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Special Section Technical Notes and Correspondence

Min—Max Model Predictive Control of Nonlinear Systems MPC is an increasingly popular control technique. It has been

Using Discontinuous Feedbacks widely used in industry: it has been classified as the only control
technique with a substantial impact on industrial control [9]. MPC has
Fernando A. C. C. Fontes and Lalo Magni also been witnessing in the recent years a considerable interest of the

research community and, consequently, important theoretical devel-

opments (see, e.g., the survey [10]). This success can be explained by
. . X : the fact that, similarly to optimal control, MPC has an inherent ability
rithm for the solution of a robust control problem for continuous-time sys- . . .
tems. Discontinuous feedback strategies are allowed in the solution of the {0 deal naturally with constraints on the inputs and on the state. More-
min-max problems to be solved. The use of such strategies allows MPC to OVer, since the controls generated are closed-loop strategies obtained
address a large class of nonlinear systems, including among others nonholo-by optimizing some criterion, the method possesses some desirable
nomie Eﬁtﬁg;% 'gg?ﬁ)t;:ite’g't;’r‘;oggt'ggﬁsshtg;”Tsr‘:éeusstge(:f'”l?atr?ga Ezrr:g'?esefg performance properties and also intrinsic robustness properties [11].
backs described by a small number of parameters is proposed, reducing The applicability of the MPC methqd t_o con.tlnuous-tlme systems
considerably the computational burden associated with solving a differen- has recently been extended to admit discontinuous feedbacks [12],
tial game. The applicability of the proposed algorithm is tested to controla  allowing MPC to address a large class of nonlinear systems, including

Abstract—This note proposes a model predictive control (MPC) algo-

unicycle mobile robot. nonholonomic systems. Remarkably, as it is underlined in [21], and
Index Terms—Discontinuous feedbacks, predictive control, receding thanks to the recent extensions, MPC is the only general method
horizon, robust synthesis. for calculating stabilizing feedbacks in the absence of an explicit

Lyapunov function.
In the last years the synthesis of robust MPC laws is considered in
different works; see, e.g., [13], where the robust problem is solved for
In this note, we address the problem of synthesizing a discontimenlinear continuous-time systems if smooth control laws are consid-
uous feedback law to stabilize a constrained nonlinear system subgigd. Guaranteeing robustness of MPC is even more important when
to bounded disturbances. discontinuous feedbacks are allowed because, in that case, problems
Itis well known that there is a class of nonlinear systems (includir@f lack of robustness might arise, as shown recently in [14]. A con-
some with interest in practice, such as nonholonomic systems) thatious-time MPC framework generating discontinuous robust control
cannot be stabilized by a smodifi*) feedback law [1], [2]. Despite laws is, to the best of our knowledge, a novelty of this note.
that, there are not many constructive design methods to generate nomA robust MPC approaches, as the one reported here, the dynamic
smooth stabilizing feedback laws. See, for example, the survey [3] adietimization problems to be solved are min—max optimal control prob-
the references therein (having an emphasis on backstepping metHets. A keystone in such frameworks, that is now becoming accepted,
that are limited to systems in triangular form), the work [4] using coris that the optimal control problems should search for feedback strate-
tinuous (though nonsmooth) feedbacks, the work [5] transforming tBes and not open-loop controls. The open-loop min-max MPC may
system into a discontinuous one, and the work [6] addressing honlxg- very conservative. It is often unrealistic to presume that a unique
geneous systems, among a few others. Regarding frameworks thatagn-loop control function would lead to the expected behavior in all
ditionally deal explicitly with some form of uncertainty, the numbepossible disturbance situations. This may lead to low performance so-
of existing methods is even more reduced. We mention, as examplgions (the value of a feedback min—max optimization problem is al-
methods based on constructing robust control Lyapunov functions [Wgys lower than the value of the corresponding open-loop min—max
and adaptive methods for systems with parametric uncertainty [8]. #ptimization problem; see [15]) and even unfeasibility problems [10],
in addition, we allow the system to have input constraints, pathwigkg], [17].
constraints, and be subject to bounded disturbances, then we are nbtowever, the optimization problem of finding a feedback strategy is
aware of any general constructive methodology to generate stabilizé@nsiderably more complex than the problem of finding an open-loop
feedbacks having been previously reported in literature. control function. (The high complexity remains even when using the
The technique used here is based on the model predictive congglivalent formulation of searching for nonanticipative strategies
(MPC) concept, also known as receding horizon control. Generafigr the minimizing player [18]). Thus, most of the “feedback MPC”
speaking, the feedback control law is constructed by solving onlingnethods reported have been considered more conceptual rather than
sequence of dynamic optimization problems, each of them using ti@ctical. To make computations viable the feedback strategies sought
current (measured) state of the plant. for must be parameterized in same way. In this respect, we investigate
here the use of discontinuous feedback control strategies of bang—bang
type, which can be described by a small number of parameters and so
Manuscript received September 1 2002; r_evised A_p_ril 26, 2003 and May %ﬁake the problem computationally tractable.
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optimal control of linear systems when the optimality criterion is linear A solution concept that has been proved successful in dealing
or minimum-time [19]. The problem of finding an optimal bang—bangiith stabilization by discontinuous feedbacks is the concept of CLSS
feedback control can be equivalently stated as the problem of findisglution [25]. This solution concept was developed from works of
an optimal switching surface. This switching surfade:) = 0 can Krasovskii and Subbotin in a context of differential games [26], [27]
be seen as dividing the state space into a positive and a negative sahel, has later been shown to combine successfully with stabilizing
a(z) > 0ands(z) < 0, respectively. If the state is on the positive sidélPC approaches [12], [28]. It is, therefore, the concept used here. We
of the surface, the maximum control value is used; if the state is on thescribe it as follows.

