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On the Linearization up to Multi-Output Injection
for a Class of Systems With Implicitly Defined
Outputs

Sérgio S. Rodrigues and A. Pedro Aguiar

Abstract—For a class of nonlinear systems we investigate the
problem of under what conditions there exists a coordinate
transformation that yields a state affine linear system up to
output injection with implicit outputs. In particular, we provide
necessary and sufficient conditions for time-varying linearization
up to multi-output injection. We highlight that if the conditions
hold, as a consequence, it is possible in the new coordinates to
construct an observer with linear error dynamics. We propose
a methodology to find the coordinate transformation. Several
examples illustrate the proposed procedure.

Index Terms—Nonlinear multi-output systems, time-varying
linearization, observer design.

I. INTRODUCTION

The problem of identifying sub-classes in the general class
of continuous-time nonlinear systems described by

&= fula) == flu, o)
y = hu(@) = h(u, )

(1a)
(1b)

for which there exists, at least locally, an observer with linear
error dynamics has been an active topic along the years [11],
[13]-[16], [18]-[20]. More precisely, given (1), where f and
h are sufficiently smooth functions, x € R"™ is the state,
uw € R™ is an input signal and y € R? is the measured
output, a classical question is whether does exist a smooth
change of coordinates z = O(z) (a local diffeomorphism)
such that for the system written in the new coordinates it is
possible to construct a state observer Z so that the estimation
error Z = Z — z is governed by an asymptotically stable linear
(possibly time varying) dynamical system. If this is the case,
then # = ©~1(2) is an observer for the original system and
the estimation error converges exponentially fast to zero as
time goes to infinity.

Motivated by the above question, pioneering work in this
area includes the results by Krener in [18], and Krener and
Isidori in [19]. In the former, the linearization of a nonlinear
system is addressed with no reference to any output; in the
latter the linearization is studied up to output injection, that
is, the aim is to find z = ©(x) for a nonlinear system & =
f(x), y = h(x) that leads to a linear system up to an output
injection: 2 = Az + ®(y), y = Cz, where A and C are
linear maps and the vector field ®(y) only depends on the
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known output signal y. In this case, a Luenberger type observer
described by 2 = Az 4+ ®(y) + L(y — Cz) with L selected
so that A — LC' is Hurwitz achieves a linear error dynamics
z=(A-LC)z, %z := 2—z, where Z(t) — 0 as t — +o0o. More
recently, using tools from Differential Geometry, Hammouri
and Gauthier in [13], [14] and Hammouri and Kinnaert in [16]
extended the linearization problem to systems in form (1) to
obtain time-varying linear systems up to output injection of
the form

2=Auz+ ®,(y), y=Piz )

where Piz = [z122...29]7 € R? collects the first ¢
1,2

coordinates' of z = [2122 ... 27T € R", ¢ < n. In their
work, necessary and sufficient conditions to the existence of
the desired change of coordinates z = ©(x) are provided.
Other approaches consist in linearizing a nonlinear system up
to output injection by means of input/output transformation,
see for example [10], [21].

In this paper, we depart from a different point of view by
not restricting the target system to be in the form of (2). In
fact, the motivation of this work emerged from the following
observation: there exist relevant classes of systems that do
not satisfy the conditions in [13], [14], [16], although it
is still possible to construct an observer with linear error
dynamics, see [3]. A simple example is the following system
with a perspective output y and state z = [z' 22]T, 2! # 0:

x
—zt+y+ul’
see later on in Section IV-A, that it is not possible to write
it in the target form considered in [13], [14], [16], which
is 2 = Ayz + ®u(y), y = 2% for z = [2'2?]7, or
even other recent suitable target forms that were considered
in [5], [6], [12]. However, the system takes the simple form
@ = Ax + ®,(y), z'y = 22, for which there exists an
observer with linear error dynamics. This last fact can be
concluded from the results in [2], [3], where actually this
observation holds for more general systems in the form

i = y = =°/z'. It turns out, as we will

2= Auz+ ®,(y)
0=CuP*2+ (P*2) ' Dyy + E,y + F,

(3a)
(3b)

where A,,, Cy, E,, and F,, are matrices with real entries, D,, is
a column matrix whose entries are matrices D’; i = 1,...,p,
and s < n. In (3), both the input and output are assumed to be
known. Following [3], an optimal observer for (3) is given by

