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d Numerical Analysis and Applied Mathematics Unit, Uni6ersité Catholique de Lou6ain, Bât. de Hemptinne, chemin du Cyclotron 2,
1348 Lou6ain-La-Neu6e, Belgium

Received 5 November 1999; received in revised form 29 March 2000; accepted 22 May 2000

Abstract

In this paper, we analyse some properties of the orthogonal collocation in the context of its use for reducing PDE (partial
differential equations) chemical reactor models for numerical simulation and/or control design. The approximation of the first
order derivatives is first considered and analysed with respect to the transfer of the stability properties of the transport component
from the PDE model to its approximated ODE (ordinary differential equations) model. Then the choice of the collocation points
as zero of Jacobi polynomial is analysed and interpreted as an optimal choice with respect to a weighted norm. Finally, some
guidelines for the use of orthogonal collocation are proposed and the results are illustrated on a simulation example. © 2000
Elsevier Science Ltd. All rights reserved.

Keywords: Partial differential equations; Polynomial; Orthogonal collocation

www.elsevier.com/locate/compchemeng

1. Introduction

The dynamics of tubular reactors are described by
partial differential equations (PDEs) derived from mass
and energy balances (e.g. Feyo de Azevedo, Romero-
Ogawa & Wardle, 1990). Either for numerical simula-
tion or for control design, the PDEs model is
commonly reduced to a set of ordinary differential
equations (ODEs) by using approximation methods
(e.g. finite differences, orthogonal collocation, …)
(Georgakis, Aris & Amundson, 1977; Jorgensen, 1986)
The approximation procedure may result in extensive
computation studies before obtaining a satisfactory
model approximation. For finite differences, the num-
ber of ODEs may easily become excessively high. The
orthogonal collocation presents the advantage of sub-
stantially reducing the number of required ODEs. It
has been the object of a very active research activity in

order to draw guidelines for implementing it in the
context of the reduction of tubular reactor models (see
e.g. Finlayson & Scriven, 1965; Villadsen & Stewart,
1967; Stewart & Sorensen, 1972; Finlayson, 1971, 1972;
Michelsen & Villadsen, 1972). However in spite of
interesting attempts (e.g. Cho & Joseph, 1983), there
exists no systematic procedure for choosing the reduc-
tion parameters (like the number of collocation points,
or the value of the parameters a and b of the Jacobi
polynomial, which influence the location of the dis-
cretization points). Beside this computation difficulty,
generally speaking, it may be difficult to know the
connection between the original distributed parameter
(infinite dimensional) model and its (finite dimensional)
discretised version, and as it is mentioned in Ray
(1981), the dynamical properties of both models may be
different. This is largely due to the lack of knowledge
about the properties of such approximation method
when applied for numerical simulation of chemical
reactors.

The motivation for this study is basically two-fold.
The first goal is to improve the current understanding
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L. Lefè6re et al. / Computers and Chemical Engineering 24 (2000) 2571–25882572

of the nature and performance of the orthogonal collo-
cation method. For example, is there any rigorous
mathematical basis behind the heuristic choices and
recommendations usually mentioned by the practi-
tioners (e.g. Cho & Joseph, 1983; Georgakis et al.,
1977)? Is there any strong advantage in using the
orthogonal collocation method over other integration
methods and what are the main disadvantages with
respect to them? Are there any criteria to guide the
practitioner in the selection of this method for cases
such as numerical simulation, dynamical analysis, or
control applications? The second goal is focused on the
formulation of mathematical guidelines that could be
useful for a more systematic selection and implementa-
tion of the orthogonal collocation method.

The questions raised in the preceding paragraph are
largely unanswered (e.g. Cho & Joseph, 1983; Geor-
gakis et al., 1977). The results presented here are part of
a research activity in distributed parameter system
which has been dedicated to various connected topics
(e.g. dynamical analysis of infinite dimensional model
(Dochain & Winkin, 1995; Winkin, Dochain & Ligar-
ius, 2000) and discretised finite dimensional model
(Waldraff, Dochain, Bourrel & Magnus, 1998), numeri-
cal simulation and control design (Dochain, Tali Maa-
mar & Babary, 1997), real-life control application
(Bourrel, Dochain, Babary & Queinnec, 2000).

Within the framework described above, the objective
of this paper is to analyse some properties of the
orthogonal collocation approximation method and to
suggest some guidelines which, we hope, could be useful
when implementing the orthogonal collocation. The
paper is organised as follows. In Section 2, we intro-
duce the general dynamical PDE model for tubular
reactors, and briefly present the orthogonal collocation
as a method for reducing PDE models into ODE ones.
Section 3 analyses the structural stability properties of
the matrix characterising the reduction of the first order
space derivative. Section 4 considers the choice of collo-
cation points as an error minimisation problem and
shows that the choice of zeros of Jacobi polynomials
corresponds to an optimal choice for a weighted norm.
Section 5 considers the numerical conditioning of the
lumped model. Section 6 summarises the guidelines that
can be drawn from the results of the numerical analysis
performed in the preceding Section 3, Sections 4 and 5.

And Section 7 illustrates the procedure on a simulation
example.

2. Dynamical models of chemical tubular reactors

Let us consider a tubular reactor as schematised in
Fig. 1 and in which NR non-isothermal reactions take
place involving NC components (reactants and prod-
ucts). Let us assume that the reactor is characterised by
an axial dispersion. Then the dynamical model is read-
ily derived by using mass and energy balances and can
be written in the following matrix form,

(x
(t

= −u
(x
(z

+Dm

(2x
(z2 +K0 r(x)+U (1)

with

x=
�C

T
�

, K0 =� K
−DHT/rCp

�
, U=

� 0
−Rh/rCp

�
Dm=

�DamINf
0

0 lea/rCp

�
(2)

and where T is the temperature (K), C is the compo-
nent concentration vector (mol/l), t (s) and z (m) the
time and space variables, lea and Dam the axial energy
and mass dispersion coefficients (kJ/ms K), u the su-
perficial fluid velocity (m/s), L the reactor length (m),
DH the reaction heat vector (kJ/mol), r the fluid den-
sity (kg/m3), Cp the specific heat (kJ/kgK), r(x) the
reaction rate vector (mol/l s) and K the yield coefficient
matrix. In a tubular reactor, the heat removal rate Rh is
often given by the following expression,

Rh=
4h
d

(T−Tw) (3)

where h, d and Tw are, respectively, the wall heat
transfer coefficient (kJ/m2Ks), the reactor diameter (m)
and coolant temperature (K). An important particular
situation is the plug flow reactor, i.e. when Dm=0, the
model is then hyperbolic (it is parabolic otherwise).

To complete the model, we have to add two
boundary conditions (in order to be able to solve the
equations (Eq. (1))). The most frequently used ones are
the Danckwerts’s boundary conditions (Danckwerts,
1953),

Dm

(x
(z

�z=0= −u(xin(t)−x(z=0, t)) (4)

(x
(z

�z=L=0 (5)

where xin denotes the influent value of x (for more
details on the model derivation, see e.g. Feyo de
Azevedo et al. (1990) and Dochain (1994) which con-Fig. 1. Schematic view of a tubular reactor.
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tain a number of older references including seminal
papers like Langmuir (1908), Danckwerts (1953). It is
also worth noting that the above dynamical model
equations Eq. (1) have been presented following the
traditional way but that there is a more rigorous
methodology to derive it by following an averaging
approach of the fundamental conservation equations,
as it is explained e.g. in Deen (1987).

