·t, where v0 is a mean velocity along the LC. This value can
be easily obtained from the deterministic analysis of the relevant
deterministic system, where it represents one of partial results.
Finally following system of (2n− 1) equations can be obtained
after a donkey work:

dξ A
j = FA

j (Ξ) dt +
2n−1

∑
k=1

GA
jk(Ξ) ·dBk ; j = 1, . . . ,2n−1 (39)

where
FA

j (Ξ) = E {Fj(s,Ξ)} ; GA
jk(Ξ) = E {G jk(s,Ξ)}

E {·} - averaging operator employing on one LC pass

Components ξ A
j represent certain integral assessment or

average value of amplitudes in framework of one LC pass. If
all of them are approaching zero, then the LC investigated is
asymptotically stable with respect to random input processes
w(t).

The above general procedure leads in particular cases to matrix
exponential containing in the exponent an integral in limits of
one pass through the LC. This result closely remembers various
techniques related with Lyapunov exponent testing, see e.g. [27],
[28], [15] and many others.

3 SINGLE DEGREE OF FREEDOM SYSTEM

3.1 General case

The general background outlined in the previous part can be
applied in different ways in view of the complexity of the system
investigated. Descending from the general theory to the particular
case, the process of stability assessment of a Single Degree of
Freedom (SDOF) system will be discussed (keeping in mind
that n = 1). Due to simplicity of an SDOF system many steps
only being indicated on the level of a general formulation can
be brought to analytical results and applied immediately for
particular cases, see e.g. [29], [1].

The governing system in compliance with Eqs (1) - (3) gains
the form:

ẋ1 = x2 ; ẋ2 = P2(x1,x2) (40)

where it applies for a possible Limit Cycle, see Eq. (4), and
consequently for L0 trajectory and its perturbed modification in
δ neighborhood L∗

0:

x1 = ϕ1(s)

x2 = ϕ2(s)
−→ ϕ∗′

1 (s,ξ1) = ϕ∗
2 (s,ξ1)

ϕ∗′
2 (s,ξ1) = P∗

2 (s,ξ1)
(41)
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Geometry of a narrow strip bordering the Limit Cycle (the domain
Ω in the previous section) in plane (x1,x2) follows from Eqs (9),
(10). For some alternative formulation of this idea, see [30].
Using Eq. (11), then ϕ∗

1 ,ϕ
∗
2 containing linear approximation of

a small perturbation can be formulated:

Q =[q,n1] =

[
ϕ ′

1, ϕ ′
2

ϕ ′
2,−ϕ ′

1

]
=⇒ (42a)

=⇒ ϕ∗
1 (s,ξ1) = ϕ1(s)+ξ1ϕ ′

2(s)

ϕ∗
2 (s,ξ1) = ϕ2(s)−ξ1ϕ ′

1(s)
(42b)

The second column in the matrix Q represents the normal vector
(non-normalized) to the relevant LC. The system behavior in the
surrounding strip can be outlined first following Eqs. (12) and
then respecting the general form (14):[

ϕ∗′s
1 , ϕ∗′ξ1

1

ϕ∗′s
2 , ϕ∗′ξ1

2

]
·
[

ds/dt

dξ1/dt

]
=

[
ϕ∗

2

P∗
2

]
=⇒

=⇒
[

ϕ ′
1 +ξ1ϕ ′′

2 , ϕ ′
2 + 0

ϕ ′
2 −ξ1ϕ ′′

1 ,−ϕ ′
1 + 0

]
︸ ︷︷ ︸

Q∗=Q+ξ1·Qκ1

·
[

ds/dt

dξ1/dt

]
=

[
ϕ∗

2

P∗
2

] (43)

where ϕ∗′s = ϕ∗′s(s,ξ1) or ϕ∗′ξ1 = ϕ∗′ξ1(s,ξ1) means derivatives
with respect to s or ξ1. A normal coordinate ξ1 follows the
general system (16) or (31) which degenerates to a scalar form.
Determinants D∗

Q,D
∗
s ,D

∗
1 which appear in system (31) should be

evaluated using formulae Eqs (33), (34) and (35) with respect to
relevant matrix Q∗ following (43) and relations (41) as they are
valid on L0 or L∗

0:

DQ∗ = −(ϕ ′2
1 +ϕ ′2

2 )−ξ1(ϕ ′
1ϕ ′′

2 −ϕ ′′
1 ϕ ′

2)

Ds∗ = −ϕ ′
1(ϕ2 −ξ1ϕ ′

1)−ϕ ′
2(ϕ

′
2 −ξ1ϕ ′′

1 )