negative side of the surface, then the minimum control value is used. IfConsider a sequence of sampling instants= {t; };>o in [0, +o0)

we restrict the admissible switching surfaces to be, say, hyperplanesiith ¢ < ¢; < t2 < --- and such that; — oc asi — oc. Let the

the state—spadB", then they can be described byt 1 parameters. functiont — [¢]- give the last sampling instant befarethat is
Therefore, each component of the bang-bang feedback strategy can be
parameterized by + 1 scalars, reducing significantly the complexity

of the optimal feedback problem. For such sequence

2(t) = f(x(€), k(x([t]x))), 2(0) = xo.
That is, the feedback is not a function of the state at every instant of
time, rather it is a function of the state at the last sampling instant.
The MPC algorithm, described in the next section, implements natu-
() =f (a(t),u(t),d(t)) aet>0 rally this solution concept. As a consequence, the resulting closed-loop
2(0) = 20 € Xo trajectories are well defined, even when discontinuous feedbacks are

used.
z(t) e X forallt >0
u(t) eU aet>0 Ill. MPC STRATEGY

dit)eD aet>0 @ Consider an auxiliary feedback la#"*. Define a parameterization
whereX, C IR" is the set of possible initial stateX, c R" is the ©f afeedback lavi® such that defining the parameter mattixefines
set of possible states of the trajectdry,C IR™ is the set of possible the feedback” («) for all « € IR™. Moreover, the parameterization is
control values) C IR? is the set of possible disturbance values, andone in such a way that when= 0, we havet* = k*"*. (A concrete
f:R" x R™ x R” — R" is a given function. The state at tine example of one such parameterization is provided in a later section.)
from the trajectoryz, starting fromeo atto, and solving (1) is denoted We shall callk to the space of all feedback laws obtained through this
2(t; o, 20, u, d) when we want to make explicit the dependence on tHRarameterization.
initial state, control and disturbance. It is also convenient to define, forConsider a sequence of sampling instants= {#:},>o with con-

[t]= := max{t; € 7 :¢t; < t}.
K2

Il. SYSTEM AND THE STRUCTURE OF THEFEEDBACK CONTROL

Our objective is to drive to a given target $8(C IR") the state of
the nonlinear system

someT > to, the function spaces stant intersampling times > 0 such that; ., = ¢; + 6 forall< > 0.
, Let the control horizoff. and prediction horizof},, with 7. < T}, be

U ([to, T)) := {u: [to, T]) = R™ :u(t) € U} multiples ofé (T.. = N.6 andT,, = N, with N, N,, € IN). Consider

