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Necessary optimality conditions are derived in the form of a weak maximum princi;ﬁ%
for optimal control problems with mixed state-control equality and inequality constrainfs.
In contrast to previous work these conditions hold when the Jacobian of the ac¢e
constraints, with respect to the unconstrained control variable, has full rank. A featége
of these conditions is that they are stated in terms of a joint Clarke subdifferential.
Furthermore the use of the joint subdifferential gives sufficiency for nonsmooth, normal,
linear convex problems. The main point of interest is not only the full rank conditiosg
assumption but also the nature of the analysis employed in this paper. A key element is
the removal of the constraints and application of Ekeland’s variational principle.
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In this paper we focus on the derivation of necessary conditions of optimality
for certain optimal control problems involving mixed state and control constrairsts
in the form of both inequalities and equalities under assumptions which aregdin
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1 The problem of interest is the following: 1
2 2
5 Minimize [(x(0), x(1)) + fo L(1, x(t), u(t), v(t)) dt 5
4 subject to 4
Z X)) = f(t,x@),u),v() aerel0,1], Z
; ® 0=>b(t, x(1), u(t), v(1)) a.e.t €[0,1], ;
8 0= g(r,x(@), u(®), v(r)) a.e.t €[0,1], 8
° v(t) € V(1) a.er €[0,1], o
10 10
" x(0) € Co, 1
12 x(1) e Cq, 12
13 13
1 wherel: 0" x R — R, L:[0, 1] x K" x fke x fke — ¢, f [0, 1] x R x Rk x4,
15 R S R B0, 1] x R x Rre x R kl — R\ g:[0,1] x )ku x*} kt — R .
16 are given functionsCp, C1 C R" given sets and/ : [0, 1] - %k is a given 16
17 Mmultifunction. We sek =k, + k, andm = m; + m,. Throughout this paper we ,;
18 assume that, > m. The control variable comprises two componentgndv. 5
19 When no distinction between such components is needed we may refer to;the
20 control variable simply asy = (u, v) € W(z), whereW : [0, 1] — %i¥ is a given 4
21 multifunction. 21
22 For (P) a process is a paik, u, v) comprising measurable control functions,,
.3 u andv and an absolutely continuous functisne W1([0, 1], ") satisfying 23
24 the constraints of the problem. A procgssu, v) of (P) is called aveak local 24
25 minimizerif there exists some > 0, such that it minimizes the cost over allzs
26 processes of (P) which satisty (¢), u(t), v(t)) € T.(¢) for a.e.r € [0, 1], where 2
27 Te(t) = (x(¢),u(t),v(t)) + B, B denotes the closed unit ball and(z), u(z), 27
28 v(t)) is a reference process. 28
29 Assume thatx(r), ii(r), v(z)) is an optimal process for (P) and Igtr), b(r), 29
30 etc., denote the corresponding function evaluatect,at(s), i(z), v(¢)). Given 30
a1 two functionsg andy, [¢, ¢](-) denotes the functio@p (-), ¢(-)). 31
32 Necessary conditions in the form of weak maximum principles for (P) hage
33 previously been derived assuming full rankness of a given mai(i, i.e., 33
s assumingthatdet(r)F(t)" > L fora.er € [a, b], forsomeL > 0. The matrixF a4
35 has been considered to be(r) = V, [b, g1(¢) in [7] and [9], 35
36 = (l) 36
37 To(t) = |: Iﬂu(z) } 37
38 ( ) 38
39 . . o _Ts(1) 39
o N [10], whereZg () = {i € {1,...,mg}: gi(t) > —B} andg,” (1) denotes the 20

matrix we obtain after removing frog, () all the rows of index ¢ Zg(¢), and "

Ta(r) = bu(t) 0 .
W= gu()  diag{— 81(0}16{1 me} ®

.....
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in [12]. The full rank condition imposed ofry, 7> and T3 are related to each 1

other and they are sufficient for the matrix 2
Ta(t) = [ fulD) } @

z "o .

to be of full rank (see4]), where 6
L) =liefl,....mg}: () =0} 2) ;

is the set of active constraints and, as bef@@f’ )(t) denotes the matrix we 9
obtain after removing frong, (¢) all the rows of index ¢ Z,(¢). 10

