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ABSTRACT 
This paper presents a methodology to do morphing between 
image represented objects, attending to their physical 
properties. It can be used amongst images of different objects, 
or otherwise, between different images of the same object. 
According to the used methodology the given objects are 
modelled by the Finite Element Method, and some nodes are 
matched by Modal Analysis. Then, by solving the Dynamic 
Equilibrium Equation the displacement field is determined, 
which allows the simulation of the objects’ deformation. 
This physical approach also allows the computation of the 
involved strain energy, therefore the estimated morphing can 
be represented by the local or global strain energy values. 
This paper also describes the solution used to simulate only 
the non-rigid components of the involved deformation. 

Categories and Subject Descriptors 
I.2.10 [Artificial Intelligence]: Vision and Scene Understanding 
– modeling and recovery of physical attributes, motion, shape. 

General Terms 
Algorithms, Experimentation, Theory. 

Keywords 
Morphing, Deformable Objects, Dynamic Equilibrium Equation, 
Finite Element Method, Modal Analysis, Computer Vision. 

1. INTRODUCTION 
Although much has been done in 2D objects’ morphing, the 
obtained results are not always coherent with the physical 
properties of the represented objects, and/or with the charges 
applied on them. These demands of some domains, like computer 
vision, computer graphics or medical image, can be satisfied 
through the use of a physical methodology to estimate the 

deformation of the image represented objects’ shape. 

In the work presented in this paper, we attend to what has already 
been done in the field of the physical morphing of objects, such as 
Nastar’s analytical determination of vibration modes through the 
resolution of the dynamic equilibrium equation in [5-7]; Sclaorff’s 
isoparametric finite element to model objects by the Finite 
Element Method (FEM) in [4, 9-11]; the and Tavares’s study to 
match deformable objects in [12-15]. 

In the used approach, some of the objects’ pixels (nodes) are 
considered already matched, and the mass and stiffness matrixes 
are considered determined as if the given objects were made of a 
virtual material.  

As the dynamic equilibrium equation is solved we determine and 
can represent the deformations of the given objects, at each 
instant of time. 

As we considered that no additional information was known about 
the given objects, or of the movement/deformation involved, to 
apply this physical methodology we needed the estimation of 
some parameters: the applied charges on matched and unmatched 
nodes, and the initial displacement and velocity vectors. This 
estimation process is also described. 
With the presented work the adopted physical methodology is 
expanded to application cases in witch the matching isn’t done 
successfully for all object’s nodes. Another contribution of our 
work is the representation of the estimated morphing by the 
evaluated strain energy values. We also propose a image based 
stop criterion for the computation process: the process will stop 
when a estimated shape gets close enough to the target shape. As 
in some applications can be of interest the estimation of only the 
non-rigid component of the global deformation, we also adopted 
a solution to do this type of morphing. 
In this paper will be described the FEM element applied, namely 
Sclaroff’s isoparametric element, and the approach employed to 
match some objects nodes. There will also be presented an 
integration method that is used to solve the equilibrium equation, 
as well as the solutions adopted to estimate the applied charges, 
the initial displacement and velocity, and the procedures used to 
solve problems concerned with the unsuccessful matched nodes. 
We will also mention how global and local strain energy is 
evaluated, as well as the solution used to simulate only the non-
rigid morphing component. Some examples of the experimental 
results, their respective conclusions, and future work perspectives 
will also be presented. 
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2. SCLAROFF’S ISOPARAMETRIC 
ELEMENT 
Given a collection of sample points from an object (nodes), a set 
of continuous interpolation functions are built to .relate the 
displacement of a single point to the relative displacements of all 
the nodes of the object. In Sclaroff’s element Gaussian 
interpolants are used for Galerkin approximation [1, 9, 10, 12]: 
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where iX  is the function’s -dimensional center, and n σ  its 
standard deviation (which controls data interaction by increasing 
the models’ stiffness [12]). The interpolation functions, , of the 
interpolation matrix, H, are given by: 
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all other nodes, and m  is the number of nodes. 
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The interpolation coefficients , elements of matrix A, can be 
determined by inverting matrix  defined as: 
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And by doing so the interpolation matrix of Sclaroff’s 
isoparametric element for a 2D object will be: 
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The mass and stiffness matrixes, M  and  respectively, can 
then be built (see e.g. [8, 9, 10, 12, 13]). 