D ([to,T]) := {d : [to,T] — RP : d(t) € D}. also a terminal sef(C IR™), a terminal cost functiofV : R" — IR,

and a running cost functioh : IR" x R™ — IR.
The quantities time horizorE. andT,,, objective functiond. and
W, terminal constraint sef, the inter-sampling timé, and auxil-

Assumptions:We assume thdf and D are boxed sets containing
the origin, of the type

U= [Ugnin‘ ugnax] « [urQnin_ U;nax] < x [umin_ Umax] iary feedback strategh"* are the quantities we are able to tune—the
o o o so-called design parameters—and should be chosen to satisfy the ro-
D= [dﬁ“m, drfmx] X [d;“m, dgm] X oo X [d;f““, df}wx] . bust stability condition described in the next section.

) ) . ) . At a certain instant € «, we select for the prediction model the
Th(_a target se® is a closed set_, contams the origin and is robustly insgnirol strategy for the intervals ¢ + T,.) and[t + ...t + T,,) in the
variant under no control. That is(¢; 0, xo, u,_d) cOforallt € Ry, following way. In the intervalt, t + T..), we should select, by solving
allzy € ©,and alld € D([0,#)) whenu = 0. We further assume gy, optimization problemy, matricesA . Ao, . .., Ax. , defining this
that f is a continuous function and locally Lipschitz continuous anvaythefeedbaCksAj forj =1,2,..., N... The strategy:*", known
respect tae. (This last requirement is necessary to guarantee uniq‘%?'priori, is used in the intervalt + Tc,t + T,). The optimization

ness of trajectories. For stability results without such requirement; SBfoblem is a finite-horizon differential game where the disturbahce

e.g., [4] and [20]). ) ) _ acts as the maximizing player and the strategies ki act as the
Since we allow discontinuous feedbacks some care is required tor'ﬁ‘l‘nimizing player.

terpret the solution to the dynamic equation (1). This is because therpe ropyst feedback MPC strategy is obtained by repeatedly solving

solution to a differential equation with discontinuous right-hand s'd@nline, at each sampling instaht a min-max optimization problem

is not defined in a classical (Caratheodory) sense (see [21] for detailp}u,t .T..T,), to select theV, matrices\;, As. ..., A, , every time

There are a few alternative definitions of solutions to ordinary diﬁererllj-siné the current measure of the state of the plant

tial with discontinuous right-hand side. The best known is the conceptp(fl,“ T..T,)

of Filippov solutions, which possesses some robustness and other de- :

sirable properties. However, it was shown in [22] and [23] that there are

controllable systems—the unicycle, for example—that cannot be sta- / L(x(s),u(s))ds + W (a(t + Tp)) (2

bilized, even allowing discontinuous feedbacks, if the trajectories are f

interpreted in a Filippov sense. Another way to define feedback straigmject to

gies in differential games was recently proposed in [24] which is to in-

terpret the discontinuous feedbacks laws as nonanticipative mappings w(t) =

between the control function and the disturbance. #(s) =f (x(s),u(s),d(s)) ae. s€[t.t+T)) 3)

*Mina,,Ay..,4 ny, MaXaep((o,1,])

t+Tp
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x(s) €X foralls €[t,t+T,] Remark 4.1: Condition (RSC5b) requires the s&tto be invariant
2(t+T,) €S (4) under the controk™". Condition (RSC5a) is similar to the infinites-
imal decrease condition of control Lyapunov functions (CLFs). The
where main difference, and a significant one, is that it just has to be satisfied
u(s) = i (z(s]s)). fors€[t+(j —1)6.t+ j6) within S, which is much easier if is conveniently chosen. There_fore,
we do not need to know a global CLF for the system, which might be

j=L....Ne hard to find, and would define us immediately a stabilizing feedback
u(s) =k™ (z(ls]x)), forset+(j—1)5t+j6) law that we are seeking. The auxiliary feedback k™ just has to
be stabilizable withinS. However, if in additionk.,« can drive the