D1∗ = P∗
2 (ϕ

′
1 +ξ1ϕ ′′

2 )−ϕ2ϕ ′
2 +2ξ1ϕ ′

1ϕ ′′
1 −ξ 2

1 ϕ ′
1ϕ ′′

1

(44)

Tedious and fragile procedure following steps in the section 2.2
finishes in a main criterium of the LC stability of the SDOF
system Eq. (40) corresponding to (25) and (26). In this particular
case it reads:

λ =

T∫
0

P2(x1,x2)ds < 0 (45)

where T is the time of one LC period or T ·v0 its length. Details of
individual steps including proves can be found in [12]. Analogy
with the Lyapunov exponent technics is evident as it follows from
[31], [32], [33] and many other papers.

3.2 Van der Pol related system - deterministic case

Let us demonstrate this approach on the SDOF system modeling
the reduced flutter effect emerging on a slender prismatic beam
in a cross flow. Although more complicated response types
exist, e.g. TDOF flutter, divergence, see [34], many important
aero-elastic effects can be represented using the SDOF system.
Experimental investigation in a wind channel or in situ shows

Figure 2. Attractive and repulsive LCs: stable and unstable
Limit Cycles meet at a certain point creating the separatrix
manifold.

for certain parameters of the beam and the flow that following
sequence of the response type can occur: (i) beam remains in
standstill (stable trivial solution); (ii) beam performs Limit Cycle
oscillation (heave or rotation); (iii) beam response is raising
beyond all limits (ultimate stability loss), see for instance [35],
[36] and other papers dealing with SDOF aero-elastic models
from the experimental viewpoint. In such a case the response
of the beam can be characterized by an equation of the Van der
Pol type, see e.g. [29], [37]:

ü+αu+βu3 = (η −νu2 +ϑu4)u̇ . (46)

It should be particularly noticed, that the right hand side of
Eq. (46) includes the fourth degree of the response in order
to encompass possibly both stable and unstable Limit Cycles
as they have been observed also experimentally in a wind
channel, see [34], where authors attempted to coincide non-
linear experimental and theoretical models. Existence of LCs
is predetermined by a certain ratio of parameters η ,ν ,μ . The
theoretical solution of the above equation shows the considerable
sensitivity of the system self-excited vibration with respect to
particular values of these parameters.

Let us remark that including the terms with odd powers of u on
the right hand side of Eq. (46), the shift of the origin in the phase
plane would appear, which doesn’t correspond with experimental
observations. So the structure of the polynomial on the right hand
side of Eq. (46) is well substantiated.

With respect to Eqs (40) the Eq. (46) can be rewritten as
follows:

ẋ1 = x2 ;

ẋ2 =−αx1 −βx3
1 +(η −νx2

1 +ϑx4
1)x2 = P2(x1,x2)

(47)

Referring the formula (45), the potential Limit Cycle is stable if
the relevant integral along the whole period is negative. In other
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Figure 3. Attractive and repulsive LCs: stability diagram a =
f (ϑ) for ϑ varying in the interval ϑ ∈ 〈−0.2,ϑmax〉.

words the following inequality should be fulfilled:

λ =

T∫
0

(η −νx2
1 +ϑx4

1)dt < 0 (48)

Generalizing the common harmonic assumption for the response,
we assume x1 in a form:

x1 = a(t)cosψ(t) (49)

taking advantage of the system (47) which is symmetrical with
respect to origin (0,0). In this formula, the generalized phase
ψ(t) is used. It can be explained as a function given by a
relation dψ(t)/dt = Ψ(ψ). The generalized frequency Ψ(ψ) is
the periodic function with the period 2π . The coefficient a(t) is a
function of time working as a modulating factor of x1. Functions
Ψ(ψ) and a(t) can be searched using an iterative method which
is based on the harmonic balance procedure, see e.g. [19], [29].
Then the LC period can be evaluated by means of formula:

T =

2π∫
0

dψ
Ψ(ψ)

(50)

where Ψ(ψ) resulting from an adequate iteration step should be
used.

Some selected numerical results are plotted in Figures 3.2 and
3.2. The former one exhibits a pair of LCs provided they exist.
Their attractive or repulsive character is obvious. The graph in
Figure 3.2 gives an overview about conditions producing (i) one
stable LC: ϑ < 0, (ii) a pair of LCs, one stable and one unstable:
0 < ϑ < ϑmax, (iii) no Limit Cycles, system is unstable: ϑ >
ϑmax. Consequently, the outer or unstable LC can be understood
as a limit of the attractive area with attractor being represented by
the inner LC.