2.1. Reduction of the partial differential equations

Either for numerical simulation or for control design,
the PDEs model is commonly reduced to a set of
ordinary differential equations (ODEs) by using ap-
proximation methods (e.g. finite differences, orthogonal
collocation, …) (Georgakis et al., 1977). The principle
of the orthogonal collocation method is to search an
approximation in the form of a finite series,

x*(z, t)� %
N

i=0

ci(t)l i
(N)(z) (6)

where x* denotes the approximation; N, the order of
the reduction; ci(t), time-varying coefficients and l i

(N)(z),
Nth order Lagrange interpolation polynomials, that is,

l i
(N)(z)�5

N

j=0
" i

z−zj

zj−zi

(7)

where z0, …, zN� (0, L), the interpolation (or ‘colloca-
tion’) points are parameters of the method, as well as
N, the order of the reduction. The unknown time-vary-
ing coefficients ci(t) are chosen such that the approxi-
mated solution is the exact one at the collocation
points. Since we have li(zj)=dij, this means,

ci(t)=x*(zi, t)=x(z, t)�z=zi
Öi�{0, …, N} (8)

For the system Eq. (1), we obtain the following set of
ordinary differential equations,

dxd

dt
= (−uL1+DmL2)xd+K0 f r(xd)+Ud

+ (−ul1+Dml2)x*(z0, t) (9)

where xd denotes the concentration vector of all compo-
nents and temperature at the collocation points, that is,

xd
T� (x1*(z1), …, x1*(zr); …; xNC

* (z1), …, xN C
* (zr);

T*(z1), …, T*(zr)) (10)

Ud and r(xd) are simply external heat exchange rate and
reaction rate vectors computed at the collocation
points, and listed in the same order than xd. L1 and L2

are (NR+1)× (NR+1) block diagonal matrices where
every block of the diagonal is identical, and are the
discretised matrices operator obtained from the reduc-
tion of, respectively, the convection operator ((/(z),
and the dispersion operator ((2/(z2), that is,
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with

L0 1�
�dl i

(N)(zj)
dz

n
{i, j=1, …, r};

l0 1�
�dl0

(N)(zj)
dz

n
{ j=1, …, r} (12)

L0 2�
�d2l i

(N)(zj)
dz2

n
{i, j=1, …, r};

l0 2�
�dl0

(N)(zj)
dz

n
{ j=1, …, r} (13)

The dimension r of the state vector for each process
component and the temperature is equal to N for plug
flow reactors (i.e. when Dm=0) (or in presence of a
lack of confidence in the output boundary condition),
otherwise it is equal to N−1. The value of variables x
at the boundaries can be computed from the boundary
conditions Eqs. (4) and (5) by introducing the expan-
sion Eq. (6), i.e.

Dm %
N

i=0

l1i0xki(t)= −u [xin−xk0(t)] (14)

%
N

i=0

l1i,Nxki(t)=0 (15)

3. Properties of the matrix L1

Let us note that the above matrices L0 1 and L0 2 are full
while the corresponding ones in the finite difference
approximation are bi- and tri-diagonal. If we recall that
the finite difference approximation is indeed equivalent
of approximating the reactor by a cascade of reactors,
we note that now the orthogonal collocation approxi-
mation indeed consists of a sequence of interconnected
cascade reactors. This probably explains why the collo-
cation method may reduce the order of the approxi-
mated lumped parameter model, and also why the
calibration of the method may be quite long and
difficult. The term (−uL1+DmL2)xd approximates the
transport component term of the PDE model, −u((x/
(z)+Dm((2x/(z2). It is obvious that due to flow direc-
tion in the reactor, the convective-diffusive equation

(x
(t

= −u
(x
(z

+Dm

(2x
(z2

is asymptotically stable, or in other words, the trans-
port dynamics are stable. This property is easy to check
by using standard PDE methods. Note that for the
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approximated models because of the structure of L1

and L2, it is enough to look at the matrices L0 1 and L0 2.
If we consider finite differences, the eigenvalues of the
(bi- and tri-diagonal) matrices L0 1 and L0 2 are easy to
compute, it is then routine to check that the term
(−uL1+DmL2)xd in finite difference is exponentially
stable (see e.g. Dochain, 1994). This means that the
finite difference approximation correctly transfers the
stability property of the transport component from the
original PDE model to the approximated ODE model.

But what about the orthogonal collocation? The
matrices L0 1 and L0 2 are full, and this renders the verifi-
cation more intricate. For simplicity, we shall concen-
trate only on the matrix L1 (which corresponds to the
plug flow reactor approximation), i.e. on the term
−uL1xd. The analysis is rather involved and is based
on the properties of the Lagrange polynomials used as
the base functions. The rth derivative of the expansion
of the variable x can be expressed by the following
equation, see Calogero (1985),

( r
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with

Z= (zjk) (17)

zjk= %
N

i=0," j

1
zj−zi

if j=k (18)

=
1

zj−zk

if j"k (19)

B=diag(bj), bj= 5
N

k=0," j
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Let us denote,

Xr=BZrB−1 (21)

Note that L0 1 and L0 2 are one block of X and X2,
respectively,

Xr=
�x11 X12

l0 r L0 r

�
(22)

where x11 and X12 are the first entry and the first row of
Xr, respectively. If we rewrite the matrices Zr and B in
the corresponding block formulation,

B=
�b0 0

0 B22

�
, Zr=

� z11
r Z12

r

Z21
r Z22

r

�
(23)

By straightforward matrix manipulations, we have,

L0 r=B22Z22
r B22

T (24)

B22 can be viewed as a similarity transformation,
therefore, the eigenvalues for Lr and Z22

r are similar,
and we can concentrate on the study of the matrix Z22

r .
In the following, the plug flow reactor case will only

be considered, and we shall concentrate on the analysis
of Z22. It may be worth nothing that the matrix Z22

presents a number of particular features,
� Z22 is the sum of diagonal matrix D and a skew-sym-

metric one S, Z22=D+S ;
� the trace of Z22 is strictly positive, tr(Z22)=�i=1

N (1/
zi)\0.
Moreover, the elements zi are as follows,

0Bz1Bz2B ···Bzq−1BzN=L (25)

Let us first calculate the eigenvalues for the 2×2
matrix Z22, which is then equal to,

Z22=

Á
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Ã
Ã
Ä

1
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1
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Ã
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The determinant and trace of Z22 are equal to,

Det(Z22)=
2

z1z2

, tr(Z22)=
1
z1

+
1
z2

(27)

Therefore, if we recall that for 2×2 matrices, the
trace is the sum of the eigenvalues and the determinant,
its product, we can conclude that the matrix Z22 has
eigenvalues with positive real parts.

Different linear algebra tools have been used
(Routh–Hurwitz (applied to −Z22), Lyapunov equa-
tion, …) have been considered for generalisation, but
up to now unsuccessfully. Mathematica has been used
to compute the Routh–Hurwitz criterion coefficients,
up to N=4 (for larger values of q, Mathematica was
not able to give a solution!). For instance, for N=3,
the characteristic polynomial of −Z22,

Det(lI+Z22)

=
z1z2z3l

3+ (z1z2+z1z3+z2z3)l2+2(z1+z2+z3)l+6
z1z2z3

(28)

It is routine to check that the above polynomial is
stable and, therefore, that the real parts of the eigenval-
ues of Z22 are all positive. The results are the same for
N=4.