Matrix T4(¢) is of interest. In fact, necessary conditions in the form of weak
maximum principles are such that the derivative with respeat wf g;, for 12
i ¢ Z,(t), does not take any part in the determination of the multipliers. It i
then reasonable to conjecture that necessary conditions of optimality for (P) hld
when the full rankness condition is imposed merely on matit). In this paper 15
we show that this is indeed the case. A common approach to derive neces&ary
conditions for (P) under a full rankness condition is to associate with (P)la
problem with only equality mixed constraints. Such approach is no longer valfd
when full rank is imposed off;(¢). The key idea behind the proof of our main19
result is based on a technique exploredlif ffor optimal control problems with 20
pure state constraints. It consists on the definition of a sequence of standard
optimal control problems in which the constraints are incorporated both in tke
cost and in the dynamics. 23

As in [4], here we consider problems with nonsmooth data. Optimality cond#*
tions obtained are stated in terms of a “joint” subdifferentisd ¢g ., , Hy (¢, x, u,
v, p,q,r). This special feature is of interest for linear convex problems. Indeed,
nonsmooth weak maximum principles commonly stated in terms 6f 9 x 27
€090, H) x cod, H, x cod, H, can fail to provide sufficiency. An example is given2s
in [6]. Here, we show that our necessary conditions, under a normality hypothe3is,

are sufficient for optimality in the normal nonsmooth linear-convex case. 30
31

32
2. Preliminaries 33
34
Here and throughouB represents the closed unit ball centered at the origiee
The notationr > 0 means that each componeftof r € %" is nonnegative. 36
| - | = 4/(,-) denotes the Euclidean norm, ahd| the induced matrix norm 37
on %<k The linear space¥V11([0, 1]; )?) denotes the space of absolutelyss
continuous functions,1([0, 1]; :R7) and L™ ([a, b]; :RP) denote respectively the 39
space of integrable functions and the space of essentially bounded functions from
[0, 1] to RP. Since we assume only measurability of the data with respegt tos
a variant of a uniform implicit function theorem, derived 8},[will be essential in 42
our setup. Such theorem asserts that(f, xo(¢), uo(z)) = 0 almost everywhere, 43
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then an implicit functionp(z, u) exists and thesameneighborhood ofi.g can be
chosen for alk.

We make use of constructs from nonsmooth analysidimiting normal
cone toa closed setA at x, written N4(x), andlimiting subdifferentialof a
semicontinuous functiorf atx, writtenaf (x). When the functiory is Lipschitz
continuous near, the convex hull of the limiting subdifferential, og¢(x),
which may be defined directly, coincides with tkidarke subdifferential The

~N o o A W N P

full calculus for limiting subdifferential and limiting normal cones in finites

dimensions can be found, for example, i®,11,13. Properties of Clarke's
subdifferentials (upper semi-continuity, sum rules, etc.), can be fourid.in [
Consider a standard optimal control problem

Minimize [(x(0), x(1)) + fi L(t, x(1), w(t)) d1
subject to
© X)) = f(t,x@®), w() aerel01],
w(t) e W(t) a.e.r € [0, 1],
x(0) € Co,
rx(1) € Cq,

wherel, L, f, Co andC; are as defined before for (P) afid: [0, 1] — %X is a
given multifunction. Assume thdk, w) is a reference process f) ande > 0 a
parameter. We invoke the following hypotheses on the data of (S):

(H1) [L, f1(-, x, w) is measurable for eaal, w) and[L, f](t, -, -) is Lipschitz
continuous with Lipschitz constadt: (r) on (x(¢), w(t)) + ¢ B for almost
everyt € [0, 1] andk s is anL*-function.

(H2) The costl is Lipschitz continuous on a neighborhood(@{0), x(1)) and
Co and(C1 are closed.

9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

(H3) The multifunctionW has Borel measurable graph and, for almost every

t €0, 1], the setW, (¢) := (w(t) + eB) N W(¢) is closed.

The following Euler-Lagrange inclusion for (S), provided 8, [will also be
of importance in our analysis.

Proposition 2.1. Let (x, w) denote a weak local minimizer fqS). If (H1)—
(H3) are satisfied andH (¢, x, p,w) = p - f(t,x,w) — AL(z, x, w) defines the
Hamiltonian, then there exist > 0, p € WL1([0, 1]; %) and¢ € L([0, 1]; %)
such that, for almost everye [0, 1],

A+llpllee =1,

(=), X(1). ¢ (1)) € CODH (1, X(1), p(t), W(1)),

¢ (1) € CONw () (w(1)),
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1 (P(0), —p(D)) € Ncoxc, (£(0), X(1)) 4 131(x(0), X (D)), 1
z whered H denotes the limiting subdifferential in tiie, p, w) variables. i
4 4
5 5
6 3. Mainresults 6
7 7
8 We now concentrate on (P). With reference to a pro¢eéss, v) of (P) anda s
9 parametee > 0, we invoke hypotheses (H1)-(H3) stated in the previous section