3.3 Van der Pol related system - random noises

Let us complete system Eqs (40) or Eq. (47) by Gaussian
white noises. From the viewpoint of physical applications

(various auto-parametric systems encountered in aero-elasticity,
earthquake or traffic engineering, etc.) the random perturbations
occur the most frequently among terms specifying stiffness or
being a simple additive process. The modified equation system
reads:

ẋ1 = x2 ;

ẋ2 = P2(x1,x2, t)+ x1 ·w1 +w3 =

=−αx1 −βx3
1 +(η −νx2

1 +ϑx4
1)x2 + x1 ·w1 +w3

(51)

where w1(t),w3(t) are independent Gaussian white noises.
Physical equations characterizing random behavior of the

system Eqs (56) on a relevant LC and in its close neighborhood
can be derived. Although investigating slightly different
problems, similar considerations have been applied in papers,
e.g. [38], [39], [40] or monograph [41]. Using the geometry
introduced in subsection 3.1, a stochastic system analogous to
Eqs (31) and reflecting system (43) can be carried out at the Δt
level:

ds/dt = 1−ξ1(1+Φ12)+ϕ ′
2(1−ξ1Φ12)(ϕ1 ·w1 +w3);

dξ1/dt = Px2
2 (1+2Ψ12)−ϕ ′

1(1+ξ1Φ12)(ϕ1w1 +w3)+

+(2Px2
2 (1+Ψ12)Φ12 −2Ψ12)ξ1;

(52)

where

Φ12 =
ϕ ′

1ϕ ′′
2 −ϕ ′′

1 ϕ ′
2

ϕ ′2
1 +ϕ ′2

2
;

Ψ12 =
ϕ ′

1ϕ ′′
1 +ϕ ′

2ϕ ′′
2

ϕ ′2
1 +ϕ ′2

2
= lg′(ϕ

′2
1 +ϕ

′2
2 );

Px2
2 = η −νϕ2

1 +ϑϕ4
1 .

Let us adopt similar approximations which we used when
deriving Eqs (37). As Wong-Zakai terms vanish here, Eqs (52)
can be easily converted to the Itô type stochastic differential
equations as follows:

ds = Fs(s,ξ1) ·dt +Gs1(s,ξ1) ·dB1(t); (53a)
dξ1 = Fξ1

(s,ξ1) ·dt +Gξ11(s,ξ1) ·dB1(t); (53b)

where B1(t) is a unit Wiener process. Other symbols introduced
in Eqs (53) represent abbreviations of the following expressions:

Fs(s,ξ1) = 1−ξ1(1+Φ12)+ϕ ′
2(1−ξ1Φ12);

Fξ1
(s,ξ1) = Px2

2 (1+2Ψ12)+(2Px2
2 (1+Ψ12)Φ12 −2Ψ12)ξ1;

Gs1(s,ξ1) = |ϕ ′
2(1−ξ1Φ12)|(ϕ2

1 ·K11 +K33)
1/2;

Gξ11(s,ξ1) = |ϕ ′
1(1+ξ1Φ12)|(ϕ2

1 ·K11 +K33)
1/2.

(54)
Let us remember once again that the role of Eq. (53a) is a bit
different from Eq. (53b), similarly like a comparison of Eq. (31a)
and remaining equations given by Eqs (31b). The LC perturbation
ξ1(t) can be considered as a stationary process in correlation
meaning with repetition at least within one period. Therefore a
certain integral value characterizing amplitude variability along
the LC can be used to assess its stability. In the same time it
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can be shown that a process s(t) defining a movement along the
LC is influenced very weakly due to said random excitations.
In other words we can compare the random component of s(t)
with phase shift random fluctuation. As it is well known this
process influences fluctuation of the amplitude and the result itself
unnoticeably. It means that the time averaging can be applied in
order to obtain parameters which enable to decide about the LC
stability in stochastic meaning.

To render the time averaging procedure in limits of one LC
period, one can omit Eq. (53a) and to insert s(t) into Eq.
(53b) as a deterministic function of t which is known from the
deterministic analysis of the LC shape analysis or to use (in
the first step) a simple formula: s = v0 · t. Then the averaging
operation on Eq. (53b) with respect to detailed expressions Eqs.
(54) can be carried out:

dξ A
1 = FA

ξ1
dt + GA

ξ11 ·dB1 (55)

where FA
ξ1
,GA

ξ11 are drift and diffusion coefficients averaged
within one LC period. They hava a detailed form which follows
from relations:

FA
ξ1
=E {Fξ1

(s,ξ1)},
(GA

ξ11)
2=E {(Gξ11(s,ξ1))

2}. (56)

Symbol ξ A
1 means a time averaged one dimensional Markov

process characterizing integral increase/decrease of LC random
deviation from a nominal mean value being given by a
deterministic solution of Eq. (46).