However for larger values of N(N\4), the conjec-
ture that the real parts of the eigenvalues of Z22 are
positive is wrong. The argument is based on the follow-
ing counter-example.

Let us first violate the condition Eq. (25) and con-
sider that all the zi are equal (z1=z2=…=zN). For
N=5, it is routine to check that the characteristic
polynomial Det(lI+Z22) has the following complex
conjugate roots with positive real part,
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l=
z1

0.2493.13i
(29)

and therefore, Z22 has then an eigenvalue with a negative
real part. The result can be extended to the situation
when the zi are distinct by considering the continuity
theorem for the zeroes of a polynomial with respect to
its coefficients. More precisely, the characteristic polyno-
mial is built by considering,

zk=z1[1+ (k−1)o ], k=1 to 5, 0BoBo0 (30)

And then the conjecture is wrong, and we cannot
conclude that in general the orthogonal collocation
approximation of the first order space derivative with
Lagrange polynomial is characterised by a matrix whose
eigenvalues have all positive real parts, if N\4. This
implies that for more than four internal collocation
points, the approximation procedure may well result in
a reduced model with an unstable transport component.

An important guideline at this point consists of check-
ing the eigenvalues of (−uL0 1+DmL0 2) before implement-
ing the orthogonal collocation approximation.

4. Theoretical analysis of the accuracy of the
collocation method

4.1. Orthonormal polynomials

The application of orthogonal collocation to the
approximation of distributed parameter models has been
the object of many works (e.g. Georgakis et al.,
1977Jorgensen, 1986; Cho & Joseph, 1983; Khanna &
Seinfeld, 1987; Jutan, Tremblay, MacGregor & Wright,
1977; Segall, MacGregor & Wright, 1984). Its implemen-
tation requires to choose (Michelsen & Villadsen, 1972):
1. the number of collocation points;
2. the location of the collocation points.

A classical choice of collocation points in chemical
engineering is to take them as zeros of orthogonal
polynomials, usually of Nth order monic Jacobi poly-
nomials pN

(a,b), that is polynomials defined by the three
terms recurrence relation,

pN
(a,b)= (z−gN(a, b))pN−1

(a,b) −hN(a, b)pN−2
(a,b) (31)

with p0
(a,b)=1 and where coefficients hN(a, b) are defined

as follows:

hN(a, b)�

Á
Ã
Í
Ã
Ä

(N−1)(N+a−1)(N+b−1)(N+a+b−1)
(2N+a+b−1)(2N+a+b−2)2(2N+a+b−3)

if N\2

(a+1)(b+1)
(a+b+2)2(a+b+3)

if N=2

gN(a, b)�

Á
Ã
Ã
Í
Ã
Ã
Ä

0 otherwise

1
2
�

1−
a2−b2

(2N+a+b−1)2−1
�

if N\1

b+1
a+b+2

if N=1

Choosing zeros of classical orthogonal polynomials
as collocation points makes orthogonal collocation ap-
proximations able to integrate exactly polynomials up
to order 2N−1 by means of quadrature formulae
(Gay, 1989), which actually is the maximum order of
accuracy reachable with such Nth order approxima-
tions. In this sense, this choice can be considered as
optimal, and, in practice, it provides results comparable
with those obtained from Galerkin’s method Fornberg
(1996)1. This last method is often considered as a
reference when regarding the accuracy of the numerical
approximation of the solution, but it requires a huge
computational effort.

Once this generic choice of collocation points agreed,
we may wonder more specifically why to choose zeros
of Jacobi polynomials. One possible reason to do so is
that this choice leads to a numerical method which can
be ‘tuned’ with two parameters, a and b. For instance
(see Georgakis et al., 1977), a small (resp.\1) and
b\1 (resp. small) tend to concentrate the collocation
points close to the reactor output (resp. input).

This property provides an intuitive tuning for the
method and has been used extensively by process engi-
neers to define qualitative and experimental-based rules
governing the appropriate use of the method in each
specific application.

However, we will not, in this paper, restrict our a
priori choice to Jacobi polynomials, but will consider
general classical orthogonal polynomials.

4.2. Cauchy’s formula for the interpolation error

In searching the approximated solution in the form Eq.
(6), we actually look, at each fixed time t, for the Nth
order polynomial which interpolates the unknown exact
solution at the N+1 collocation points (z0, …, zN). The
following Cauchy’s result (see Davis, 1975), gives an
upper error bound for such approximations.

if we define the interpolation error by: eN(z, t)�x(z,
t) −�i=0

N xi(t) pi(z) and assume that unknown solu-
tion x(z, t) is sufficiently continuously differentiable,
we have,

1 The recent book by Bengt Fornberg (1996) addresses interesting
issues on the approximation by series of special functions (the so-
called pseudospectral methods). Hence, it applies to series of La-
grange polynomials, thus to orthogonal collocation. Noticeably for
our problem, its chapter 3 discusses the convergence of the interpolat-
ing functions and the influence of the position of the collocation
points on this convergence.
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eN(z, t)�w(z)
xz

(N+1)(h(z), t)
(N+1)!

(32)

where w(z)��j=0
N (z−zj) and h(z)� [−1, +1].

Hence, we try to choose the interior collocation
points z1, …, zN−1 that minimise the interpolation error
Eq. (32). Without any a priori knowledge on the be-
haviour of the exact solution, this problem reduces to
finding the z1, …, zN−1 such that 
w(z)
� is minimal.
The roots of the (N−1)th order Chebyshev
polynomials

z*k�cos
�

p
2k+1

2(N−1)
�

for k=0, …, N−2 (33)

are solution of this problem and the corresponding
minimal norm is (see Ralston & Rabinowitz, 1978)


w(z)
�=
* 5

N−1

k=1

(z−zk*)
*
�

=2− (N−2) (34)

Hence,


eN
�5

xz

(N+1)( · , t)
�
(N+1)!2N−2 (35)

Note that Chebyshev polynomials belong to the fam-
ily of Jacobi polynomials, and correspond to the values
of the parameters a=b= −1/2.

4.3. Theoretical analysis of the error minimisation

Eq. (32) suggests that we can handle the effect of
large variations (typically, due to the presence of ‘hot
spots’ i.e. large and concentrated variations in the
spatial profiles of the temperature and/or concentra-
tions) on the interpolation error by choosing suitable
collocation points. Therefore, we suggest to choose the
N−1 interior collocation points solutions of the fol-
lowing problem,

min
zi� [−1, +1]Öi�1, …, N

�*5
N

j=0

�(z−zj)w�(z)�*
�

�
(36)

where the weight w�(z) is supposed to be large around
the hot spots, and small everywhere else. Doing this, we
keep the interpolation error small where it would have
been large if we had considered an ‘uniform’ choice of
collocation points (zeros of a Chebyshev polynomial).
Actually this choice follows the classical intuitive
choices of collocation points, since, as we will show
later on, it increases collocation points around hot
spots. However, a compromise has to be found since
the number of collocation points is limited (it is also the
size of the differential system to solve) and since a too
high concentration of collocation points around hot
spots leads to poor approximation anywhere else. This
compromise is automatically handled if collocation
points are chosen according to Eq. (36).