(for w = (i1, v) andW (1) = %k« x V (1)), and the following additional hypotheses:1o
11

(H4) b(-,x,u,v)andg(-, x, u, v) are measurable for ea¢h, u, v). There exists 12

an L1 function Ly, such that, for almost evenye [0, 1], [b, g1(¢,-,-,:) 13

is continuously differentiable and Lipschitz continuous with Lipschitzs
constantL, ,(¢) on T, (1). 15

(H5) There exists an increasing functién®t — %+, d(s) | 0 ass | 0, such 16
that, for all (x’, u’, v'), (x, u, v) € T;(¢) and for almost every c [0, 1], 17

18

|Vx,u,v[ba gl, X/, u/, U/) = Viulb, g1, x, u, U)| 19

20
21

< 67(|(x/, ', v — (x,u, v)|).

There exist; , > 0 such that, for almost everye [0, 1], 22
23
\Vi[b. 2])| + [V [b. 8] ()] < K. 24
(H6) There existX > 0 such that, for almost every [0, 1], zz
def{Ta() T (1)) = K whereYu(r) = [g%‘(g zt)} -
u

29

Theorem 3.1. Let (x, iz, v) be aweak local minimizefor (P). If, for somes > 0, 20
hypothesegH1)—(H6) are satisfied and 31
32

HA(t,x,p,q,r,u,U) 33
=p-ft,x,u,v)+q-bt,x,u,v)+r-gt,x,u,v) —AL(t,x,u,v) 24
5

defines the Hamiltonian, then there exgst W11([0, 1]; "), £ € L1([0, 1]; %K) 36

and > 0 such that, for almost everye [0, 1], 37
38

() IpllLe + A #0, 39
(i) (=p(®),x(t),0,&(t)) € COOx puvHy(t, X(1), p(t), q (1), r(t), u(t), v(2)), 40
(i) &(t) € CONy () (V(1)), il
(iv) r(t)-g(t,x@),u))=0andr() <0, 42

(V) (p(0), —=p(D)) € N (X(0)) x Ny (x(1)) +201(x(0), X(1)). 43
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Furthermore, there exist an integrable functi&y and a constanCp > Osuch 1
that 2
3
l(g), r))| < Ko®)|p®)| + Co|pD)| fora.e.re[0,1]. .
5
The novelty of the theorem is that, unlike previously proved results &ée [
9,10,13) the conclusions hold when the full rank condition is imposed merely
on matrix 4. Recall that, as mentioned in the Introduction, the full rank of
matrix 74 does not necessarily imply the full rank of other matrices used in the
existing literature. Additionally the Theorem 3.1 provides necessary conditions gf
optimality for problem (P) with data possibly nonsmooth and they are stated, in
terms of a “joint” subdifferential (see (ii)). 12
Necessary conditions of optimality in terms of a “joint” subdifferential like,
those of Theorem 3.1 derived for standard optimal control problems and optimal
control problems with state constraints (s@g dnd [5], respectively) are also 5
sufficient conditions for linear-convex problems in the normal form. This is alsg
the case for linear-convex problems with mixed constrained problems as we show

next. By linear-convex problems we mean problem (P) where 18
19

(e, x@),u@), v(®)) = A@0)x () + BOu(r) + C)v(0), 20

b(t, x(1), u(t), v(t)) = DO)x (1) + E@u(t) + F()v (1), 21
g(t,x(), u(),v(0)) = GO)x(1) +J(Dut) + Ko@), Z

and the following hypotheses hold: 24
25

(HC1) Co andC; are convexy (¢) is convex for a.et € [0, 1]. 26
(HC2) The functiont — L(-,x,u,v) is measurable and and (x,u,v) — 27
L(t,x,u,v) are convex. 28

(HC2) The functionsA, D, G, E, F, J andK are integrable an® andC are 29
measurable. We denote such problem(by’) 30

31
Proposition 3.1. Let (x,u,v) be a process for problemdLC). Assume that 32
(HC1)—(HC3) are in force and thaix, i, v) is a normal extremal in the sense33

that there exisp € WL, ¢, ¢, r € L such that the conditions 34
(—p®). x(1),0.2(1)) ZZ

€ COIH, (¢, X(1), p(1), q(1), r (1), i (r), V(1)) a.e, (3) 2;

£(t) €CONy(»(0()) a.e, (CI
r@)<0 and r@)-(GOx@®)+J@ua@)+K@®v(1))=0 ae, (5) 4
(P(0). =p(D)) € Negucy (7(0), (D) ©