As mentioned above several strategies can be used to assess
stability of the ξ A

1 process. The Eq. (55) is not complicated and
so it comes into consideration to get and subsequently inspect
the PDF of this process. On the basis of Eqs (55), (56) the
relevant Fokker-Planck (FP) equation can be easily derived. As
the process ξ A

1 is stationary, FP equation loses the evolutionary
character and converts to homogeneous ordinary differential
equation. So it reads as follows:

d
dξ A

1
(FA

ξ A
1

p(ξ A
1 )) +

1
2

d2

d2ξ A
1
(GA

ξ11 p(ξ A
1 )) = 0 (57)

where p(ξ A
1 ) is the Probability Density Function (PDF) of the

amplitude ξ A
1 . Its existence will serve for further stability criteria

determination. Indeed, doing the first integral of Eq. (57), it
holds:

FA
ξ A

1
p(ξ A

1 ) +
1
2

d
dξ A

1
(GA

ξ11 p(ξ A
1 )) = C1 (58)

In principle ξ A
1 ∈ (−∞,∞) and therefore to keep the integrability

of the PDF within these limits, the constant of integration C1
should vanish. Finally a homogeneous linear differential equation
of the first order is to be integrated which yields:

p(ξ A
1 ) =C2 ·

exp(−2
∫

FA
ξ A

1
/ GA

ξ11dξ A
1 )

GA
ξ11

(59)

where the above integral is indefinite providing a primitive
function and C2 is the normalization constant. The LC can be

considered to be stable if C2 is a finite value or in other words
if the integral of p(ξ A

1 ) on infinite interval exists. It means
for the first view that the exponent should be negative almost
on the whole interval. However this condition is obviously not
satisfactory. The exponent should be descending at least as
−(ξ A

1 )
2. Considering FA

ξ A
1
,GA

ξ11 following Eqs (56) and with

respect to Eqs (54), we can conclude that p(ξ A
1 ) can always be

normalized as long as the additive excitation w3(t) is present. If it
is not the case, the multiplicative excitation intensity K11 should
be strictly limited to avoid the LC stability loss.

Although the stability assessment procedure of deterministic
and stochastic versions of the same Van der Pol type equation
reveals to be quite different, some basic steps and forms can
be compared. It refers for instance to the strategy of one
period integration around the LC orbit. This operation emerges
as a result of the differential equation integration resulting,
for instance, in the condition (45) or in particular (48) in the
deterministic case and as a part of the stochastic averaging in
the latter case. Both of them avoid short excesses in the detailed
course of the response dealing with the whole LC period. Both of
them are close to Lyapunov exponent assessment method.

4 TWO DEGREE OF FREEDOM SYSTEM

The Two Degree of Freedom (TDOF) systems are used very
frequently to model various physical phenomena in aero-
elasticity, earthquake engineering, traffic engineering and other
branches. TDOF models quite often have the character of
auto-parametric systems. Therefore, auto-parametric systems
requiring at least two degrees of freedom are very suitable to
provide a true picture of relevant physical systems exhibiting
their typical attributes. Although the post-critical response of
TDOF auto-parametric systems can be widely diversified, LC
response types are encountered very often and are among the
most important. Their stable or unstable character provides very
significant information concerning a possible system collapse or
recovery, see e.g. [1]. Many applications in aero-elasticity and
stability of slender systems in cross-flow are related with TDOF
model and their stability. In post-critical state very often LC type
response can be encountered, see e.g. [35] or [34].

The particular differential system of the type Eq. (1) can be
written as follows (n = 2, x = [x1,x2,x3,x4]

T ):

ẋ1=x2 ,

ẋ2=P2(x) ,
ẋ3=x4 ,

ẋ4=P4(x) ,

L0−→

x1=ϕ1(s) ,

x2=ϕ2(s) ,

x3=ϕ3(s) ,

x4=ϕ4(s) ,

L∗0−→

ϕ∗′
1 (s,n)=ϕ∗

2 (s,n) ,
ϕ∗′

2 (s,n)=P∗
2 (s,x,n) ,

ϕ∗′
3 (s,n)=ϕ∗

4 (s,n) ,
ϕ∗′

4 (s,n)=P∗
4 (s,x,n) .