In order to solve the minimisation problem Eq. (36),
we will proceed in two steps. First we will slightly

generalise the Chebyshev equi-oscillations theorem
(which characterises the best polynomial approximation
of a continuous function, see Cheney, 1966 and re-
marks in Appendix A). Then we will use this result, as
well as results on the asymptotic behavior of orthogo-
nal polynomials, to find an asymptotic solution to the
problem.

Let us remark that the problem of finding the collo-
cation points z1, …, zN−1 which minimises the product
�j=0

N (z−zj)w�(z) is equivalent to the problem of find-
ing the monic polynomial �j=0

N (z−zj) of minimal
weighted uniform norm, defined in the following way,

Öf�C([a, b ]),
 f
w�� sup
x� [a,b]

� f(z)w�(z)� (37)

Then note that this last problem is equivalent to the
problem of finding the best Nth order (not monic)
approximation polynomial for the function −zN+1, in
the sense of the weighted norm 
 · 
w�, that is finding
the polynomial p̃N−1 such that


(−zN+1)− p̃N−1
w�
=
*
− 5

N

j=0

(z−zj)
*

w�

(38)

is minimal. The solution of this last approximation
problem may be characterised by using a generalisation
of the Chebyshev equi-oscillation theorem presented
hereafter.

Theorem 1. (Alternation theorem) If f�C ([a, b ]); p̂�Pn

(N\0) where PN denotes the space of Nth order polyno-
mial with real coefficients defined on [−1, +1]. Then p̂
is the best approximation of f, in PN, in the sense of the
norm 
 · 
w�

iff. There is a set of at least (N+2) points
such that the function ê� ( f− p̂)w� equi-oscillates and
reaches its extrema 6alues at each of these points, that is,

iff. ×(zi)i�0,…,N+1 such that a 5z0Bz1B…BzN+1

5b

and ê(zi)=s(−1)i
ê
�
with s=1 or s= −1 (39)

The proof is given in Appendix A.
In the case of general weights, only asymptotic re-

sults (that is, results when the polynomial order N tends
to infinity) are available on equi-oscillation properties.
From this theory [33], we point out the following result:

Assume w(z) is the weight used to define a family of
orthonormal polynomial with respect to the inner
product (u �6)Lw

2�	+1
−1 u(z)6(z)w(z)dz

Then the quantity 

1−z2 w(z)pN(z) (where pN is
the Nth order polynomial orthonormal polynomial
associated to the weight w) tends2 to asymptocially
equi-oscillate on the interval [−1, +1], when N�
�.

2 See Erdelyi, Magnus and Nevai (1994) for recent results on error
and speed estimation of this convergence.
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Fig. 2. Weights w� (z) with a maximum value in zmax=0.1818 when a and b range from −1/2 (uniform weighting) to 2.

If we assume that N is large enough, we can then
conclude that 

1−z2 w(z)pN(z) nearly equi-
oscillates.

A classical continuity argument, borrowed from the
theory of the exchange algorithm (see Ralston &
Rabinowitz, 1978; Powell, 1981) lead to a satisfactory
approximation result. Indeed, since the operator of the
best polynomial approximation is continuous, we may
conclude that this pN(z) (which nearly equi-oscillates) is
a good approximation of the optimal polynomial p̂N(z),
which minimises the norm 
p
w� with,

w�(z)�

1−z2 w(z) (40)

At this point, it may be interesting to investigate the
meaning of classical choices of collocation points in
order to point out what implicit norm minimisation is
made while using it. For instance, in the case where the
collocation points are zeros of Jacobi polynomials, we
know that ,

w(z)� (1−z)a(1+z)b (41)

Hence we know that using these collocation points,
we will get an approximated solution which minimises
an interpolation error weighted by the function,

w�(z)�

1−z2 (1−z)a(1+z)b with a, b]
−1
2

= (1−z)(2a+1)/4(1+z)(2b+1)/4 (42)

Many shapes may be reached with weight of the form
Eq. (42). They allow to emphasise the interpolation
error from one side to the other of the reactor, accord-
ing to the values of the tuning parameters a and b. In
Section 7, weights defined on [0, 1] (reactor length
L=1) and centred around z=0.1818 (the temperature
profile ‘hot spot’) will be used. A simple scaling of the
weights w�(z) on [0, 1] and short calculations show
that these weighting functions reach their maximum in,

zmax=
1+2b

2(a+b+1)
(43)

Weighting functions such that Eq. (43) is satisfied for
zmax=0.1818 are illustrated in Fig. 2 for values of a

ranging from −1/2 (‘Chebyshev’ or uniform weighting)
to 2. The corresponding weighting functions slide from
a uniform weight on the error to a weight more and
more localised around zmax=0.1818.

5. Well-posedness of the reduced model

Efforts made to minimise theoretically the (weighted)
interpolation error may become worthless if the choice
of collocation points lead to a badly conditioned sys-
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tem. In this section, a slightly modified classical result
on the conditioning of systems of ordinary differential
equations is presented, and then applied to the tubular
reactor reduced model Eq. (9). The aim of these com-
putations is to determine how well-posed this model
could be according to a given choice of collocation
points, that is how perturbations in the data are propa-
gated. For this purpose, the following Cauchy problem
will be considered,

(P)


Á
Ã
Í
Ã
Ä

du
dt

=Mu+F(u)

u(0)=u0

(44)

where x is a vector of real valued functions, F a
non-linear vector field, and M a matrix of appropriate
dimension. In the reactor models generally considered
in process engineering, it may be supposed that the
reaction rates vector is differentiable, hence totally Lip-
schitzian. The following assumption will, therefore,
holds in the following,


F(u1)−F(u2)
25LF
u1−u2
2 (45)

for every u1 and u2 in the space of admissible states.
The norm in Eq. (45) is the classical Euclidean norm in
Rp, where p is the state space dimension. Assumption
Eq. (45) guarantees the global existence and uniqueness
of a solution for equations Eq. (44). The next result
establishes what is often called ‘the continuous depen-
dence of the solution’, relatively to the data of (P) (see
e.g. Gottlieb & Orszag, 1977). It is here generalised
slightly in order to take into account the specific fea-
tures of tubular reactor models.

Theorem 2. (Continuous dependence) Let a perturbed
problem be defined according to,

(Pd)


Á
Ã
Í
Ã
Ä

d6
dt

=M6+F(6)+d(t)

6(0)=u0+d0

(46)

where the perturbation d(t) is assumed to be continuous.
Let the distance between the solution of the initial prob-
lem Eq. (44) and the perturbed problem Eq. (46) be
defined as d(t),

d(t)�6(t)−u(t) (47)

Then, the Euclidean norm of this distance is upper
bounded as follows,


d(t)
25d0ekt+d�
ekt−1

k
(48)

where d� �max
t�R+

(d(t)), k�LF+ s̄(M) and s̄(M) the
larger singular 6alue of M.

The proof is given in Appendix B.

Inequality Eq. (48) shows the continuous dependence
of the (exact) solution of the problem Eq. (44) to its
data. Moreover, it bounds the fastest propagation of
floating points errors we may expect, as well as the
propagation of errors due to modelling, inaccurate
parameters estimation, or approximate initial condi-
tions. All these errors should be evaluated carefully,
when dealing with tubular reactor models.