42
are satisfied foih. = 1. Then(x, i, v) is a weak local minimizer. 43
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In the Proposition above, subdifferentials and normal cones are understood in

the sense of convex analysis. 2
3
Proof. Here we follow the approach of the proof of Proposition 4. 2jnDetails 4
are omitted. 5
6

Let (x,u,v) be an arbitrary admissible process and the pgair:, v) be
a normal extremal fokLC). We compute the difference of the cost between
(x,u,v) and (x,u, v). In doing so the following remarks will be of help. By 8
definition of a process— L(t, x(t), u(t), v(t)), t — B@)u(t) andr — C(t)v(t) 9

are integrable. By (5) and since, u, v) is a process fo(LC) we have 10
r(Ga—H+Ju—i)+Kw—1)>0 ae. @ .
From (6), there exists @ € N¢yxc,(x(0), x(1)) such that 13
14
(P(0), —p(1)) — o € 3I(X(0), ¥()). ®
Finally, recall also that for a generic convex functibnwe have 16
17
fO) = fE) —¢-(x—5) >0, Vredf(d). ©
Taking into account (3)—(6) and (7), the difference of the cost betwegn v) 1°
and(x, u, v) 20
1 21
22
A= /(L(t, x(@),ut),v(t)) — L(t,x(1), a(t), v(t))) dt 2
0 24
+1(x(0), x(1)) — I(¥(0), ¥(1)) 2
26
is computed as in the proof of Proposition 4.1 #lpading to 27
1 28
A>1(x(0),x(1))—1()2(0),)2(1))+/%p.(x—;z)dt -
0 a1
=1(x(0), x(1)) = I(x(0), x(1)) 32
— (p(0), —p(D) - (x(0) — x(0), x(1) — x(1)) %
— _ _ _ 34
o- (x(O) —x(0),x(1) — x(l)) —0- (x(O) —x(0),x(1) — x(l)) s

(8) and (9) ensure that this last expression is nonnegative, proving the prop®si-
tion. O a7
38
39
4. Proof of Theorem 3.1 40

41

Recall the definition of the set of active constraifitgr) (see (2)) and let 42
I.t) ={i e {1,...,mg}: gi(t) <O} be its complement. Sej,(t) to be the 43
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1 cardinal ofZ,(¢) andg.(¢) the cardinal ofZ (). Note thatg,(¢) + q.(t) =mg,. 1
2 Foriefl,...,mg}, defines; : [0, 1] — % to be 2
3 3
1 ifieZ, (),
4 5:(t) = { . l a(t) (10) 4
5 0 ifieZ.(r), 5
6 6
7 and consider the following matrices 7
8 8
0 A(r) = diag|s; (1)} 7%, A@)=1—A@), 0
10 I A 10
= _ by (1) = _ by (1)
. Fen= [A(r)grx o O anzo | a
12 B 12
= by (1) 0
S o T | :
) "O=1 Amz.0 «0=| a0 N
15 1 0 --- 0 15
16 O . . . . 16
Ig(t) = [ , DH)=|: + .. [,
A t . . .
17 ( ) 0 o o 1 17
18 18

19
20
21
22
23
24
25
26
27
28
29
30
31 31

22 Step 1. We apply a uniform implicit function theorem to a functign [0, 1] x 22

a R x RE x R x R\ x R — R™ in order to obtain an “uniform” implicit 2
.5 functiond. _ a5
% Let u be defined as 36

whereD(t) € Rde( a0,

Let 8,@:[0,1] — %" be defined componentwise @ () = —g; () and
&;(t) = 0. The functionsp and @ are measurable. Lat, 8 be measurable
functions. Takéx, u, v) to be the process in Theorem 3.1 and 0 the parameter.
We prove the theorem in the cabe= 0. This restriction is lifted by the use of well
known augmentation techniques and an appeal to standard estimation on Ilmﬁmg
subdifferentials; details are omitted.

We start the proof which breaks into steps. The proof consists on two maJor
steps. Firstly, an uniform implicit functiathis determined by applying an uniform -8
implicit function theorem previously proved ii][to the active mixed constraints.
This function allows us to define a sequence of optimal control problems to whigh
Ekeland’s variational principle applies.