!For a given matrix M, M T denotes its transpose. Notice that we use super-
scripts to denote the coordinates of a vector v = [v1 v? ... v*]T € RF. The
reason of this is because we will use some tools from Differential Geometry
where often that notation is convenient.
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5= A+, (y)—Q(M 2+ Ms) where Q satisfies a dynamic
Riccati-like equation, and M; and M are matrices depending
n (y, w). It turns out that the resulting error dynamics Z =
z — % 1s linear and its convergence depends on some suitable
observability conditions, see [3, section 3.1] for the details.
Problem statement: Consider a general nonlinear system of
the form

&= fu(x)
0=Cug(x) + g(z)" Dyy + Euy + F.,

(4a)
(4b)

where x € 2 C R" is the state of the system, €2 an open sub-
set, v € R™ and y € R? are respectively the input and output
signals, both assumed to be known. Our goal is to find the
necessary and sufficient conditions under which system (4) can
be rewritten, up to a change of coordinates, in a system like (3).
Note that once in (3), it is possible to construct an observer
with linear error dynamics. In (4), we consider that f,: R" —
R™ and g: R™ — R?, with s < n, are smooth (C'°°) functions
in Q, C, € Mpys(R), E, € Mpyy(R) and F,, € M,»1(R)
are matrices with real entries and D,, € Mpx1(M;sxq(R))
is a column matrix with entries in M, ,(R). Notice that,
as the notation suggests, these matrices and f, may de-
pend on the input u; we suppose that this dependence is
smooth. For vectors v; = [viv? ... v{]T € R® and vy =
[vivZ ... vd]T € RY, the operation v{ D,vs is to be under-
stood as v Dy,ve 1= [v] Divy v D%vy v{ DPuy) T
where D}, D2, ... DP are the entries of the column matrix
D,,. Thus, the output equation (4b) is an identity in M, (R)
(i.e., in RP?); we consider that it completely defines y in a
neighborhood of an interesting point xq, y(u, ) = ¥, (g(x)).

The rest of the paper is organized as follows: Section II
describes the necessary and sufficient conditions to be able to
rewrite the original system (4) in the desired target form (3).
These conditions consist mainly in the existence of a suitable
s-tuple of vector fields. In Section III we present an algorithm
to find the suitable s-tuple of vector fields. Section IV illus-
trates the contribution of the paper with two examples. Brief
conclusions are discussed in Section V.

Notation and definitions: We assume that the reader has some
familiarity with basic concepts of Differential Geometry and
Control Theory. We briefly recall some terminology. For a
more complete discussion on what follows we suggest the
works [1], [7], [17], see also [22].

Given a system of coordinates (z!, 2, ..., 2"), we con-
sider the vector fields in R"™, 9/az* defined by 9/a:*(x) =
(64 62 ... 07" € T,R™ ~ R™, where &7, i, j € N, is the
Kronecker delta function. We denote by V() the C°°(2)-
module of smooth vector fields in € and, by A*(Q) the
C°°(Q)-module of (differential) k-forms, k € N, defined in the
Cartesian product V(Q)*. We denote by aA 3 the wedge prod-
uct between the forms « and 3, and by ¢ xw the interior prod-
uct LXw(Vl, Vo, ..., kal) = w(X, Vi, Vo, ..o, kal) be-
tween a vector field X and a k-form w; for a r-tuple of vector
fields, with r < k, we define recursively ¢(x, x,,.., x, W =
LX,U(X1, X3, ..., X,_1)W- The exterior derivative of a k- form
w will be denoted by dw. The tuple (h', R, ..., h") o
smooth functions is a system of coordinates in Q C R™ if
dh* A dh? A -+ A dh™|, # 0, for all the points z € .

Given two systems of local coordinates (x!, 22, ..., 2™) and

(ht, h2, ..., h™), respectively, we have

/o2 = Z On [9250/on . 6)

j=1
We denote by L the Lie derivative operator. For a vector field
X, and a k-form w we have: Lxw := txdw = dw(X) if
k=0, and Lxw:= (txd+ dex)w if k > 1.