Let us rewrite the reduced reactor model Eq. (9) as
follows,

dxd

dt
= (−uL1+DmL2)xd+F(xd) (49)

where F(x) models the reactions rates, and, possibly,
non-linear heat exchange phenomena. Its components
essentially depend on the chosen reactor kinetic models.
Hence a general theory on its behaviour cannot be
made available. No general information on its struc-
ture, nor on its fastest variation rate (LF), may be used
to specify F(x), due to the very large variety of reaction
kinetics used in process engineering. However, the lin-
ear part of equations Eq. (49), representing the discre-
tised transport component of the reactor, has always
the same structure, and informations on it may be
summarised in the matrix

M�−uL1+DmL2 (50)

To improve the conditioning of the differential prob-
lem Eq. (44), that is to minimise k, tuning the position
of collocation points may be an efficient strategy. There
is no simple analytic expression for the largest singular
value of M, since it strongly depends on the superficial
velocity u, and on the dispersion coefficients Dm, that is
on operating conditions of the reactor. However, there
are efficient numerical methods to compute it in a range
of collocation points. Taking into account this condi-
tioning problem, the position of collocation points has
to be determined with two simultaneous criteria,
1. it should minimise the theoretical interpolation er-

ror, relatively to a suitable choice of a weighting
factor, related to the dynamics of the reactor model
(see Section 4.3);

2. it should give a reasonable conditioning number,
which allows the computed solution (numerical inte-
gration) to be representative of the theoretical accu-
racy of the reduction method.

6. Guidelines for the implementation of the orthogonal
collocation

The above mathematical analysis suggests several
guidelines for the implementation of orthogonal collo-
cation when applied to the numerical integration of
tubula reactor models. It can be summarised into the
following four-step procedure,
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1. a first simulation run with an uniform choice of
collocation points (zeros of Chebyshev polynomials,
see Section 4.2), to grasp the basic features of the
reactor dynamics (hot spots, slow variation areas),
and to estimate the minimal number of collocation
points needed in order to get satisfactorily results;

2. the design of a family of weights for the interpola-
tion error, taking into account the characteristics of
the model dynamics, and the computations of the
corresponding collocation points positions;

3. the computations of the conditioning number of the
reduced model (larger singular value of Eq. (50)),
for the family of pre-selected collocation points, and
of the eigenvalues of the transport and dispersion
discretised operators (to force the stability of these
two operators, see Section 3);

4. a final selection of the collocation points, and a final
simulation run.

All these four steps will be detailed in the next
section, when applied to the example of an exothermic
plug-flow reactor. In this application, we have chosen,
for the parametric family of collocation points, zeros of
Jacobi polynomials, since it is, classically, the mostly
used in chemical reactor modelling and simulation. This
choice will allow us to point out what are the ‘implicit’
choices made when using these polynomials concerning
the stability of convection and dispersion operators, the
actual minimisation of the interpolation error and the
range of used conditioning numbers. The numerical
methods specific to our approach (computations of
zeros of orthogonal polynomials, evaluation of matrices
C1 and C2, and of their eigenvalues) are given in
Lefèvre (1998).

7. Example of a simple reaction model

7.1. Model dei6ation

In this section, the example of a simple first order
irreversible exothermic reaction

A�B (51)

in a tubular reactor will be considered. Model deriva-
tion and numerical data are from Gay (1989). In this
work, the author considers the model developed in
Section 2 in its dimensionless form. The mass and head
balance of reaction (Eq. (51)) may then be written as

(C0
(t0 =

1
Pem

(2C0
(z̃2 −

(C0
(z̃

−Da r(C0 , T0 )

(T0
(t0 =

1
Peh

(2T0
(z̃2 −

1
Le
(T0
(z̃

−hr(C0 , T0 )+m(T0 w−T0 ) (52)

with the dimensionless variables

z̃=
z
L

; t0 = tu
L

; C0 = C
Cr

; T0 = T
Tr

(53)

where L denotes the reactor length, u the fluid velocity
and Tr=500 (K) and Cr=1 (mol/l) are the tempera-
ture and concentration references which will be used in
this section. In this dimensionless form, the Danckwerts
boundary conditions become,

−
(T0
(z̃
)
z̃=0

=Peh(T0 in(t0 )−T0 (z̃=0, t0 ))

−
(C0
(z̃

)
z̃=0

=Pem(C0 in(t0 )−C0 (z̃=0, t0 ))

−
(T0
(z̃
)
z̃=1

= −
(T0
(z̃
)
z̃=1

=0 (54)

Where T0 in(t0 ) and C0 in(t0 ) are, respectively, the inlet
temperature and concentration ratios. The first order
reaction rate expression is here defined as,

r̃(C0 , T0 )=
r(C, T)

r(Cr, Tr)
=C0 (z̃, t0 )exp

�
g
�

1−
1

T0 (z̃, t0 )
�n

(55)

The meaning of the parameters used in Eqs. (52), (54)
and (55) is derived by application of the substitutions
Eq. (53) in Eqs. (1)–(5). They are classical parameters
and their values used in following sections for simula-
tions are listed in Table 1 hereafter.

The influence of the position of collocation points on
the error, stability, and well-posedness of the reduced
model, will now be investigated on this example by
following the guidelines developed in the previous
section.

7.2. Model reduction

According to the procedure presented in Section 2.1,
let C0 1, …, C0 N and T0 1, …, T0 N denote, respectively, the
concentration of component A, and the temperature at
the collocation points z̃1, …, z̃N� [0, 1]. Let (C0 0, T0 0) and
(C0 N+1, T0 N+1) denote, respectively, the couples of con-
centration and temperature at the reactor inlet and
outlet. Then the reduction of partial differential equa-
tions Eq. (52) leads to the following set of ordinary
differential equations

Table 1
Parameters used for numerical simulations

DefinitionParameter Value

Thermal Peclet number5Peh

Pem 5 Mass Peclet number
Lewis number1Le
Damköhler number0.875Da

15 Activation energyg

Heat of reactionh 0.8375
Heat transfer coefficient13m

wall temperature ratio1T0 w
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d
dt0

Æ
Ã
Ã
Ã
Ã
Ã
Ã
Ã
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C0 0

�
C0 N+1

T0 0
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T0 N+1

Ç
Ã
Ã
Ã
Ã
Ã
Ã
Ã
É

=

Á
Ã
Ã
Ã
Ä

1
Pem

L2−L1 0

0
1

Peh

L2−
1
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L1+mIN+1

Â
Ã
Ã
Ã
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Ã
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Ã
Ã
Ã
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Ã
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C0 0

�
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T0 0

�
T0 N+1

Ç
Ã
Ã
Ã
Ã
Ã
Ã
Ã
É

+mT0 w

Æ
Ã
Ã
Ã
Ã
Ã
Ã
Ã
È

0

�
0

1

�
1

Ç
Ã
Ã
Ã
Ã
Ã
Ã
Ã
É

+
�−DaIN+1

hIN+1

�ÆÃ
Ã
Ã
È

C0 0e
g(1− (1/T0 0))

�
CN+1e

g(1− (1/T0 N+1))

Ç
Ã
Ã
Ã
É

(56)
where IN+1 denotes the identity matrix of order N+1
and L1, L2 denote the matrices of, respectively, first and
second order derivatives of Lagrange polynomials
defined by,

(L1)i, j�
dl i

(N+1)(z̃j)
dz̃

(57)