(60)

The coefficients κ12, ...,κ43 of the matrix Q following Eqs (6)
can be obtained using linear system solutions in the first step, see
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Eqs (9) and (10):

κ11ϕ ′
1 +ϕ ′

2 = 0 ⇒ κ11 =−ϕ ′
2

ϕ ′
1

;

κ12ϕ ′
1 +κ22ϕ ′

2+ϕ ′
3 = 0

κ12κ11+ κ22 = 0

}
⇒

κ12 =− ϕ ′
3ϕ ′

1
ϕ ′2

1 +ϕ ′2
2

;

κ22 =− ϕ ′
3ϕ ′

2
ϕ ′2

1 +ϕ ′2
2
.

κ13ϕ ′
1 +κ23ϕ ′

2 +κ33ϕ ′
3+ϕ ′

4=0

κ13κ12+κ23κ22+ κ33 =0

κ13κ11+ κ23 =0

⎫⎪⎬⎪⎭⇒
κ13 =− ϕ ′

4ϕ ′
1

ϕ ′2
1 +ϕ ′2

2 +ϕ ′2
3

;

κ23 =− ϕ ′
4ϕ ′

2
ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3
;

κ33 =− ϕ ′
4ϕ ′

3
ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3
.

(61)

Let us multiply columns 2, 3 and 4 in (9) by denominators coming
from (61), e.g. −ϕ ′

1, −(ϕ ′2
1 +ϕ ′2

2 ) and −(ϕ ′2
1 +ϕ ′2

2 +ϕ ′2
3 ). Then

the matrix Q can be written out in this form:

Q =

⎡⎢⎢⎢⎢⎣
ϕ ′

1, κ11, κ12, κ13

ϕ ′
2, κ21, κ22, κ23

ϕ ′
3, 0, κ32, κ33

ϕ ′
4, 0, 0, κ43

⎤⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎣
ϕ ′

1, ϕ ′
2, ϕ ′

3ϕ ′
1, ϕ ′

4ϕ ′
1

ϕ ′
2,−ϕ ′

1, ϕ ′
3ϕ ′

2, ϕ ′
4ϕ ′

2

ϕ ′
3, 0,−(ϕ ′2

1 +ϕ ′2
2 ), ϕ ′

4ϕ ′
3

ϕ ′
4, 0, 0, −(ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3 )

⎤⎥⎥⎥⎥⎦
(62)

Expression for perturbed LC trajectory which follows from Eq.
(11) reads ( n = [n1,n2,n3]

T ):

x∗1 = ϕ∗
1 (s,n) = ϕ1(s) + n1 ·ϕ ′

2 + n2 ·ϕ ′
3ϕ ′

1 + n3 ·ϕ ′
4ϕ ′

1

x∗2 = ϕ∗
2 (s,n) = ϕ2(s) − n1 ·ϕ ′

1 + n2 ·ϕ ′
3ϕ ′

2 + n3 ·ϕ ′
4ϕ ′

2

x∗3 = ϕ∗
3 (s,n) = ϕ3(s) −n2 · (ϕ ′2

1 +ϕ ′2
2 ) + n3 ·ϕ ′

4ϕ ′
3

x∗4 = ϕ∗
4 (s,n) = ϕ4(s) −n3 · (ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3 )

(63)

The above basics enable to formulate the differential system

dn1/ds = D1(x,n) ·Ds(x,n)−1 ;

dn2/ds = D2(x,n) ·Ds(x,n)−1 ;

dn3/ds = D3(x,n) ·Ds(x,n)−1 .

(64)

The argument s was omitted in Eqs (64) and in the further text
for the sake of conciseness. Ds,D1,D2,D3 are determinants of
following matrices:

Ds(x,n) = det[P∗(x,n),n1,n2,n3]

D1(x,n) = det[q∗,P∗(x,n),n2,n3]

D2(x,n) = det[q∗,n1,P∗(x,n),n3]

D3(x,n) = det[q∗,n1,n2,P∗(x,n)]

(65)

The detailed form of these matrices is obvious from the following
system, for details see Eqs (14) and (15):

⎡⎢⎢⎣q+
3

∑
k=1

ukn′
k , n1 , n2 , n3

⎤⎥⎥⎦
⎡⎢⎢⎢⎢⎣

ds/dt

du1/dt

du2/dt

du3/dt

⎤⎥⎥⎥⎥⎦=

⎡⎢⎢⎢⎢⎣
ϕ∗

2

P∗
2

ϕ∗
4

P∗
4

⎤⎥⎥⎥⎥⎦ (66)

where first column of the system matrix in (66) is denoted q∗
in (65).