jEN.+1,...,N,. e . :
system taS in time 7, then choosing all matrices, ..., Ax, equal
In this optimization problem, we use the convention that if some @ zero is an admissible solution to the optimization problem. There-
the constraints is not satisfied, then the value of the gamexis This  fore, the MPC strategy can only perform better than the known control
ensures that when the value of the game is finite, the optimal contraly 2"*.
strategy guarantees the satisfaction of the constraints for all possibl&he use of a nonsmooff” is necessary for generic choices of the

disturbance scenarios. terminal setS (for example, ifS = IR"). This is because there are
The MPC algorithm performs according to a receding horizosome systems that do not admit a smooth CLF. The unicycle system
strategy, as follows. studied here is precisely one of such systems. It has been shown [29],
1) Measure the current state of the plant. that the nonholonomic integrator does not admit a smooth CLF, and the
2) Compute theN. matrices A1, As,...,An,, defining the unicycle system can be transformed into the nonholonomic integrator
feedbacksk®i, for j = 1,...,N., solution to problem by an appropriate change of coordinates [30]. A locally Lipschitz CLF,
Pae,, Te, Tp). on the other hand, is guaranteed to exist for every globally asymptoti-

3) Apply to the plant the control given by the feedback lavgally controllable system, as shown in [31].
k"‘l(,rtl.) in the interval[t;,t; + &), (discard all the remaining  We are in the conditions to state the following stability result where
data fort > t; + 6). the functionz — d4(z) denotes the distance from a pointo the set
4) Repeat the procedure from 1) for the next sampling ingtant A (i.e.,da(xr) := mingea [|2 — y]|).
We note that the strategy"”™ may never be actually applied to the Theorem 4.2: Assume condition RSC is satisfied and that the dif-
plant. Itis only applied if it coincides with the best option, i.e\if = 0~ ferential games>(x,, T¢., T;,) have a value for alk, € X. Then, for
is in the optimal solution to proble®(zz;, . T.. T} ). a sufficiently small intersampling timg, the state approaches asymp-
totically the target se®, that isde (x(t)) — 0 ast — .
Remark 4.3: This notion of stability includes the usual attractive-
ness but not the Lyapunov stability concept. The use of this notion is
The main stability resultis provided in this section. It states that if tHastified by the fact that it is not possible to satisfy attractiveness and
design parameters are chosen to satisfy the robust stability conditiopapunov stability simultaneously for some systems that we would in-
(RSC), then the MPC strategy ensures steering to a certain target setuitively classify as controllable, such as a car-like vehicle model (see
The following definition will be used. [28] for a further discussion).
Definition 4.1 (Playable Set):Theplayable sef2(1.,T,, S) is the Proof: At a certain sampling instant, we measure the current
set of all initial states:s for which using the intersampling timeand  state of the plant;, and we solve probler®(z;,, 1., T,) obtaining
the auxiliary strategy:™"* there exists some control stratejyc X  as solution the feedback stratelgyo which corresponds, in the worst
for [0, T;,] with k = kaux for [T., T], such that disturbance scenario, the trajectaryand controla. The value of dif-
ferential gameP (¢, , T, T, ) is given by

IV. ROBUST STABILITY ANALYSIS

2(Tp;0,20,k,d) € S foralld € D([0,T})]).
ti+Tp

Consider the following RSC. . _ I o
The design parameters: time horizdhsandZ},, objective functions Vi (i) = / L(x(s).u(s)ds + W (x(t: +Tp)). (5)
L andW, terminal constraint s&t, intersampling timeé, and auxiliary fi
feedback strategy™** satisfy the following. Consider now the family of problen®(z:¢, T, — (t —t;), T, — (t —t;))
RSC1 The sef is closed, contains the origin, and is contained ifor ¢ € [¢;,¢; + §). These problems start at different instahtbut all
X. Also, k**(z) e U forallx € S. terminate atthe same instant-7,,. Therefore, in the worst disturbance
RSC2 The functiod. is continuous[(0,0) = 0,andforall € U  scenario, by Bellman’s principle of optimality we have that
we have thaf.(z, ) > M (z) for some continuous function tA T,

M :R"™ — R4 satisfyingM(z) > 0forallz € R™ \ ©, i _ I _ ‘
and M () — o as|lz | — ~. Vi) = [ LE@.ae) s+ W+ T). 6