(L2)i, j�
d2l i

(N+1)(z̃j)
dz̃2 (58)

for i, j�0, …, N+1. The boundary conditions Eq. (54)
reduce to a set of four algebraic equations. These ones
may be solved to obtain explicit values for the concentra-
tion and temperature at z̃0=0 and z̃N+1=1.� T0 0

T0 N+1

n
=aT

Æ
Ã
Ã
Ã
È

1

−
(L1)N+1,0

(L1)N+1,N+1

Ç
Ã
Ã
Ã
É

Á
Ã
Ã
Ã
Ä

PehT0 in+
�F1

F2

nÆÃ
Ã
Ã
È

T0 1

�
T0 N

Ç
Ã
Ã
Ã
É

Â
Ã
Ã
Ã
Å

� C0 0

C0 N+1

n
=aC

Æ
Ã
Ã
Ã
È

1

−
(L1)N+1,0

(L1)N+1,N+1

Ç
Ã
Ã
Ã
É

Á
Ã
Ã
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�F1

F2

nÆÃ
Ã
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È
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�
C0 N
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Ã
É
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Ã
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Å

(59)

where

aT=
1

Peh− (L1)0,0+ (L1)0,N+1(L1)N+1,0/(L1)N+1,N+1

aC=
1

Pem− (L1)0,0+ (L1)0,N+1(L1)N+1,0/(L1)N+1,N+1�F1

F2

n
=
�IN 0

0 IN

��
(L1)0,.−

(L1)0,N+1

(L1)N+1,N+1

(L1)N+1,.
�

+
�0 0

0 IN

� 1
aT(L1)0,N+1

(L1)N+1,. (60)

When the solutions (Eq. (59)) are replaced in the
reduced model (Eq. (56)), a set of 2N non-linear ordinary
differential equations is obtained. The unknown func-
tions are concentrations and temperatures at each inte-
rior collocation points.

Now, the steady state solution of this reduced model
will be computed and compared with steady state solu-
tion of the distributed parameters model. It exhibits a hot
spot in the stationary temperature profile and allows us
to apply a selection of collocation points which empha-
sises the behaviour of the reactor around this hot spot.

The collocation points are chosen as zeros of the
Jacobi polynomials pN

(a,b) defined on [0, 1]. The influence
of the parameters a and b will be discussed using the
results concerning the stability and the well-posedness of
the reduced differential model.

Finally, the dynamical behaviour of the reduced model
after a variation in the feeding conditions will be com-
puted. This will allow us to note that the benefits of the
collocation points choice is preserved for dynamical
simulations, in the studied case.

7.3. Stationary profiles and weights on the error

Stationary profiles are solutions of Eq. (52) with
(C( /(t( =(T( /(t( =0. They may be computed as the solu-
tion of the resulting ordinary differential initial value
problem, integrated along the axial distance z̃ with the
influent temperature and concentration as initial values.

Stationary profiles may also be computed as the
equilibrium of the reduced model. Both solutions are
compared in Fig. 3 in the case T0 in=1 and C0 in=1. A
reduction with only three interior collocation points has
been chosen. From a first computation of the initial
temperature and concentration profiles3, it has been
observed that the temperature exhibits a hot spot around
z̃=0.1818. Then the family of weights on the error

3 This first computation may be performed either by numerical
integration of the stationary initial value problem (see the continuous
lines on Fig. 3) or by solving the reduced stationary non-linear
algebraic equations obtained with a uniform weight on the error, i.e.
a= −1/2 (see the dash-dot lines on Fig. 3).
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Fig. 3. Concentration (top part) and temperature (middle part) stationary profiles computed both by numerical integration of ODEs (continuous
line) and by the three interior points collocation method for several values of the Jacobi parameters, a=b= −1/2 (dash-dot lines), a=1/4,
b= −1/3 (dashed lines) and a=3, b=0.2777 (dot-dot lines). The corresponding weights on the error are represented in the bottom part.

defined by Eq. (42) which reach their maximal value in
z̃max=0.1818 according to Eq. (43) has been selected.
Eq. (43) is, in this case, an equation with two un-
knowns, the Jacobi parameters a and b. Another equa-
tion between these two parameters may be obtained by
choosing for instance any measure of the dispersion of
the weight on the error around its maximal value. In
Fig. 3 hereafter, three cases have been compared, a
uniform weight on the error (a=b= −1/2, see the
dash-dot lines in Fig. 3-bottom), a weight centred in
z̃max but with a high dispersion a=1/4 and b= −1/3,
see the dashed lines in Fig. 3-bottom) and a weight
centred in z̃max and highly localised around z̃max (a=3
and b=0.2777, see the dot-dot line in Fig. 3-bottom).

The results confirm what the theory predicts. Indeed
a weight highly localised around z̃max gives excellent
results around this point but causes the solution to
diverge significantly away from this point. Note that in
the chose example, there are only three interior colloca-
tion points and consequently the asymptotic (N��)
equi-oscillation behaviour of the error is not reached
yet.

It remains now to check if the designed weight which
is suitable for error minimisation on the stationary
profiles (a=1/4, b= −1/3) leads also to a reasonable
conditioning number and achieves stability of reduced
transport component model.

7.4. Stability conditioning of the reduced reactor
transport component model

The transport component of the reactor is repre-
sented by a matrix in the reduced model. Hence, the
discretised transport component operator will be stable
if all the eigenvalues of this matrix have negative real

Fig. 4. Real part of the eigenvalue of the reduced transport, compo-
nent matrix with the largest real part, max[Re{li}]. This real part is
computed for three interior collocation points and with a, b ranging
from one and half to 20.
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Fig. 5. Real part of the eigenvalue of the reduced transport compo-
nent matrix with the largest real part, max[Re{li}] . This real part is
computed for 5 interior collocation points and when a ranges from
−1/2 to 5 and b from −1/2 to 30.

collocation points becomes positive for very large val-
ues of b (around 15). However, for a large number of
collocation points, this instability problem may occur
for reasonably small values of a and b.

Another important point to check before proceeding
to the numerical integration of the reduced differential
model is to check the conditioning of this system. As it
has been explained in Section 5, this conditioning is
measured both by the Lipschitz constant of the reaction
rate and by the largest singular value of the reduced
transport component matrix.

In the chosen reactor example, the Lipschitz constant
of the dimensionless reaction rate is about 120 for
temperatures between 500 and 600 K and concentra-
tions between 0 and 1 mol/l. For three interior colloca-
tion points, the maximum singular value of the reduced
transport component matrix is of the same magnitude
for reasonable values of the Jacobi Parameters a and b

as it is illustrated in Fig. 6 hereafter.
However this maximum singular value increases

rapidly with the number of collocation points. The case
of ten interior collocation points is represented in Fig. 7
for Jacobi parameters a and b ranging from −0.5 and
4. For large values of either a or b, a very large
maximum singular value for the reduced transport
component is obtained. Such a choice should be ruled
out, since this largest singular value largely exceeds the
value of the Lipschitz constant and speeds up the error
propagation during the numerical integration of the
reduced differential model.

7.5. Simulation run of the reactor dynamic

The issues of the two previous sections suggest a
choice of Jacobi parameters around a=1/4 and b= −

Fig. 6. Largest singular value smax of the reduced transport compo-
nent matrix for three interior collocation points, when a and b range
from −1/2 to 4.