Individual elements Ri j of the Jacobi matrix R introduced in
Eqs (23) should be expressed as partial derivatives of the right-
hand sides of Eqs (64) with respect to components of the vector
n = [n1,n2,n3]

T being evaluated on the LC, i.e. for n = 0:

Ri j =
∂

∂n j

(
Di(x,n)
Ds(x,n)

)∣∣∣∣
n=0

(67)

Now we outline the operation in Eq. (67). Taking into account
that the determinants Ds,Di are dependent simultaneously on both
x,n which are related by the transformation (63), one can write:

Ri j =

(
4
∑

k=1
Dxk

i ϕ∗n j
k +Dn j

i

)
Ds −Di

(
4
∑

k=1
Dxk

s ϕ∗n j
k +Dn j

s

)
D2

s

∣∣∣∣∣∣∣∣
n=0

(68)

where the following notification has been used:

Dxk
i =

∂Di(x,n)
∂xk

; Dn j
i =

∂Di(x,n)
∂n j

;

ϕ∗n j
k =

∂ϕ∗
k (n)

∂n j
= κk j

(69)

It can be shown that Di(x,n)|n=0 = 0, see Eq. (19c).
Consequently, the second term in the numerator of Eq. (68)
vanishes for n = 0. Therefore only Di should be subdued to
differentiation. So the simplified Eq. (68) reads:

Ri j =

4
∑

k=1
Dxk

i ·ϕ∗n j
k +Dn j

i

Ds

∣∣∣∣∣∣∣∣
n=0

(70)

Let us outline an evaluation of R11. In the meaning of Eqs (67)
and (70) following partial expressions can be obtained:

Ds|u=0 =(ϕ ′2
1 +ϕ ′2

2 )(ϕ ′2
1 +ϕ ′2

2 +ϕ ′2
3 )·

· (ϕ ′
1ϕ2 +ϕ ′

2P∗
2 +ϕ ′

3ϕ4 +ϕ ′
4P∗

4
) (71a)

∂D1

∂u1

∣∣∣∣
u=0

=
(
ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3
) ·

·
((

ϕ ′2
1 +ϕ ′2

2
)(

P∗
2 ϕ ′′

2 +ϕ2ϕ ′′
1
)
+

+
(
ϕ ′

1ϕ ′′
1 +ϕ ′

2ϕ ′′
2
)(

P∗
4 ϕ ′

4 +ϕ4ϕ ′
3
)
+

+
(
ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3 +ϕ ′2
4
)(

Px1
2 ϕ ′

2 −Px2
2 ϕ ′

1 +ϕ ′
2
)

ϕ ′
1

)
(71b)
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For exact limit cycle (n = 0) following relations can be used:

ϕ ′
i−1Pi = ϕiϕ ′

i ; i = 2,4

The relevant quotient or R11 reads after minor simplification:

R11 =
ϕ ′2

1 (ϕ ′
1Px2 −ϕ ′

2Px1 −ϕ ′
2)

ϕ2(ϕ ′2
1 +ϕ ′2

2 )
− (ϕ ′

1ϕ ′′
1 +ϕ ′

2ϕ ′′
2 )

(ϕ ′2
1 +ϕ ′2

2 )
(72)

Employing assumption (5), following relations can be used in
further simplification:

ϕ ′′
1 = ϕ ′

2 ; ϕ ′′
2 = P∗

2
′ =

4

∑
k=1

Pxk
2 ϕ ′

k (73)

Finally, we can conclude the quotient R11 in the form of

R11 = Px2
2 − ϕ ′

2(ϕ
′
3Px3

2 +ϕ ′
4Px4)

ϕ2(ϕ ′2
1 +ϕ ′2

2 )
− 1

2
lg′
(

ϕ
′2
1 +ϕ

′2
2

)
(74)

Considering the exponential character of Eq. (25), the logarithmic
part of R11 leads to a positive multiple constant in a specific final
form of (25). It means that only the first part will be examined
integrating this one within one LC period.