RSC3 The functio®¥ is Lipschitz continuous ant’ () > 0, for ¢

allw € R™\ {0}. Suppose that the worst disturbance scenario did not occur and so, at
RSC4 The set of initial stateX, is contained in the playable settime ¢, we are at state*(¢) which is, in general, distinct frong(t).
UT., Tp, S). Because such a scenario is more favorable, and by the assumption on

RSC5 For each sampling instan€ = and each:, € S\ ©, and the existence of value to the differential game, we have that
for all possible disturbancese D([t,t + 6)]), we have

W(x(t+6)) — Wi(xe)
46
< - / L (a(s), k™" (2¢)) ds (RSC5a)

Vi, (t, 2" () < V4, (¢, 2(t)) forallt € [t;,t; + 6). (7)

We may remove the subscrigtfrom the value function if we always
choose the subscript to be the sampling instant immediately before

t, thatis (recall thatt |~ = max;{t; € 7 : ¢t; < t})
i

x(t+ 68,2, ™, d) € SUO. (RSC5b) Vit,z) ==V, (tx).
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Let & be the concatenation of predicted trajectorieor each opti- Yy
mization problem. That is far > 0

#t)=x'(t), forallt € [t;,t; +6)

where' is the trajectory of a solution to proble®y ., , T., T,). Note
that coincides withz™ at all sampling instants € «.

The following lemma establishes a monotone decreasing property of
V (see [32] for the proof).

Lemma 4.4: There exists an intersample time> 0 small enough
such that for any’ < ¢ T

7

V(" 2" (") =V (' a7 (t)) < = /J\[(f(s))ds.

¢

Fig. 1. Unicycle mobile robot.

For each component = 1,2,...,m, we have thav?} = 0 is the

We can then write that for any> to equation of an hyperplane which is definediby- 1 pérameters as

t
0 <V (ta™ (1) <V (to,2" (t0)) - /M (#(s)) ds. o) (0) = Mo+ a4 A (10)

io (Note: the half-spaces. (+) > 0 ands? () < 0 are not affected by
Since V(to.2(to)) is finite, we conclude that the function Multiplyingall parameters by a positive scalar, therefore, we can fix one
t = V(t,2" (t)) is bounded and then that— ftto M(#(s))ds is also parame_ter, sa¥,,0, to be in{—1,0,1}). In total, for all compon_ents,
bounded. Therefore, — @(t) is bounded and, sincg is continuous there will bem x (n 4+ 1) parameters to choose from. Selecting the
and takes values on bounded setsigf(, d), ¢ — & is also bounded. Parameter matrix
Using the fact that™ is absolutely continuous and coincides witlat Ao Mo
all sampling instants, we may deduce that &*(¢) andt — z*(¢) ’

are also bounded. We are in the conditions to apply the following A= \ ...)\
lemma, a modification of Barbalat's lemma, yielding the assertion in 0t A
the theorem (the proof of the lemma can be found in [32]). we define the function
Lemma4.5: Let A be subset dR"™ containing the origin, and/ be
a continuous function such thaf(z) > O forall x ¢ A andM (z) = gA(x) — A {1] (11)
0 for somex € A. Letda(x) be the distance function from a point x

x € IR™ to the setd. Let alsox™ be an absolutely continuous functionand, therefore, we define the switching functioby (9) and feedback
onIR, and: a function coinciding with:™ at the points of a sequence|aw " by (8). Each component of the feedback law is then described
m = {ti}izo, such thatl|Z(-)||zec(0,00) < 00, [|2(-)|lL0,00) < as

ol|™ ()| 1o (0,00) < 00, @NA||E" ()| 1o (0,00) < 00 If

R 0, ifzeO
! 1
. A J ul_nax7 if o2 (g + A |: :|:| 2 0
Tlgrio/z\[ (2(t))dt < oo 1) = j |: (x) el
° min : aux 1
then up™, if |:0' (x)+ A LH < 0.
j

da(z*(t)) =0 as t— oo.