37 37
38 /L(t,g, (u,v),a,ﬂ, 77) 38
39 B B — 1 39
20 =b(l,x(t)+“§,u(t)+u+1"u(t) n,v(t)+v) 0

41 41

. AW[g(t. %) + &, @) +u+ Tu(®) 0, 8() +v) + B(0) + B] -
43 +P(t,a, 1), (11) 4
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1 whered(t,a,n) = A'(t1)( + T'y(t)n). u satisfies the conditions under which1
2 Theorem 3.2 in §] applies. Observe that if the componentsgofre permute in 2
3 such a way that the active constraints come first, we have 3
4 4
" Ya(t)Ya(0)T 0
't =-—(,00000= 12

7 WhereY4(r) is as defined in (H6). It follows that there exists a constant 0,
g such that s
0 Fo] Y <c (13) o
10 10
u for almost every € [0, 1]. u
o Theorem 3.2 in ] ensures the existence a@f € (0,¢), § € (0,¢) and "
L 2 mappingd:[0,1] x (6B) x (6B) x (6B) x (6B) x (¢B) — 8B such s
iy that d(-,&,u,v,a, B) is a measurable function for fixett, u,v,a, B), the )y
5 functions{d(,-,-,-,-,-): t € [0,1]} are Lipschitz continuous with common

16 Lipschitz constantd(t,-,-,-,-,-) is continuously differentiable for fixed, 16
- d(t,0,0,0,0,0) = 0 for almost every: € [0,1] and, for all (¢,u,v,a,B) € -
s ocB x 0B x 0B x 0B x oB and for almost every < [0, 1], s
19 u(t, &, u,v,a,B),d(t, & u,v,a, ,3)):0, (14) 10
- Ve uw.apd(t,0,0,0,0,0) -

— 1, —= — — — —

22 —[T®] (Tx@). Tu(®). Ty(1), To(t), T(0)). (15) =2
2 Chooseri, 81 > 0 such that 23
24 . 24
- o1 € (O, min{o, 8/2}), »
26 81 € (0, min{s, £/2}), (16) 6
27 01+ Kp¢61€(0,8/2), 27

N
@

28

29
Step 2. We now define an optimization problem to which Ekeland’s theorery

applies. 31
Define the functions 2

whereK} , is given by (H5).

w W W W N
w N B O ©

gt x,u,v) = max{O, g1(t, x,u,v), ..., gm,(t, x,u, v)}, 3

w
5

34

fult,x,u v, B) = f(t,x,u+Tu®)Td(),v), .
folt,x,u v, 0, B) =gt (t,x,u+Tu(®)'d(1),v), 36

whered(t) = d(t,x — x(t),u — a(t),v — (), — (1), p — B(¢)). Define also 2;

the setsB = {§ e W"s: & >0,i = {i,...,mg}}, Bo,(t) = BN (B(t) + 01B), 4

w W W W w
© 0 N o O

w Vo ()=V@® N W) +o1B). 0
a Consider a sequence of positive scal@jgren, such that lim_, ey =0and
set

IN
N

42

IN
&

W (x, v, x', Y 2) =max{i(x, y) — 1(¥(0), ¥(D) + e, z + 1x' — ¥'|}. 43
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Take W to be the set of all measurable functioas v, a, 8) and all vectors
(a,b,c,e,h) € N x R x R" x R x N such that, for almost evenye [0, 1],
(@), @(1)) € (@(1) + 01B) x 01B, (v(1), B(1)) € Voy (1) X Boy (1), (a, b) € Co x
C1 and for which there exist absolutely continuous functiong andz such that

x() = falt,x,u,v, B,a) a.e,

y(#)=0 a.e,

z(t) = fo(t,x,u,v, B, ) a.e,

(x(@), y(1),z(1)) € (X(1),%(1),0) + 01B  a.e,
(x(0), (0),2(0)) = (a, b, 0),
(x(D), y(D),z()) = (c, e, h).
To simplify the notation seE = (a, b, c, e, h) € R*¥" 1. Let
|[E—E|=la—d|+|b—=b|+|c—C|+|e—e|+|h—H
and

v((u,v,a, B), (', V', 0/, B))

1 1 1

:/|u(t) —u/(r)|dr+/|v(r)—v/(z)|dz+/|a(r) —ao/(t)]dt
0 0 0

+/!/3(t) —B'(1)|dt.
0

Definedy : W x W — R,

dw ((u,v, B, 0, E), ', V', B/, E"))
=v((u,v, o, B), W', V', o/, B)) + |E — E'|.
Consider the sequence of optimization problems
RO Minimize Ji (u, v, «, B, E)
¥\ subject to(u, v, @, B, E) € W,
where J (1, v, a, B, E) = ¥, (x(0), y(0), x(1), y(1), z(1)). Observe thatly de-
fines a metric inW and, with respect to this metric, the st is a complete
metric space and the functiam, v, «, 8, E) — Ji(u, v, «, 8, E) is continuous
on(W,dw).