Fig. 7. Largest singular value smax of the reduced transport compo-
nent matrix for ten interior collocation points, when a and b range
from −1/2 to 4.

parts. In Fig. 4 hereafter, the real part of the eigenvalue
with the largest real part has been plotted, and com-
pared with zero, for different values of the Jacobi
parameters a and b and for N=3. As it may be seen on
this figure when there are only three interior collocation
points, instability of the reduced transport component
never occurs. This fact has already been noted in
Section 3 for the case of a plug-flow reactor. Following
comments of this section, one should eventually expect
instability problems for more than four interior colloca-
tion points. This is indeed the case as it is illustrated in
Fig. 5 hereafter where the largest real part of the
reduced transport component model with five interior
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Fig. 8. Dynamical behaviour of the temperature (K) profile at times after a step change in the inlet boundary conditions (continuous lines,
reference solution; dashed lines, three interior points collocation with a=1/4 and b= −1/3; dash-dot lines, three interior points uniformly
weighted collocation).

1/3 which achieves satisfying stationary profiles, stabil-
ity and good conditioning of the reduced dynamical
model. It remains now to check if the dynamical be-
haviour of the reduced model is also satisfying for this
choice of Jacobi parameters. We propose a dynamical
simulation run with a step change at time t0 =0 in the
inlet boundary conditions, the inlet temperature ratio
T0 in decreases from 1 to 0.85 and the inlet concentration
ration C0 in increases from 1 to 1.15. The temperature
and concentration initial conditions are given by the
stationary profiles computed previously. The numerical
results are given in Fig. 8 hereafter. The reference
solution is here computed with a uniformly weighted 28
interior points collocation methods. The resulting re-
duced differential system (the reference solution and
third order ones) are integrated using a simple Runge–
Kutta (2, 3) method. The corresponding distances be-
tween the reference solution and the three interior
points solutions are represented in Fig. 9.

Note the a third order differential model is not able
to follow the high-speed variations of the temperature
profile after the step change in the inlet boundary
conditions (see result at time t0 =0.01 in Fig. 8), what-
ever the chosen collocation points are. The delay result-
ing from this low order approximation is absorbed yet
at time t0 =0.05 (see Fig. 8) where the weighted colloca-
tion method is still more accurate than the uniformly

wighted one. This improvement lasts till the stabilisa-
tion of the temperature profile which is achieved
around time t0 =2 (see Fig. 8).

Note that about the same conclusions apply for the
case of eight interior collocation points represented in
Fig. 10 hereafter. In this case, the error magnitude is
about 30 times lesser than in the case of the three
interior points collocation method, but improvement
due to the design of a specific error weight and pre-
dicted by the theory still remains.

Hence, in this case, and due to the low displacement
of the ‘hot spot’ in the temperature profile, it is not
necessary to proceed to a continuous adaptation of the
error weight (and consequently of the collocation
points) during the numerical integration of the reduced
dynamical model.

However, for more important displacements of the
hot spot, or for significant changes in the profile shape,
this continuous change in the designed weight may be a
suitable strategy. We leave this question for further
works.

8. Concluding remarks

In the example of Section 7, collocation points have
been chosen to be zeros of third order Jacobi polynomi-
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Fig. 9. Distance between the temperature reference solution and the temperature computed by a three interior points collocation with a=1/4 and
b= −1/3 (dashed lines), or by a three interior points uniformly weighted collocation (dash-dot lines).

Fig. 10. Distance between the temperature reference solution and the temperature computed by an eight interior collocation with a=1/4
b= −1/3 (dashed lines), or by an eight interior points uniformly weighted collocation (dash-dot lines).
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als (three interior collocation points). As it has been
recalled in this paper, this choice leaves two tuning
parameters (a and b) which determines the position
of these collocation points. Taking into account con-
siderations on conditioning, stability and accuracy de-
veloped in this paper, a more systematic approach
(than the classical trials and errors methodology) has
been adopted to make directly a nearly optimal
choice of these parameters. The analysis performed in
this paper about the relationship between the choice
of collocation points and a weighted minimisation
problem (see Section 4.3) has been confirmed by the
numerical treatment of this example. Moreover, it has
been shown that conditioning and stability of the re-
duced transport component operator may be trans-
lated into constraints on the selection of collocation
points.

The method developed in this paper applies not
only to seek for optimal Jacobi parameters, but also
to design general weight on the interpolation error,
and to compute the corresponding collocation points.
Yet, as illustrated in Fig. 3, the design of a weight on
the error is a complex problem. The numerical results
obtained may change consequently for slight variation
of the weight function. Consequently, for a general
weight w�(z), two dispersion parameters (in the Ja-
cobi case, we used the maximal temperature value
and the dispersion of the temperature profile around
this value) may not suffice. Theoretically, a wide vari-
ety of weight functions may be used. They lead to
corresponding families of orthogonal polynomials.
The zeros of these orthogonal polynomials may be
computed easily and are the collocation points that
correspond to the desired minimisation of the interpo-
lation error. Hence, all the computations necesssary
to obtain these collocation points may be achieved by
using only standard orthogonal polynomial al-
gorithms (see e.g. Powell, 1981). But the use that may
be done of this rich variety of choices (weight de-
signs) remains, to the best of our knowledge, an open
and interesting problem. The same final remark ap-
plies to the use which could be done of a continuous
sliding of the collocation points during the numerical
integration of the reduced model. We hope that our
contribution may help further works on the way to
design such a suitable ‘continuous sliding’.
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Appendix A. Proof of the generalised alternation
theorem

The generalised alternation theorem presented in
this paper is a modified version of the famous Cheby-
shev alternation theorem. This last one was sketched
by a few Russian scientists and reported more
completely by Chebyshev in 1859. Its final demonstra-
tion needed the compactness concept and therefore
was achieved only in the 20th century. It is com-
pletely reported in Cheney (1966). This last
demonstration has been adapted here to fit for the
case of a non-uniform weight on the approximation
error.

A.1. Sufficient condition

Assume that there is a sequence {zi}i�0, …, N+1 with
a5z0Bz1B…BzN+15b, and Nth order polyno-
mial p̂ such that the function ê� (f− p̂)w� equi-oscil-
lates and reaches its extrema values for z=zi ; that is
ê(zi)=s(−1)i
ê
� with s=1 or s= −1.

Assume (reductio ab absurdum) that there is an
Nth order polynomial p which approximates f, strictly
better than p̂ in the sense of the weighted norm

 · 
w�; that is such that 
 f− p̂
w�B
 f− p̂
w�. In
this case, from the decomposition.

((p̂−p)w�)(zk)= ([( f−p)− ( f− p̂)]w�)(zk)

k=0, …, N+1

=
�

s(−1)k
 f− p̂
w�\
 f−p
w�
− (( f−p)w�

)(zk)
5
 f−p
w�

n
k=0, …, N+1

we may conclude that the function (p̂−p)w� has at
least N+1 zeros in [a, b ]. This is also the case of the
polynomial (p̂−p), since the weight w�(z) is assumed
to take strictly positive values for z� [a, b ]. Hence,
since (p̂−p) is a polynomial of order N, it is identi-
cally zero and p̂=p, which contradicts the reductio
ab absurdum assumption.
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Fig. 11. Subdivision of the interval [a, b ], D1�d1
+ d2

+; D2�d3
− and

D3�d4
+.

will be selected, in each Dk the points zk for which
�ê(z)k �=EN will be included to this set. Hence, to
complete the proof of the theorem it has only to be
proved that there is at least N+2 points zK, that is

m+1]N+2. This last assertion will be proved, re-
ductio ab absurdum. For this purpose, assume that
m5N. In this case, it will be constructively proved that
there is a polynomial approximation strictly more accu-
rate than p̂, which may be written in the form

p(z)= p̂(z)+lq(z) (A.1)

where q(z) is an Nth order polynomial in z, which has
the same sign than ê in each Dk and l is a real number.