We denote D, = colyp(DL, D%, ..., DP), where the
subscript M means that the entries of the matrix D,, ap-
pearing in (3b), are matrices. We may also define the matrix

D, = colg(DL, D2, ..., DP) with real entries. As an illus-

tration, colg(D?, D?2) and colpy (DL, D?) stand, respectively,
a1l a ann a . .

for 1 12 and 1 12 , for given matrices
b1 b2 b1 b2

Dlll = [au [50) and D2 [bu b12 .

II. MAIN THEOREM

We recall that our task is to find the conditions to the
existence of a change of coordinates that carries (4) into the
target form (3). To this effect, we introduce the following
auxiliary system

i':fu(x)v :y:g(x) (6)

where f, and ¢ are obtained from (4). The auxiliary out-
put § will provide the set of candidates to the first new
s coordinate functions. We assume that this auxiliary sys-
tem is observable in the rank sense (see, e.g., [4]) in
a neighborhood of a given point xgy, which implies that
{dw|,, | w € O} is n-dimensional, where dw|,, is the evalu-
ation at g of the form dw, and O the smallest set containing
{g', g%, ..., g°} and closed under all the Lie derivatives
{Ly, | wis aconstant in R™}. Let X = (X1, Xo, ..., Xj)
be a s-tuple of vector fields. Following a similar idea in [13],
[14], define a sequence of vector spaces as follows: set
dl' := dg' Adg? A --- A dg® and denote by Q¥ the real
vector space

QF :=spang{dL;, ¢’ AdT'| 1 <j < s and u € R™}. (7)

Recursively, for £ > 2, define the real vector space Qi( =
spang{Ls, (txw) Adl | w € QX | and u € R™}. Define
also the smallest real vector space containing all these previous
ones by QX := spang{w | w € QF and k € Ny}, where
Ny := N\ {0} denotes the set of positive natural numbers, and
consider the vector space Q[X, g] := spang(txQx U{dg}),
with {dg} = {dg¢’ | 7 = 1,2, ..., s}. Finally, denoting
the g-form dY := dy' A dy? A --- A dy9, where y(u, ) =
[yt y? ... y9) 7 is the (known) output signal, we can now state
the following result.

Theorem 2.1: Suppose that system (6) is observable in the
rank sense in a neighborhood U of a given point xg, dT # 0,
and dy? AdT =0 for j =1, 2, ..., q. Then, up to a change
of coordinates, system (4) can be written in the form of (3) in
a sub-neighborhood ' C U of xy if, and only if,

a. dl'|,, # 0;
b. there exists a s-tuple of vector fields X =
(X1, Xo, ..., X;) such that:

i. Lx,g7 =67 in U;
ii. the real dimension of Q¥ is equal to n — s in N



IEEE

jii. dexQX = {0} in N;

iv. A" ixQX AdTD|,, # {0} and

V. deg, Q[X, g]AAY C Q[X, g]AdY in N, for all u € R™.

Remark 2.1: To have the desired output equation (3b) we
select 2¢ = g* for i € {1,2,...,s}. For the rest of
the coordinate functions, we may choose them such that
{dz? | j = 1,2,...,n} form a basis for Q[X, g] and
Al Adz* TP AdzsT2 A - Ade™ # 0.

Remark 2.2: Comparing the required conditions with those
in [13], [14], [16] we notice that we have mainly two new
statements: dy’ A dI' = 0 and b.v, which do not introduce
any restriction for the case that the output equation (4b) is in
explicit form. In that case, dY = dI', and b.v follows from
the preceding conditions and from the definitions.

Next, we prove the necessity and sufficiency of the condi-
tions in Theorem 2.1. To simplify the writing, we present the
following auxiliary lemma. The proof is straightforward and
omitted; it can be found in [22].

Lemma 2.2: Let {h7 | j=0,1, ..., 7} be a set of smooth
functions such that dh* Adh2A- - -Adh" # 0 in a neighborhood
U C Q of a given point xq. Then, dhOAdRIAARZA- - -AdRT =
0 in U only if there exists a function ¢ : R”™ — R such that
h® = ¢(ht, B2, ..., h") in a neighborhood U; C U of zo.