K

The used damping matrix, C , was considered as a linear 
combination of the mass and stiffness matrixes (this type of 
damping is known as Rayleigh’s damping): 
 ˆˆC M Kα β= + , (5)  

where α̂  and β̂  are respectively the mass and stiffness constants 
determined by the desired critical damping (depending on the 
adopted virtual material) [2]. 

3. MODAL MATCHING 
To match the  and  nodes of the initial and target shapes, t  
and  respectively, each generalized eigenvalue problem is 
solved: 

m n
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where for a 2D model with  nodes: m
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The shape vector of mode , i iφ , describes, the displacement 

 of each node due to mode , and in the diagonal matrix ( , )u v i
Ω  the frequency of vibrations’ squares are increasingly ordered.  
With the modal matrixes tΦ  and , some nodes can be 
matched by comparing their displacement in the modal 
eigenspace. To do so, a affinity matrix, 

1t+Φ

Z , is built with elements: 
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In this affinity matrix, the best matches are indicated by the 
minimum values of line and column: the affinity between nodes i  
and  will be null if the match is perfect and increases as the 
match worsens [12, 13, 14]. Usually the rigid modes and the high 
order modes are not considered in this building process to discard 
the rigid component of the deformation and to reduce the 
sensitivity to noise[9, 10]. 

j

This modal matching can provide good matching results between 
two objects if the involved deformation is not very severe. 
However, our morphing approach can also be used if the 
matching is done by another process. 

4. RESOLUTION OF THE DYNAMIC 
EQUILIBRIUM EQUATION 
In this work the physical morphing is done by solving Lagrange’s 
Dynamic Equilibrium Equation: 

t t t tMU CU KU R+ + = , (10) 
where the nodal displacements, U , in the instant of time t, can be 
described by: 
 2, 1,i iU X X i= − , (11) 

where 1,iX  is the i th node of the initial shape and 2,iX  of the 

target shape, and  is the displacement of the i th node. iU

To solve the above equation, several integration methods can be 
used. In this paper we presented the mode superposition method 
with Newmark´s method. 

4.1 Mode Superposition Method 
This integration method obtains new matrixes of stiffness, mass 
and damping with smaller bandwidth [1], allowing the resolution 
of the dynamic equilibrium equation (10) with only a part of the 
modes. This measure reduces the associated computational cost 
by ignoring the movement’s local components, essentially 
associated to noise. With this measure, the computation is 
accelerated without great loss of detail [8]. 

This method proposes the transformation Φ  used to transform 
the modal displacements, , into nodal displacements, U : X

 
tU X t= Φ , (12) 



and therefore we can write the corresponding equilibrium 
equations using generalized coordinates: 

 
2t T t t T tX C X+Φ Φ +Ω = Φ R , (13) 

where X  and X  are, respectively, the first and second order 
derivatives of the modal displacement vector, because: 

 
2T KΦ Φ = Ω  and T M IΦ Φ = , (14) 

where I  represents the identity matrix. 

4.2 Newmark’s Method 
To solve (13), we used Newmark’s method that considers: 
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where α  and δ  are determined in order to satisfactory and 
stable results can be obtained [1]. 

Replacing (15) into (13) we obtain: 
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According to [2], this method is unconditionally stable for 
2α δ≥ ≥ . However, if 0.5δ =  this method does not have 
numerical damping (for any value of α ). If 0.5δ > , then 
artificial damping is introduced, but the obtained results are also 
less accurate. 

When: 
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the high frequency dissipation is maximized for any value of 
0.5δ >  [2]. In practice, we noticed that in some experimental 

cases the precision reduction can lead to undesired results (the 
results diverge from the target shape) [8]. 

5. ESTIMATES 
In this section we will describe the solution used to solve some 
problems related to the lack of information about the given 
objects and their deformation: the estimation of the initial velocity 
and displacement vectors, and of the charges applied on the nodes 
(successfully matched or not). 

5.1 Initial Displacement and Velocity 
The used integration method requires the initial displacement and 
velocity vectors. The solution adopted to estimate the initial 
displacement was to consider it in terms of the expected 
displacement. So, the initial displacement was considered as: 
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where 0 ( )X i  represents the th component of the modal initial 

displacement, and  is a constant to be determined by the user. 

i
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Similarly, the initial modal velocity was considered in terms of 
the initial modal displacement: 
 0 ( ) ( )V

0X i c X i= , (19) 

where  is a user defined constant (in this work  and  
were considered equal for all nodes). 