Similarly also R22,R33 can also be evaluated. They consist like
R11 of a part which should be included into the R matrix trace and
the logarithmic part which can be omitted for the same reason as
before. Hence the remaining parts intended for the testing:

R22 =
((ϕ ′2

1 +ϕ ′2
2 )−Px4

2 ϕ ′
2ϕ ′

3)ϕ
′
4ϕ ′

3(
ϕ ′2

1 +ϕ ′2
2

)(
ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3

) − Px3
2 ϕ ′

2ϕ ′
3

ϕ ′2
1 +ϕ ′2

2

R33 = Px4
4 − Px4

2 ϕ ′
2 +ϕ ′

3ϕ ′
4

ϕ ′2
1 +ϕ ′2

2 +ϕ ′2
3

(75)

The stability of a particular LC can be assessed now using
the Jacobi matrix trace respecting the structure of the right-hand
sides P2(s,x),P4(s,x) of the TDOF system Eqs (60). Finally
the criterium Eq. (26) can be used. Of course, a more reliable
result can be obtained by means of a detailed evaluation of matrix
exponential in Eq. (24). However the eigen-value problem of
the Jacobi matrix should solved in order to enumerate the matrix
exponential. Apparently complicated form of expressions R j j and
certainly of other elements of the matrix R do not prevent easy
evaluation of the criterium Eq. (26). In a particular case only
partial derivatives of P2,P4 with respect to x must be determined.
Subsequently x j components should be substituted by ϕ j using
Eqs (63) with n = 0. The LC form given by ϕ j(s) is known either
from successive approximations or other analytical or numerical
procedure, which enables immediate evaluation of relevant matrix
exponential (24) or (26). Parameters within expressions P2,P4
are multiplicative constants and their influence on the final results
can be investigated similarly to that of the SDOF system in the
section 3.1.

To illustrate the procedure let us suppose the coupled Van der
Pol-Duffing system

ẍ−αx+βxx3 +δ (y− x) = μ
(
η −νxx2 +ϑx4) ẋ

ÿ−αy+βyy3 +δ (x− y) = μ
(
η −νyy2 +ϑy4) ẏ

(76)

x,x′ y,y′

x,y x′,y′

Figure 4. Example of the stable limit cycle of the coupled
Van der Pol-Duffing oscillator. Parameters used: α =
0.2,βx = 0.3,βy = 0.4, η = 1, νx = 1.8, νy = 1.5, ϑ =
0.2, δ = 0.04, μ = 0.2. The LC is characterized by
the initial conditions x1(0) = 0.244,x2(0) = 0.803,x3(0) =
−0.793,x4(0) =−1.22 and period T = 22.692.

(A)

(B)

Figure 5. Stability analysis of a limit cycle: (A) Course of
trace integral (26) (solid line) and integrals of individual
diagonal elements (dashed) of matrix R in (23) for s∈ (0,T ).
(B) Course of real parts of eigenvalues of the integral in (24).
Three eigenvalues are plotted, two of them coincide.
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The corresponding right hand sides P2 and P4 are given by

P2 = αx1 −βxx3
1 +δ (x3−x1)+μ

(
η − x2

1νx +ϑx4
1
)

x2

P4 = αx3 −βyx3
3 +δ (x1−x3)+μ

(
η − x2

3νy +ϑx4
3
)

x4
(77)

There are several method for identification of limit cycles
themselves, among others see [42], [14], [19], [43]. Example
of a stable limit cycle of the Eq. (77) is shown in Figure 4. It
is described by functions ϕ1, . . . ,ϕ4 passing through certain point
x0 with period T . Coefficients κi, j follow from Eq. (62) and the
desired coefficients Ri j of the Jacobi matrix R are to be evaluated
according to (67) or (74) and (75).

Figure 5 (A) shows course of the diagonal elements integrals
as used in (26) through one period of a stable limit cycle for
s ∈ (0,T ). Values of individual diagonal elements are shown
in dashed lines, whereas the whole trace (25) is depicted as a
solid line. Negative value of the final point of the trace integral
indicates stability of the LC. Although the integral value of the
single diagonal element R22 is positive including its final value,
integral of the whole trace of matrix R is negative.

Part (B) of Figure 5 shows course of the real parts of three
individual eigenvalues of integral of the Jacobi matrix R. Two
of them coincide. The most important are the last values of the
curves, which stand for the complete integral over the whole limit
cycle. They are negative in this case and thus confirm stability of
the LC. This criterium is safe but its applicability is limited.

In case of analysis of an unstable limit cycle are the results
analogous. Example of such unstable limit cycle of the coupled
Van der Pol-Duffing system introduced in Eq. 77 is shown in see
Figure 6. System parameters are the same as in the case of the
stable LC; the both LCs differ only by initial conditions. The
analysis is illustrated in Figure 7. Although one of three integrals
of diagonal elements of R for s = T is slightly negative (dashed
line in Figure 7A), the integral of the complete trace (solid line)
as well as real parts of all eigenvalues in part (B) are positive.