Proof of Theorem 2.1. Necessity: First note that condi-
tions a. and b.ii.-b.v. are intrinsic ones, that is, they do not
depend on the system of coordinates. Thus, it is sufficient
to check them for the target system (3) for a given point z.
Notice that in this case dI" = dz! Adz?A---Adz® and {dg} =
{dzt, dz?2, ..., d2®}. We now claim that the conditions in
Theorem 2.1 hold for a system in the target form (3) with
the s-tuple of vector fields X = (9/a:', 9/a:2, ..., 9/02°).
To show this, first observe that conditions from a. to b.iv.
can be proved similarly as in [13], [14]. For b.v. we proceed
as follows: first we denote the right hand side of (3a) by
Fu(z) := Ayz + ®,(y), then we compute d(vx,dz7) AdY =
dXo, Adizt + ®I(y)) A dY. Since d®i A dY = 0, it
follows that d(tr,dz?) A dY = Y I | AJidz* A dY is in
spang{dz’ | j = 1,2,...,n} AdY = Q[X, g] AdT, and
this concludes the necessity proof.

Sufficiency: It is clear that the condition a. cannot hold
for s > n. Let us first consider the case s < n. The
proof of sufficiency uses some results described in [13],
[14]; proceeding as it is presented in there, from the above
conditions a. and b.i.-b.iv., we conclude that there exists a
change of coordinates which transforms (6) into a system
in the form 2 = A,Q°%z + ®,(P%2), § = P*®z, where
Ay = [Al] € Myy(n—s)(R) is a matrix; j = 1,2, ..., n;

i=s+1, s+2, , n. Now, it is clear that the same change

of coordinates transforms system (4) into the system
2=A,Q% + @, (P°z) (8a)
0=CyP°2+4 (P°2) ' Dyy + B,y + F, (8b)

with Q%[z' 22 ... 2" T := [T 252 .. 2"]T. Notice that,
although the output function y = W¥,(g) is a function of
g, and P°z = y = g, system (8) is not yet necessarily
in the form of system (3) because ¥, is not necessarily

invertible. From [14], we know that dz = [dz' dz? ... dz"]"
. dz? = dg’, ifj=1,...,s,
is given by { A = ixwd, ifj=s+1,....n, where

{wi | 5 = s+1,...,n} is a basis for the real vector
space X, From (8a) we have that the vector field f, in the
coordinates (z', 22, ..., 2") reads f, = Y7, Fj9/o=7 with
Fl=>r SHAJ’Z’ + ®J (P52 ) for each j =1, 2,

Since FJ = Ly,z0 = u5,d2? and d2d € Q[X g] we
have, from bv that there exist of, = > | adidz’, with
alt € R for j,i = 1,2,...,n, such that dFI AdY =
Sor adidzt AdY, that is,

0=d ( S OANE 4+ @ (P2) =) adlz ) AdY. (9)
i=s+1 i=1
By Lemma 2.2 it follows that 1" . AJiz" + ® (P%z) —
> ozjizi is a function that can be defined by means of
y=[y'y?... 9" and, from the conditions dy’ A dI' = 0,
each 3/ is a function of g = P*z, that is, y/(u, x) =
W) (P$z). In particular, since dT # 0, we have s > q.
Thus, from dy/ = Y7, 9¥’/azidz" we can conclude that

dY = Znesf GU(PS )dl'?, where dT'? := dzo(M) A

dz?@ A A dz"(Q) S denotes the set of length-
q strictly increasing sub- sequences of (1,2, ..., s), and BF
are smooth functions. Since dYT # 0, there exrsts at least
one op € S s) With non-vanishing 0%0(P*z). Then,
from (9) we have that