Vc Xc Vc

As bigger values of X  e V  are chosen, the displacements also 
get larger, and the target shape can be obtained sooner. 

c c

5.2 Applied Charges  
The applied charges on the matched nodes are supposed to be 
proportional to the expected nodal displacement: 
 2, ,( ) ( )i j iR i k X X= − , (20) 

where  is the applied charges i th vector component when i  

is a matched node, 

( )R i

2,iX  its coordinates in the target shape, ,j iX  

its coordinates in the th shape, and  is a global stiffness 
constant (once again, equal for all 

j k
R ’s components). 

5.3 Unmatched Nodes  
However, since not all nodes might be successfully matched (for 
instance by modal matching), to estimate the applied charges on 
the unmatched nodes we used a neighborhood criterion [8]. And 
so, nodes preserve their order during motion, and the unmatched 
nodes are attracted to the nodes between the adjacent matched 
nodes. For e.g. (figure 1) if B  is a unmatched node between  
and C  (respectively matched with 

A
'A  and ), and if 'C B  is the 

applied charges vector i th component, then: 
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where  represents the sum of the distances between all 

involved nodes and '

totD

BD  is the distance between B  and a 
unmatched node of the target shape. 

However the initial displacement solution presented in (18) was 
not defined for unmatched nodes. So, as we had already estimated 
the applied charges on the unmatched nodes, we recursively 
specified the initial displacement in terms of the applied charges. 
So we considered: 
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and, unless  is null, the initial modal displacement of the 
matched nodes equals (18). 

k

As we can see in (21), for each unmatched node of the first shape, 
the initial modal displacement is influenced, such as the applied 
charges, by the nodes of the final shape that are between the 
nodes that match its adjacents neighbors. And each node’s weight 
was considered equal to the corresponding value of the applied 
charges vector. 
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Figure 1: Used criterion to estimate the applied charges on 
the unmatched node B (A is matched with 

A’ and C with C’). 

6. OTHER RESULTS 
In this section we present two extensions of this methodology that 
can be useful. First we describe how strain energy can be 
evaluated, and second we describe how morphing can be done by 
considering only the non-rigid components. 

6.1 Strain Energy 
The involved strain energy, , was evaluated in this work by: E

 . (23) TE U KU=

   

Figure 2: Results obtained 
from two contours of real 
pedobarography images 

represented according to global 
strain energy levels. 

Figure 3: ... according 
to local strain energy 

levels. 
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AA'

  
Figure 4: Modal matching 

between contours A and B, and 
the result, A’, of the applied 

rigid transformation estimated 
to the initial contour. 

Figure 5: Only the non-
rigid component of 

morphing between A 
and B is obtained. 
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As we can see in the last equation, the global strain energy is the 
result of the sum of its local components, which means that the 
strain energy associated to the i th node, , is: ie

 . (26) 
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Therefore, once the displacement field between the given objects 
is determined, one can represent the intermediate shapes 
according to the global or local strain energy levels (figures 2 and 
3 – where lighter levels of grey represent higher energy). 

6.2  Only Non-Rigid Morphing 
It may be of some application areas’interest the estimation of only 
the non-rigid components of the deformation involved. To do so 
the rigid transformation component can be applied to the first 
shape, and the obtained shape is considered as the new initial 
shape. The rigid transformation component applied in this work is 

composed by a rotation about the origin, a scale about the same 
point, and finally a translation [3, 12]. Then, a new shape is 
obtained and the resolution of the dynamic equilibrium equation 
proceeds as described (figures 4 and 5). 

7. EXPERIMENTAL RESULTS 
This methodology was implemented in a platform to develop and 
test image processing and analysis, and computer graphics 
algorithms (for a detailed presentation see [15]). This section 
presents some of the obtained experimental results. 

We used the proposed methodology with contour objects because 
the behavior of 2D objects can almost always be simulated using 
only its contour without a critical loss of information and with a 
reduced computational cost (although this methodology also 
works with inner points). 

Notice that all presented images include the nodes of the initial 
and target shapes, and the obtained results are in grey scale 
according to the applied charges, or to the global or local strain 
energy values (all nodes of the same intermediate shape are linked 
by line segments). Also, lower levels of charges or energy are 
represented with darker tones of grey. 