VI. EXAMPLE: A UNICYCLE SYSTEM

V. PARAMETERIZED BANG—BANG FEEDBACK LAWS Consider the mobile robot in Fig.1 described by the following model:

We describe here a possible parameterization of the feedback law. ‘/L_'(t) =L +d(®)] - [ur(t) + ua(D)] - Cf’se(t)
We are interested in feedback controls of bang-bang type. That is, for () =[L+d®)] - [ur(t) + ux(t)] - sin6(1)
each state, the corresponding control must be at one of the extreme b =[1+d(#)] - [ui(t) — ua(t)]
values of its range. The exception is the targetsethere the control where 6(¢t) € [—7,@]; ui,u2(t) € [-1,1]; and d(t) €
is chosen to be zero. The control will attain its maximum or miNIMUP-d.ax, dmax]. Assume thall < dmax < 1/4, and letX, =
value depending on which side of a certain surface the state is. Mdte= {(x,y,0) : ||(x,y)|| < R} for someR > 0.

precisely, for each control component 1,...,m The coordinatesr, y) are the position in the plane of the midpoint
0, ifz €O of the axle connecting the rear wheels, @rdknotes the heading angle
k(x) = ?Iinax, if o;(x) >0 (8) Measured ant_iclockwise_from theaxis. The controls; andu- are th_e
u?ﬁn’ if o, (2) < 0. angular velocity of the right wheel and of the left wheel respectively.

If the same velocity is applied to both wheels, the robot moves along a
straight line (maximum forward velocity if; = > = 1). The robot
can turn by choosing, # u» (if w1 = —us = 1 the robot turns
anticlockwise around the midpoint of the axle). The disturbahisea
Slﬂplicative perturbation acting on the velocity of the wheels.
Our objective is to drive this system to the target@et {(z,y, ) :
[(z,y)]| < €1,]0] < ex} for givene, ez > 0.

The MPC control law is obtained with the algorithm described in
o(x) =™ () 4+ o™ (2). (9) Section Il with the following parameters.

The functions; is a component of the switching functien and is
associated with the switching surfagg(x) = 0 which divides the
state—space in two.

Since these surfaces must be parameterized in some way to be ch
in an optimization problem, we will define them to have a fixed part
o* possibly nonlinear, and a variable part which is affine and
defined by a parameter matrix
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NY That is

(z,y) 0. if (2.9.0) €O

¢ up =k (z,y.0) = 1, if6<oum

QS -1, if0>0om
0, if(x,y,0)€0O

€0 ¢1 uz = k5" (x,y,0) = 1, ifé> ¢m

> T —1, if 6 < ém.

\/ So, the auxiliary switching function is
o1 (@, y,0)==0+dm(x,y) 05" (a,y,0)=0—dm(z,y).

Fig. 2. Directions approaching points near to the origin. The M PC strategy will select at each sampling instant a matrig

IR?** defining a feedback lavk® through the following switching

A. Auxiliary Control Law function:
A ppssible stabilizing strg_tegy, not necessarily the b_est, might be the (2., 0) = @L/w(;v./ y)—0 AL £ oy O
following. i) Choose a positive numbeg and reduce; if necessary —Om (2, y) + 0

so thatey < €1/2 < €2/2. i) Rotate the robot until its heading angle
6 is directed to a point at a distance less thafrom the origin of the
plane. iii) Move forward until reaching the origin of the plane orean B. Terminal Set
distance of it. iv) Rotate again untilis smaller that-.

To formally describe this strategy it is convenient to defirie, y)
to be the angle that points to the origin from positiany) away from
the origin, more precisely

Define the terminal sef to be the set of states heading toward an
€o-ball around the origin of the plane together with the target set and
the origin of the plane, that is

S={(z.y.0) € R* x [-7, 7] : G (2,y) < 0

0, it [(=,9)ll < e :
< om(w,y) V(x,y,0) €OV (x,y)=(0,0)}.

= (3)sign(y). i [|(z,y)l| > e1.2 =0,y #£0
tan™" (L) + 7, if |(2,9)] > €1,2 >0
tan~' (1), if [[(z,y)]] > e,z <O0.