0 —Z@Ud (Z (AT —ad®) 2t + ®F — Za{fzi>/\dfa. (10)
ges(l ., o i1=s+1 i=1

If s > g, after (wedge) multiplication by dz?0() A dz%0(2) A

- A dz%(D) where & is the length-(s — q) sub-sequence of
(1,2, ..., s) whose elements are the ones in {1, 2, ..., s}
and not in the range {oo(1), 00(2), ..., do(q)} of oo, we

obtain 0 = ©,(P*z) Y1 . (A) — a“)dz A dT, with

©, = O%. Also, if s = ¢, (10) reduces to 0 =
0u(P*2) 3o 41 (Al —ad!)dz" AdT, for a suitable ©,,. Since
{z2 | 7 =1,2,...,n} is a system of coordinates, we can

conclude that the family {dz* AdDl | s +1 < i < n} is
linearly independent. Then, since ©,(P*%z) # 0, we have
that A% — ad? = 0 for s + 1 < i < n and, returning
to (9), we derive that d (®J,(P*z) — Y7, afjz") AdT =
0, that is, for some function ®,, we have ®J(P*z) —
S adizt = ®I(y), with y = [y'y? ... y?]". Therefore,
we can rewrite Fj(z) = 30, A2t + @{L(Psz) =
D1 A2 4300 adj2' + @ (y) and so, setting Af =

allifi=1, 2,

Ag’j ifi:s—|—1, s+2,
the form of (3).

Finally, we consider the case s = n. In this case, due to
condition a., the elements of g form a local coordinate system.
Then, in coordinates z = g(z), equation (4a) becomes Z =

we arrive to a system in

~1.9fulg”'2) = ®,(2). Proceeding as above, from b.v.,
there exist af, = Y 1oﬂldz with o/? € R for j,i =
1,2,...,n, such thatO—d(qﬂ(Ps ) — Z” Ladiz ’)/\dT

that is <I>3 1(PPz) = Y adlz' + ®](y), for a suitable
function ®,,. Setting A7" = aJ’ we conclude that system (4)
takes the target form in coordrnates z=g.

III. AN ALGORITHM TO FIND THE s-TUPLE X

In the previous section we saw that the necessary and
sufficient conditions to cast the original system (4) in the
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desired target form (3) boil down to find a suitable s-tuple X
of vector fields. This section addresses the problem of finding
these vector fields. It is important to note that, as it will be
seen, the proposed algorithm will end up with a (possible
nonlinear) PDE system. The s-tuple will be any solution of
that PDE (we may have more variables than equations), which
depending on the system under consideration may not be an
easy task. To find an algorithm that provides an unique s-tuple
X (avoiding solving the system of PDEs), we may need to
restrict the class of systems (4) under consideration (cf. [23]).
Before we present the algorithm, we present the following
result, which generalizes for the multi-output case the results
in [16].

Lemma 3.1: Let system (6) be observable in the rank sense
at g with s < n. Denote {dg} :={d¢’ | j =1,2,..., s}
and L, := Ly, for every v € R™. Then, it is possible to
construct a length-ky sequence of subsets Si, Sa, ..., Sk,
such that

e S C{l,2,...,8} x R™ and Sy C Sip—1 x R™, for
]{3:2, 3, ...7]{0;
o for 1 < kl < ko, Bkl = {dg} @]
| k=1,2,..., k and
7 ) ) b)
{dﬁukcukl Ly (4, u1, ug, ..., ux) € Sk }

is, in a suitable neighborhood U of =z, a basis

for the C°°(U)-module spanned by {dg} U
k=1,2,...,k
ALy, Loy - Luygt| 1=1,2,...,5 ;
Uy, U, ..., Up € R™

e B, is a basis for dO, where O is the observable space.

Due to the space restrictions the proof is omitted. Basically,
it consists of “generalizing” the ideas from [16] to the multi-
output case; details can be found in [22].

THE ALGORITHM: The case s < n. Consider system (4)
and suppose that the auxiliary system (6) is observable in the
rank sense. To find a s-tuple of vector fields satisfying the
conditions of Theorem 2.1 we may proceed as follows: first
of all, for a s-tuple of vector fields X = (X3, Xo, o XS),
define recursively the following (s + 1)-forms: I( =
d[ﬁulg AdT, for all r € {1, 2,

(r ULy Uy eeey U — 1,uk) (‘CukLXI(T UL, U,y eeey UR—1) )/\dr for
allr€{1,2, , S} k22andu1,u2,...,ukeRm.
Then, fix a sequence S as in Lemma 3.1. We look for
a s-tuple X = (X, X, ..., X;) of vector fields, with
X; = Z?=1 X79/a27 solving, step by step, the following:

1. dg/(X;) =& forall 4, j € {1,2, ..., s}
2. successively for 1 < k < kq:

T, U1

, s} and u; € Rm, and

a. forall j € {1,2, ..., s} and vy, vg, ..., vp € R™,
X
(F,v1,v2, .0y VE) € Span]R{Ir Ui, U,y ey UL ) | S
{1,2,..., k}and (r, us, ug, ..., u) € Si};
b. for all (r, ui, ug, ..., uk) € Sk,
dLXIT UL, U2,y ey UR) =0
3. for all (4, uy, ug, ..., ug,) € Sk, and v € R™,

X X _
I(j7u17u27--47uk07v) < SpanR{I(hulvuzw--,uz) =
1,2,..., ko and (r, uy, ug, ..., u) € S§i};

4. for all j € {1,2,...,s}, k € {1,2,..., ko} and

(r, u1, uQ,
(dep,exT

(r,u1, ua, 7uk))

vector space spanned by {dgi AdY | i=1,2, ...,

, ug) € Sy, both (deg,dg?) A dY and
A dY are elements of the real
sHU

kedl, 2, ..., ko},
{(LXI(T‘ U1, uz, ,uk)) AdT (7*'7 u{h Uy ... uk}) c Sk}

It turns out, from the way the s-tuple X is defined, that it
will satisfy the conditions of Theorem 2.1 iff it results from
the algorithm. This can be verified by noticing that the first
steps consist in deriving the properties that the vector fields
X,; must satisfy. The last step is related with the implicit
nature of the output equation. Note that the solution for X
is not necessarily unique but, as soon as we have derived
the properties of each X;, we only have to chose a s-
tuple satisfying them. Section IV-B describes an example that
illustrates this algorithm.

The case s = n. Let system (6) be observable in the rank
sense. From Theorem 2.1, the system (4) can be rewritten
in target form iff a. holds together with dL; dg' A dY €
spang{dg} AdY, forall i =1,2,...,n

IV. EXAMPLES

We start to show a simple example that is not covered by
the frameworks proposed previously in [5], [6], [8], [12]-[16].
Then, with a second example we elucidate the details of the
proposed algorithm.

A. A perspective output system

Consider the following perspective output system with state
r = [z! 2?7 € R2?, single input u € R, and with output
y € R given by the ratio z°/z* (with ! # 0) that also acts as

an external input on the system,

= fulz) = {_01 é]“{ 0

y—i—u} Poy=2/ D

2

or as [0

Notice that the output equation can be written as z'y = z
—1] x4+l f

Ll)” y = 0, which is in the form

of equation (3b), because = = P2x. Thus, system (11)
can be rewritten in the form of system (3). This implies
that it is possible to design an observer with linear error
dynamics, for example, from [3, section 3], we can construct
the following robust H, type optimal observer with dynamics
[ el ol T
-1 0 y+u -y 1
is a given gain level. The matrix @ is a matr21x solving Q=
2 derel e e
Q(0) = Qo, with Qg L'> 0, where A > 0 denotes a forgetting
factor. It follows that the estianati({n error £ = & — x satisfies
2 Y —Y\ -
-1 0} - Q{—y 1])"
Now, we show that (11) cannot be written in the form
2 = Auz + ®,(y); y = z'. To this end, we use
the results from [13] (see also [14]-[16]) or from Theo-
rem 2.1, that say that a necessary condition is that the
statements a. and b.i.-b.iv. in Theorem 2.1 must hold with
dl' = dy and ¢ = y. From (11), it follows that dy =

z, where v > 0

the linear dynamics 2 =

(11) (rlda? — 2%dat), dy(fu) = -1 — ¢® + y:—lu and
dlpy Ndy = (*;T;é dz!' A dz2. Then, from (7), we can

conclude that Q¥ = spanR{ 1)3dx Adx? | u € ]R} =
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spang {ﬁdazl Ada?, { Jf)ls dz! A dz?
Since Q2 C QX, we conclude that b.ii. does not hold.

Also, system (11) cannot be, in a neighborhood of an
arbitrary point 2o = [z} 23] T (with z} # 0), rewritten in the
target forms of [12] and [6]. In [12, eq. (6)] the desired form
is: 2= F(u, 2) = [FY(u, 2) F2(u, 2)]"; !

} has dimension 2.