For the fist experience, consider contours C and D represented in 
figure 6. When polyethylene is used as a virtual material, the 
global stiffness constant , the time step , critical 
damping levels are between 0.5% and 3%, the mode superposition 
method with Newmark’s method uses 7 steps (figures 7 and 8 are 
represented in values of local and global strain energy, 
respectively). In any of the mentioned figures we are able to 
notice that there is an increase on the stain energy values due to 
the increasing displacement between steps (figure 9). However, if 
the approach criterion is not used, the method will only stop if the 
forces equilibrium is achieved, consequently the number of used 
steps will be bigger, the displacements between steps decrease, 
and the strain energy values will decrease. Instead, the approach 
criterion allows the procedure to stop before equilibrium is 
achieved, and so the results presented can get better, but with a 

considerable increase of the number of steps used. As the 
estimated shapes approach the target shape, the applied charges’ 
intensities decrease. So, in the process limit, the approach stop 
criterion can be equivalent to the forces equilibrium criterion. 

1k = 1t∆ =

In resume, with the proposed stop criterion reasonable approaches 
can be obtained quicker, and it is easier to control (because it is 
more comfortable to specify a distance in pixels than with a 
force’s value). 

Considering now the contours E and F (figure 10), with 47 of 
their 57 nodes successfully matched, in figure 11 and 12 we can 
notice that the values of the global stiffness constant can also 
control the approach to the target shape, since higher intensities of 
the applied charges can take to quicker convergence (with the 
constraints established by the virtual material used - beyond those 
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Figure 6: Modal 

matching between 
contours C and D. 

Figure 7: Intermediate 
shapes according to local 

strain energy values. 

Figure 8: ... to 
global strain 

energy values. 

Figure 9: Global strain energy and 
displacement evolution during 

morphing in figure 9.  
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Figure 10: Modal matching between 

contours E and F. 
Figure 11: Initial and final shapes 

according to applied charges intensities 
when 60k = . 

Figure 12: ... 30k = . 
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Figure 13:  Modal matching between 

contours G and H.  
Figure 14: Intermediate shapes 

according to applied charges intensities 
when all modes are considered. 

Figure 15: …when 2/3 modes are 
considered. 



values results will diverge). 

For the last experience, consider contours G and H, represented in 
figure 13, with 61 nodes (each) of which 59 are successfully 
matched. Under the mentioned conditions for examples C and D, 
with a stop criterion based on the approach to the target shape at 
less than 220 pixels (which is equivalent to a medium approach of 
each node below than 3.7 pixels) the mode superposition method, 
solved with the Newmark’s method, using all modes needs 8 
steps, while with 2/3 of the modes 10 steps are needed (figures 14 
and 15). If less modes are used the computational cost will 
decrease, but generally the results’ precision will also be lost. 

8. CONCLUSIONS AND FUTURE WORK 
This paper presents a methodology to do physics based morphing 
between image represented objects. 

If all nodes of the given shapes are matched, then the applied 
charges are considered as proportional to the distances between 
each node and its pair. This solution can’t be adopted for the 
unmatched nodes, because we don’t know each node’s pair. To 
overcome this application restriction, we adopted a solution based 
on the neighborhood criterion. With this solution, reasonable 
approaches of the target shape can be obtained even when the 
number of unmatched nodes is significant. 

The intermediate shapes estimated, by the proposed methodology, 
can be represented according to the intensities of the applied 
charges, or of the global or local strain energy. Those values can 
be estimated in each integration step because this methodology is 
based on physical principles. 

In this paper, a solution is also presented to simulate only the non-
rigid morphing, which might be of interest to some of this 
methodology’s application domains. When the rigid 
transformation is applied ahead of the resolution of the 
equilibrium equation, as expected, the number of used steps is 
lower and displacements between steps are smaller. 

In this paper the dynamic equilibrium equation has been solved 
using the mode superposition method with Newmark’s method. 
We noticed that when only a part of the modes are used, the 
computational effort is reduced, but there is a decrease on 
accuracy. 

In future this approach should be expanded to 3D objects, since 
we have only worked with 2D data until now. 

To estimate the applied charges we used in this work fixed global 
stiffness constants and fixed time steps, but physical morphing 
can also be done in a way that, in each integration step, more 
information is added to the resolution process, allowing the 
constants variability. 
Another future task is the necessary validation of proposed 
methodology with real application examples. For instance, in the 
domain of computer graphics this methodology may be used to 
simulate the collision between objects; or in medical image it can 
be used to reconstruct intermediate images when two images are 
given. 
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