T

o, y)=

C. Prediction and Control Horizons

Note thatp(z, y) is conventionally defined to be equal to zero when The prediction horizon is chosen longer than the maximum time nec-
[[(z,9)|| < e1. Similarly, we definep:(z,y) and¢-=(x, y) to be the essary to steer any state to the set S, that is the time to complete“an 180
angles pointing from positiofiw, y) to a point in thex andy-axis, turn with the worst possible disturbance
respectively, distancing, from the origin; see Fig. 2 and the equation o .
at the bottom of the page. T,=">_——

The feedback lawk*"* is such that moves the robot forward if 3 2(1 = dunax)
the heading anglé is in betweens,, = min{¢1,¢2} andor =

_ _ The control horizorl. does not affect robust stability; it can be any
max{¢1, ¢}, and rotates it otherwise.

number betweer andT,. Then, the choice of the control horizon
must consider a tradeoff between performance and computational
burden. Obviously, becausg; = 0 is an admissible solution to
the optimization problem, thédZ PC controller, based on solving
optimization problems, performs better than the auxiliary strategy with

(u17 U'_)) =k (‘T’v Y, 9)
(0,0)  (Stop),

( if (z,y,0) € ©
(1,1) (Forward,

(

(

if @111 S 0 S (bA/]

(1,—1) (Anticlockwisg), if 0 < ¢n, respect to the considered objective function. For a deeper discussion
(=1,1) (Clockwise, if > ¢ar. on the use of two different control and prediction horizons, see [33].
0, if [z, 9)ll < e

if [[(z,y)]| > e, a—eo=00raz+e =0
if ||(JJU)” >e,xv2>0,v—¢€ 75 0

~ (2) sign(y).
@1 (‘rv y) =

/ if [[(x, )|l > 1.2 <02+ e #0
0 if [[(z.y)] < @

if ”(*/L'ay)” > €, = 0

m, if |[(z,y)]| > €1,2 >0,y >0

@2(7“»71) = ta,n_1

if [[(z,9)|| > e, 2>0,94 <0

if |(z,9)]] > e, 2 <0,y >0

if [z, )|l > e, e <0,y <O0.
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D. Objective Functions L and W
Define the running cost and the terminal cost functions simply as |1

wheret is the time to reach the origin in the nominal case (i.e., with

Lix,y,0) =2 +y° + 8
Wy, 6) :2/L(m(t),y(t),9(t))dt

0

d = 0) and the strategy™"* with ¢, = 0. An explicit formula is (see

[32]) Wz, y,60) = (1/3)(r* + |8]°) + r62 with + = /22 + y2.

E. Intersampling Time

To satisfy RSC, we should choose> 0 such that

s~ (5)

} .

(11]

(12]

(13]

(14]

(15]

The inequality with the last expression is required when we are far fronﬁle]
the origin. In such situation, the angl¢; — ¢-| becomes small. We
must therefore guarantee that when we are outSided start rotating
toward.S' duringé seconds, the robot would not cross to the other sidd17]
of the cones.

A detailed verification that the parameters introduced above fulfillj g
the conditionRk.SC'—which ensures steering to the target@et-can
be found in [32]. Conditions RSC1-RSC4 and RSCb are directly veri{19]

fiable in an easy way. To verify condition (RSC5a), it is convenient to
analyze separately the cases wiién, y)|| < e1—in which we use
the controku,

—ug = —sign(#); and (ii) when||(x, y)|| > e1—in

which we use the contral; = v, = 1.

In this note, we address the problem of robust stabilizing constraine
nonlinear systems using discontinuous state-feedback control law!
The control laws obtained are of a bang-bang type and are derived

VIl. CONCLUSION

(20]
[21]

[22]

B

using a MPC technique based on the solution of a finite-horizor{24]
min—max optimization problem with respect to closed-loop strategies.

Conditions under which steering to a set is guaranteed are established.

A set of parameters satisfying all these conditions for the control of
a unicycle mobile robot are derived. Three features used to redudes]

the computational burden are noteworthy: i) the use of discontinuous

control strategies; ii) the use of bang-bang control law described wit

the switching surfaces parameterized with a possible small number

6]

of parameters; and iii) the use of two different prediction and control[27]
horizons.

(28]
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