) y=Ciz = 2,
where |9F"/922(u, z)| must remain away from zero. Notice
that by rewriting f,, = 229/0x' + (—2' +y +u)9/02* as f, =

F19/gs' + F29/02?, we find that F! = 2202'/oz* + (—at +
Y+ )97 foa* = —(21)2 — 1 + #'+u/e?, and 9F' /827 (u, z) =
(21 + u)2(1/=")/o22 that vanishes for 2' + u = 0, that is,

the condition does not hold in neighborhoods of points x(
with 22 = —uxl. On the other hand, in [6, syst. (3)~(4)]
(see also [5]) the desired form is: 2 = Az + 8(9); ¢ =

U(y) = 2% (a' # 0); where A = 3 is a

L(\) 0

1 0y

suitable function, and ¥ is a local diffeomorphism. Rewriting
fo = 9328/8x1 ( fE —+ y)a/ax as f() fla/a T4 an/Bz
(we fix the input because in [6, syst. (3)—(4)] it is not con-
sidered), we find that F? = 1202"/a2" + (—a! + y)97° /02> =
—l‘QDy\I/zQ/(atl)z—f—(—l'l+y)Dy\I/1/J;1 = (—y2—1+y/z1)Dy\I’
Since § = 22, the system will be in the target form of [6]
only if 97%/9:* = 1 and, from y = ¥ ~1(22), we find that 1 =
0F?/oz' = yD,Wo(/+")/o:* and we may write dz! A dz? =
yD,Wo(/=") /o1 dz! Ad2? = yD,¥d(1/2') Adz?, from which
we obtain dz!' Adz? = yD, ¥ (—1/(=z")?)dz! A D, U1/z'da? =
—v/(@")*(Dy¥)?da! A dz?. Therefore dz' A dz? vanishes if
y = 0, that is, (2!, 22) is not a system of coordinates in the
neighborhoods of points 2 with 22 = 0.

The example also shows that the possibility of finding a
transformation that yields a system in the target form (3)
depends on the choice of g in the output equation (4b). If, for
example, we rewrite (z1)?y = 222, in a small neighborhood
of [1 0] " we have that § = 'z remains close to g = z but, we
loose the target form in the variables z = § = [(x1)2 rla?]T.
That is, we would have Q[X, §] = spanR{dz 7dzg} and
deOdz /\dy = (2y —2+y/£ ydzt A da?, dzt A dy =
2dz' Adz?, and d2? Ady = 2ydz! Adx?. Since 2y —2+4Y/x ¢
spang{1, y} in any neighborhood of [1 0], condition b.v
will not hold.

Notice also that we do not require the auxiliary output to
be flat (see definition in [8], [9]) . Indeed system (11) can be
written in target form for ¢ = z and, because §' — g% = 0,
g is not differentially algebraically independent, which means
that ¢ is not flat.

B. Illustration of the algorithm

Consider the following system

[ o' (23 + u)
E=ful@)=| 2P+ (@ +a2—e" )2 —e " (BB +u) |,
23 + sin(x! + 2% — erl)
. [ 2! +a2—e?
Y e (21 4 a?)
with state = [z} 22 23]T, output y = [y* %7 and input

u € R, where the goal is to write it in the form (3) in a
neighborhood A\ of the point g = [0 0 0] T. From the output
: 1 z! 2 14 .2 ;
equation select g' (x) = e* and g*(z) = z' 42 as candidates

for the first two coordinates. With this choice we see that for
g:=[g' g?]" we can write the output equation as

{(1) _ﬂ 9(x) +g(z) Dy + [(1) g]y—o,
0 1

0 0

0 0/”]0 O
can be written in the form (4b). In this case, dI' := dg! A
dg? = e dal Ada? #0, dy' = (1 —e* )da! + dz?, dy? =
e (1—z'—22)dz' +e % dz? and dY = e~ ylda! Ada?.
Moreover, dy* Adl" = 0 = dy? AdT". The next step consists in
checking the obslervability of the auxiliary system & = f,(x),

with D, = D = colyg }) and therefore it

y = g = e:t . .
g =gl 1+ 22 in the rank sense. To this end, we see

that S := {g', g%, Log'} is a subset of the observable space
O, and dS|,, := {dx!, dz' + da?, dz3}, which has rank 3.
Therefore, the observability holds.