Let us take a note that the procedure presented in sections
two and four indicate explicit points where the analytical way of
investigation can be stopped and where an adequate numerical
process can continue in the LC analysis, which brings us to the
desired result. However, this technique more or less decreases
an insight into the sensitivity of individual components n1,n2,n3
against the stability loss compared with the analytical procedure
above. On the other hand more detailed results are accessible
especially in cases where partial saddle points can be expected.
This makes it possible to detect and analyze cases of complex
LCs with a different character of individual normal vectors n j.
Important applications of this concept emerge in aero-elasticity,
earthquake engineering and other areas.

5 CONCLUSION

Stability of Limit Cycles encountered in the MDOF system
response is investigated. Referring to deterministic version of
the problem, the system including additive and multiplicative
types of random Gaussian white noises is discussed. A new
method combining analytical and numerical steps in stochastic
domain has been outlined. The general formulation dealing
with the MDOF has been presented and later demonstrated

x,x′ y,y′

x,y x′,y′

Figure 6. Example of the unstable limit cycle of the coupled Van
der Pol-Duffing oscillator. Parameters used: see Figure 4.
The LC is characterized by the initial conditions x1(0) =
0.0444,x2(0) = −0.3243,x3(0) = 5.612,x4(0) = 4.733 and
period T = 3.626.

(A)

(B)

Figure 7. Stability analysis of an unstable limit cycle: (A) Course
of trace integral (25) (solid line) and integrals of individual
diagonal elements (dashed) of matrix R in (23) for s∈ (0,T ).
(B) Course of real parts of eigenvalues of the integral in (24).
Three eigenvalues are plotted, two of them coincide.

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1954



through a detailed working out of SDOF and TDOF system.
An approximate geometry of a subspace being orthogonal to the
LC trajectory has been introduced. It facilitates an effective
investigation of an LC behavior in a close neighborhood of
the basic trajectory. Some analogies and associations with the
Lyapunov exponent are referred too. Closed form results being
obtained as a special case for an SDOF system in deterministic
and stochastic domain correspond with those developed and
published in other studies devoted to specific systems. It is
becoming apparent that closed form analytical results applicable
for a priori assessment of LC stability will be limited only
to SDOF and partly to TDOF systems. However, numerical
procedures can be widely used in particular phases interlacing
them with an analytical background.

Particular case of a single degree of freedom system of the
generalized Van der Pol type is discussed using the previous
background. The illustrating case was selected with respect
to its relevance with the post-critical response of the reduced
flutter type. Exponential and asymptotic stability types are
outlined and compared. The real system is characterized by
inner (stable) and outer (non-stable) LCs. The conditions of
the energy barrier breakthrough are investigated with respect to
nonlinearity structure and random noises intensities. On the other
hand several types of non-symmetric aero-elastic terms can lead
under certain circumstances of multiplicative noise excitations
to some reduction of the operator ”non-symmetry rate” and
consequently to an increase of the stability level of the inner LC.
Experiments in a wind channel validate a significant influence of
random noises on the inner LC stability. They excite this LC
until a total destabilization when overcoming the energy barrier
towards the outer LC and final system collapse. Concerning more
complicated cases combined analytical-numerical procedures
will be necessary to postpone the above general results. However,
new algorithms should be developed to support the general tool
of the stability mapping. Some types of multiple LCs can be
also investigated, but care should be taken from the point of
view of numerical stability. Although the primary motivation for
this study comes from an area of post-critical aero-elastic effects,
applicability can be expected in analysis of most auto-parametric
systems exhibiting post-critical response of steady state type.

As to an outlook for the future, it is probable that one cycle
closed loop will not have to represent a strict limitation of a
particular LC. Therefore, this generalization would not present
a principal problem. Indeed, taking into account the way of
matrix exponential evaluation, the integration path length is not
in principal fixed and could be introduced arbitrarily. As regards
randomly perturbed LC, principal complications are not expected
as well. The step of stochastic averaging can be managed on an
analytical basis.

Nevertheless, various effects can emerge due to the ”multi-
cycle” character of the ”generalized LC”. For instance an
influence of super and basic period length ratio and other low
frequency effects producing beating processes will have to be
investigated carefully. This extension is worthy to be attempted
particulary in stochastic approach where attractors/repulsers can
emerge and disappear when changing intensity and character of
random excitations. It could enable investigation of at least

simple cases of attractors/repulsers or quasi-periodic processes
with rational frequency ratio. A few papers dealing with this area
using analytical tools have appeared only recently.
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