Let ji, for i= l, …, m, be the zeros of ê. They are, by

construction, located in [a, b ]¯
!
 k Dk

"
Hence the

polynomial

q(z)�s 5
m

i=1

(ji−z) (A.2)

(with s= −1 or s= +1) has the same sign than ê for

any z�
!
 k Dk

"
. Since our ‘absurd’ assumption is that

m5N, q(z) and p(z) are well defined as Nth order
polynomials. In order to point out a suitable l, let D
and D( be the real domains defined according to
D� (@k=1

m Dk), D( � [a, b ]¯D and the constant E %N ac-
cording to E %N�sup

z�D(
�ê(z)�BEN. The construction of the

subdivision of [a, b ] insures that EN/25E %N, hence
EN/25E %NBEN. We may, thus, define a constant l

such that

0Bl
q
w�
BE %N−EN (A.3)

It is now sufficient, to conclude the proof, to show
that the polynomial p(z) defined in Eq. (A.1), using the
definitions Eqs. (A.2) and (A.3) is a polynomial of
better approximation than p̂(z).

It is the case, since
1. If zQD, then

�[ f(z)− (p̂(z)+lq(z))]w�(z)�5E %N+ �lq(z)w�(z)�
5E %N+l
q
w�

5E %N+ (EN−E %N)

BEN

2. If z�D, then ê(z) has the same sign than q(z) hence,

�[ f(z)− (p̂(z)+lq(z))]w�(z)�
5 �( f(z)− (p̂(z)−lq(z)�w�(z)

5 ��ê(z)�− �lq(z)�w�(z)�
and, by construction, �ê(z)�� [EN/2, EN ] and
�lq(z)�w�(z)� [0, EN/2]. Hence

�[ f(z)− (p̂(z)+lq(z))]w�(z)�BEN

A.2. Necessary condition

Assume that p̂ is the Nth order polynomial of best
approximation of a continuous function f�C ([a, b ]), in
the sense of the norm 
 · 
w�. Let us define the
weighted error function ê� ( f− p̂)w�, and its absolute
maximal value EN�
ê
w�.

Then the function reaches the values +EN and −EN

in [a, b ]. Indeed, otherwise (reductio ab absurdum),
there is a h\0 such that −EN+h5 ( f− p̂)w�+h5
EN−h, that is

−EN+h5
�

f(z)−
�

p̂(z)+
h


w�
�
n�

w�+h

5+EN−h Öz� [a, b ]

Hence, the polynomial p̂(z)+h/
w�
� is a polyno-
mial of better approximation than p̂(z), which contra-
dicts the assumptions.

This last observation makes sense to the following
subdivision of the real interval [a, b ]. Let [ai, ai+1] be a
subdivision of [a, b ] such that Öj, h� [ai, ai+1], the
inequality �ê(j)− ê(h)�BEN/2 holds (uniform continu-
ity of ê(z)). Among these intervals, denote d i

+ and d i
−

those in the closure of which ê(z) reach, respectively,
the values +EN and −EN. Finally, define the interval
Dk iteratively, in the following way

D1�@{first d i
+ (or d i

−)�ê(z)

× keeps a constant positive (negative) sign}

D2�@{next d i
− (or d i

+)�ê(z)

× keeps a constant negative (positive)

× sign, after the first zero of ê(z).}

Dm+1�@{next d i
− (or d i

+)�ê(z)

× keeps a constant negative or positive)

× sign, after the first zero of ê(z).}

Fig. 11 illustrates the subdivision of [a, b ], and the
consequent definitions of intervals d i

+ and d i
− and Dk.

It also illustrates the way the ‘candidate’ alternating set
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Appendix B. Proof of the continuous dependence theorem

This proof is only an adaptation of a classical result
on the continuous dependence of the solution of non-
linear problems relatively to data of this problem. The
demonstration has been adapted from standard argu-
ments which are developed in Gottlieb and Orszag
(1977), in order to make use of the specific structure of
the reduced differential problem (a linear part for the
transport component and a non-linear one for the
reaction rate). Its main idea is to develop a differential
inequality which characterises the evolution of the dis-
tance d(t)�6(t)−u(t) between the solution of the
problem Eq. (44) and the solution of the perturbed
problem Eq. (46). This distance is continuously differ-
entiable, since so are the two functions u(t)and 6(t).
Hence, it is the solution of a new differential problem.

Á
Ã
Í
Ã
Ä

d(d)
dt

=Md+F(6)−F(u)+d(t)

d(0)=6(0)−u(0)=d0

(B.1)

Choosing an euclidean vector norm 
 · 
2 and defin-
ing, classically, its associated matrix norm by


M
2� sup

x
=1


Mx
2 (B.2)

a new differential inequality (scalar), giving an upper
bound for the error, may be derived from the system
Eq. (B.1),

Á
Ã
Í
Ã
Ä

*d(d)
dt

*
2

5 (
M
2+LF)
d(t)
2+
d(t)
2


d(0)
2=
d0
2

(B.3)

Now observe that


d(t)−d(0)
2=
�*& t

0

d %(t)dt
*

2

2�1/2

5
�%

i

& t

0

(d %i (t))2dt
�1/2

=
�& t

0


d %(t)
2
2dt

�1/2

5
& t

0


d %(t)
2dt (B.4)

and that 
d(t)
25
d(t)−d(0)
2+
d(0)
2. Defining
the auxiliary function w(t)�	t

0 
d %(t)
2 dt, the differen-
tial inequality Eq. (B.3) may be written (with the help
of inequality Eq. (B.4), in the form

Á
Ã
Í
Ã
Ä

dw
dt
5 (
M
2+LF)(w(t)−
d0
2)+
d(t)
2

w(0)=0
(B.5)

In order to simplify the writing of further deriva-
tions, let us define the following notations

d0�
d0
2; d��max
t�R+


d(t)
2; k�
M
2+LF

(B.6)

With these notations, the differential inequality Eq.
(B.5) may be written

Á
Ã
Í
Ã
Ä

k(dw/dt)
kw+kd0+d�

5k

w(0)=0
(B.7)

And after integration of this last differential inequal-
ity on [0, t ],

w(t)5
�ekt−1

k

�
(kd0+d�) (B.8)

Finally, observe from Eq. (B.4) that

w(t)]
d(t)−d(0)
2]
d(t)
2−
d(0)
2

Hence,


d(t)
25w(t)+
d(0)
2=w(t)+d0

5d0ekt+d�
�ekt−1

k

�
(B.9)

To conclude the proof, we use the well known
Courant–Fischer representation of 
M
2 (see, e.g.
Stewart and Sun, 1990),


M
2
2� sup


x
2=1

Mx
2

2= max

x
2=1

xTMTMx= s̄2(M)
(B.10)
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