Let £ = (x(0), x(l) x(1),x(1),0). For allk € N,Jg(u,v,a, B, E) > 0 and
Je(i, v,a, B, E) —ak It follows that (i, v, &, B, E) is an “e,f -minimizer” for
(Rk). According to Ekeland’s variational principle (se&3]), there exists a
sequenceéuy, v, ok, Br, Ex) € W such that, for each e N,

dw ((uk, ve, ok, B, Ex). (6, 0,@, B, E)) <&x (7)
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1 and(ug, vk, ok, B, Ex) minimizes the perturbed cost functidp(u, v, «, 8, E) + 1
2 grdw ((ug, vi, ag, Br, Ex), (u,v,a, B, E)) forall (u,v,a, B8, E) e W. 2
3 3
4 Step 3. Rewriting the conclusions of Ekeland’s theorem in control theoretic
s termswe obtain a sequence of standard optimal control problems. 5
6 Write (x, yk, zx) the trajectory corresponding oy, v, ax, Bk, Ex). For each o
; k € N, the processxg, yk, 2k, w1 = 0, w2 = 0, wz = 0, wg = 0, ug, vk, ok, Br) ;
o solves the control problerfCy): o
9 Minimize 9
10 W (x(0), y(0), x(1), y(1), 2(1)) + &k |x (0) — xx (0)] + &x |x (1) — x (D) 10
11 11
0 =3k (O)] + e y(D) — yie (D] +ex[2(D) — 2 (D) b
13 + erw1 (1) + grw2(D) + erws(1) + srwa(l) 13
14 subject to 14
e x(t) = falt,x,u,a, B), y(t) =0, 15
16 . 16
17 Z.(t)_fz(tﬂxﬂuvavﬂ)ﬂ ) 17
18 w(t) = ‘M(f wo(t) = ‘v(t 8
19 w3(t) = wa(t) = |B() — Br 19
20 (x(0), y(1), 2(1)) € (X(1), X(1), 0) + 01B, 20
. (), v(0), €(t), 1)) € (@) + 01B) X Vo (1) x 01B x Boy (1), 2
2 (x(O), v(0), z(O)) € Co x C1 x {0}, 2
2 (w1(0), w2(0), w3(0), wa(0)) = (0,0, 0,0), 24

where all the equalities and inclusions but the last two are to be understood i |n an
almost everywhersense.

Sinceg; — 0, we have from (17) thatxk, yk, zxk) — (X, x(1), 0) uniformly.
By discarding initial terms of the sequence, if necessary, we hexe), yx (1),
zx (1)) € (x(t),x(1),0) + (01/2)B for all k. Then (xg, vk, zx, w1 = 0, w2 = 0,
w3 = 0, wg = 0, ug, v, ag, Br) is a weak local minimizer of a variant @Cy)
obtained by dropping the state constraiqt(t), y(¢), z(¢)) € (x(¢), x(1),0) +

27
28
29
30
31

32 UlB." 32
33 33
34 Step 4. We obtain necessary conditions to probleDy). 34
35 35

3 Lemma 4.1. Let (xx, vk, 2%, 0,0, 0, 0, ug, v, o, Br) be a weak local minimizer 3s
a7 for problem(Cy). SetH (¢, x, p,r,u,v,a, ) = p- filt,x,u,v,a, ) +r- fa(t,x, 37
38 u,v,a, B). Then there exist scalais, nx andrg, vectorsgy, ex € R, integrable 38

39 functions &:[0,1] — %Rk, £ :[0,1] — %™ and an absolutely continuous 39
20  functionp; € W1 such that 40
4 41
22 @ Akt lprlloo + gkl + 17| + 4hger = 1, 2

4 (b) A =0, nk € [0, 1], lex] =1, 43
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© (=D — M@= noex, —qr + r(L—m)ex, —re — b (1 —mp)) 1
€ \ex(B x B x B), i

(d)  (pr(0), gx) € Neo(x1(0)) x Ney (vi) + Ainidl (xx(0), yk (0)) 4
+ Arex(B X B), 5
(® &) €coNg, , (B(®), &) € CONy, (h(u() a.e, ‘7’
) (=pe@®), Xk (@), 2k (1), 0, & (1), 0, &k (1)) 8
€ COdH (¢, xx (1), pi (1), ric, ur (1), v (1), o (1), B (1)) o
+Ak8k({0} x {0} x {0} x B x B x B x B) a.e. 1:

12

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

Proof. We only give a sketch of the proof. For details séelft is a simple matter
to verify that the hypotheses are satisfied under which Proposition 2.1 apphjes
to (Ck). The set of necessary conditions we obtain by applying Proposition %51

to (Ck) can be rewritten as in the lemma by observing the following: o

() The Hamiltonian for(Cy) is v

h(t,x,y,z, w1, W2, W3, W4, P, q,F, T, T2, T3, T4, U, V, ¢, B) 19
=H(t,x,p,q,r,u,v,a, B)+q-0+m1|lu — ug| + mw2|v — vg|

+ m3la — ar| + w4l B — Bl 2

(i) For i sufficiently large, it can easily be shown that 23
Wi (5 (0), e xi (D), vt 26 (D) > O. -

(iii) The max rule guarantees that there exigts [0, 1] such that 26
3w (x4 (0), . xi (L), yi. 2k (D) -

C mkdl (xx(0), y(0)) x {0,0,0,0,0,0,0,0,0,0,0,0} 29

+ (1—m){0,0,0,0,0,0,0} x {(e, —e): e € R, |e| =1} 30

x {1,0,0,0, 0}. ]

Step 5. We now considee;, — 0 and we take limits to obtain necessaryjj
conditions for (P).

Recall that(xg, yk, zx) — (%, x(1),0) uniformly. Since (u, vk, ok, Br) —
(1,9,0, 8) strongly in L1 we can arrange by subsequence extraction that
(ur, v, ax, Br) — (i1, v, 0, B) almost everywhere. It also follows thdts) — O,
where

35

38
39

di(t) = d(t, Xe(@) —x (@), up () —u@), v () —v(), ax(t) — a(?), 40
Bi(t) — B(1)) v
and, consequentlyiy () = u (t) + T.()7dy(t) — i(r) almost everywhere. 43

42
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1 The sequenceg;} and{n} are uniformly bounded by (b) of the Lemma 4.1
2 Sinceg; — 0, we conclude from (a) of the Lemma 4.1 thatis also uniformly 2
3 bounded. We can therefore arrange, again by subsequence extraction if necessary,
4 thatey — e, Ay — A andn; — n, wherele| =1, A > 0 andn € [0, 1]. 4
5 Now the sequencégy}, {t — [, & ds} and{r — [; ¢k ds} are equicontinuous 5
6 and uniformly bounded andlp;} is uniformly integrable bounded. Standardé
7 compactness arguments and an appeal to Dunford—Pettis criteriodfor 7
8 compactness ensure that, by further extraction of subsequences if necessary,
o pr— p uniformly, [g ceds — [o ¢ ds uniformly, [§ &ds — [o &ds uniformly o
10 forsomep € Whlandg, ¢ € LY, andpy — p, & — &£ andgy — ¢ weaklyinLl, 10

u It now follows from the above and from (a), (c) and (d) of Lemma 4.1 that
2= r==21-n),q—>q=rx1-ne, p(1) = =11 - n)e, 12
13 13
14 (P(0). —p(1)) € N,y (£(0)) x Ny (X(D) 4 Andl (x(0), x(1)), (18) 14

*andi + || plle + 2| p(1)| = 1 (observe thap(1) = —q). Sincelp(1)| =A(1—1n), =
we getin + 3| p(1)| + || pllo = 1, a condition which ensures that- || p|lec # O,
wherei = A > 0.

The properties of the limiting normal cone and limiting subdifferential and af
application of Theorem 3.1.7 ofJ allow us to pass to the limit in relationships (e) 19
and (f) of Lemma 4.1. There results 20

IR
~N o

21 21
2 (=p(0).x(1).,0,0.£().0.£(1)) 2
23 _ - _ _ 23
o € CO0H (t,X(t), p(1), r, (1), 0(1), 0, B(1)) 19
25 and 25
26 _ 26
27 ¢(1) € CONg, 1) (B(®), &) € CONy, ((9(1)). 20)

We conclude that there exist scalars> 0 andr < 0 and functionsp € Wt1,
¢, € € LY such that

(A)) A+ 1lplloc #0, _
(B) (—p(t),x(1),0,0,£(1),0, (1)) € CODH (¢, X(1), p(t), r, (1), (1), 0, B(1))
a.e.,

34 - 34
s (C) L) ecoNg, () (B(1)) ae., -
s (D) &) ecoNy, (»(0(1)) ae., ) %
37 (E) (p(0), =p(1)) € N¢y(x(0)) x Ny (x(1)) + 23 1(x(0), X(1)), 37
38 38
39 WwhereH(t,x, p,r,u,v,a,8)=p- f1t,x,u,v,a, B) +rfa(t,x,u,v,a, ). 39
i: Step 6. Finally we rewrite relationship@’)—(E’) in the required form. i:
Observe that

43 Np,, (B)=1{0 €™ 6; =0ifi € Z.(1), 6; <Oif i e Z,(1)}. 43
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Then, from(C’) and the definition o we deduce that

L) =0 ifieZ. (), L) <0 ifieZ,).

(21)

We deduce from the max rule (applied fg), the chain rule (seel]) and the

differentiable properties af the following estimation for c6 H:

COdH(t,x, p,r,u,v,a,p)
C {(M —pT TOTXOTT@) +ry (1) - g:(1)
—r(y®) - gu)T YT ~2)T (o),

v,0,p—pT YOT 2)T L(0) +ry (1) - gu(1)

—r(y(@® - gu®)T JOT ) L),
— ol YOT XOT 1) +ry (1) - gu(t)
—r(y(@® - gu®)T yOT 2T [ (o),

—pT IO *OT T = r(y (@) - gu))T 1)T

or o,

—pT y(T YT () —r(y(®) - gu))T ;)T ~H()T ,Z(r)):

(u,v,0,p,0)€co0p- f, y=U1,---, ¥Ym,) Mmeasurable

7i(1) €10,1], yi(0) > 0if (1) =0, () =0if g (1) <0}

in which f, g;, gx, etc., are evaluated at

(t,x,u+a(t) + T J(0)d(t,x — %), u — i(t),v — (1), @ — &, p — B(1))).

Appealing to an appropriate selection theorem, we deduce eX|stence of

measurable functions

(n(®),v(®),0, p(1), 0(1)) €CO0x pruvp - f ae,

={(1.....vm): ¥i() €[0,1]} and
{Vi(ﬂ?o if gi(1) =0,

a.e,
yi()=0 if g() <0
(@) e coNBUl(,)(B(t)) a.e,
£(1) € CONy,, (1) (V@) a.e,
such that
(=), %(1),0,0,6(1),0,£(1))
= (n=pTTOT OT L) +ry () - 2:0)

—r(y@®-gu®)T JOT )T L),

(22)

(23)

(24)
(25)

© 0 N o o B~ W N P

e N T
©® N o oA W N P O

19
20
21
22
23
24
25

28
29
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v,0,0—pl f(OT 2O J() +ry(®) - gu(1) 1
—r(y® - &u®)T JOT 2T [0, .
0—pT s T 2T () +ry (@) - 3o (1) ‘
—r(y® - &) (O 2T (1), 5
—pTIOT 2O IO ~r(y® - a0)TIOTF 20T 0.
—pT IO 0T [0 = r(y® - 0)T [T 0T §0) ;

(26)

in which f, g, g., etc. are evaluated &, x(¢), i(¢), v(¢)) (observe that/(z, 0,0, 11
0,0,0) = 0). Under the hypotheses v, p, 0, y and¢ are all integrable functions. 12
DeflneQ(t) =T ] Lt) e RO andF(r) = ry (1) € W"s. Then7 <0. 13

Take O to be theL! function: 14
0(1) = (1. 420) = p() B() + (D3 () D(1). -

In terms ofQ andr, (26) becomes 7
(=p(1), %(1),0,0,£(1), 0,2 (1)) 1:

= (1+ 0OT 1) +F(03:1.v,0.p+ OOT [ (1) +FZ (1), -

0+ 00T [0 +7 a0, 00T 0. 00T f0). @) =

Sincer < 0, by definition ofy we conclude that (1) =0if i € Z.(r) andr; (1) <0 24
if i € Z,(t). Furthermore, by definition of (), T () and by (21) and (27) we 2s
deduce thafp, () =0if i € Z.(r) andgy, (r) < 0if i € Z,(z). Setq(r) = g1(r) and 26

r(t) =F(t) + g2(r). Then ”7
28

ri)=0 if gi(r,x(r),u (1), v(t)) <O, ”
ri(t) <0 if gi(t,X(t), (), (1)) = 0. (28) 30
Sinceb andg are smooth we conclude from (27) that 2;
(—p(), 5(1),0,6()) 2
€C03x,p,u,v{P'f(f’X,u,v)—f-q-b(t,x,u,v)—}—r-g(t,x,u,v)} (29) Z:

in which the subdifferential is evaluated@tx (1), ii(r), 9(r)). A, p, g andr obey 36
the state relationshipsA”), (D) and(E') are respectively (i), (iii) and (v) of the 37
theorem withA = A, (28) yields (iv) and (29) coincides with (i) wheh= 0. As 38

for the final assertion, 39
(@), r )| <k OKpClpO]+ (14 K7, C) [ D) .

this follows from the definition of, r, (H1), (H4), (13) and (22). The proof is 42
complete. 43
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