The length-1 sequence S; = {(1,0)} C {1,2} x R satisfies
the conditions of Lemma 3.1. Let X = (X7, X5) be a pair of
vector fields with X := X{0/0z' + X?9/02* + X79/04* and
Xy 1= X70/0a' + X39/02+ X39/02°. We can now go through
the algorithm proposed in Section III: From the conditions on

Step 1, dg'( ;) = 6 we derive the identities X = e
X2 = , X3 = () and X3 = 1. Therefore,
X, = e‘x 8/8.%1 — e_r 8/8372 + X{’a/axS; (12)
Xy = 8/6x2 + Xé‘@/axe‘.

Now, we move to Step 2.a. From £, ¢! = 23 +u and £,g° =
o+ (y')? we have that Y = I35, = I} o = da® AdT.
Thus, the inclusion {I()l( Zé w ) C spanr{Z{] o} is trivial
and we see that this step of the algorithm does not provide
additional information about the pair of vector fields X (for the
present example). From this step we must keep the expression
found for I()f 0) since it will be needed in the following steps.
In Step 2.b we use the identity dLXI 1.0) = = 0. From dz! A
de? Ada? (X, Xo, V) = (—X{—X3e *‘T )V1 Xje @ 'v2g
e~ V3 we obtain
LXZ({ 0) = Lx(ledxl Adx? A dz?)
= (—Xx3e" — X®da' — X3da? +dz®  (13)
anddLXI(1 0y = —€* dX3/\d:1: —dXQ/\dx —dX3/\dx

Thus rewriting for j = 1, 2, dX3 = J da? —|— ’ dz? +

X
J da? and taklng into account that the 2-forms dx A da?,

dx A da? and dz? A dz? are linearly 1ndependent in A2( ),
ax3 21 0X3

from dexZX (1,0 = = 0 we obtain 57 =0, e 53 + 8z§ =
3
and e* %1(2 + %);22 — %};2 = 0, that is,
0X3  9X? LOXP  O0X3  0X3
—= = —— =0 d €* = . (14
ox3 ox3 and ¢ 0x? + Ox? ozl 14

For the next step in the algorithm we need to compute

I()f 0v) = = (LyixT a o)) A dl for v € R. First, after some

direct computations, we find

;C»ULXIE)i 0)

=d(z’(1 - X} — X3) —vX7 — (y')* X3 +sin(y')). (15)



IEEE

Then, using the first identity in (14), we obtain Iﬁ 0.0) =

(1-X3 - Xg)eg”ld:n1 A dz? A dz3. From Step 3 it follows
that 1 — X? — X23 must be a constant, that is,

d(X3? + X3) =0. (16)

Finally, we move to the last step of the algorithm. At this
point we have the identities dg' A dY = 0 = dg® A dY
and, from (13), LXI()fO) AdY = ((—X3e® — X3)da! —
X3dz? 4+ dz®) AdY = dz® AdY. Hence, from the Step 4 we
must have that for all v € R the 3-forms (dis,dg’) A dY,
(dey,dg®) A dY, and (deg,exZf) ) A dY are all in the
real vector space E spanned by {dz® A dY}. We compute
(dep,dg) AdY = d(2® + u) AdY = da® A dY € E,
(dep,dg®) AdY = d(z® + (y')?) AdY = da® A dY € E,
and (de,ULXI()f’O)) AdY = (EULXI({O)) AdY. From (15)
and (16) we have (EULXI({ o) NdYT = (1— X3 — X3)da? A
dY —vd X AdY —(y1)2d X3 AdY. Then, from the first identity
in (14), we have that (Eq,LXI()i o) AT = (1-X3—X3)da3 A
dY, and from (16), we derive that (,vaxzé(’ 0)) AdY € E.
At this point, from the last step we do not obtain any
additional information. Therefore, all the pairs of vector fields
X = (Xi, X5) resulting from the proposed algorithm are
now completely characterized by the conditions (12), (16)
and (14). We can now select a pair of vector fields satisfying
those conditions; for example the pair X = (X7, X3) with
X = e*mla/aac1 — e’g”la/{ﬂa:2 and Xy = 9/s2%. Notice that for
this choice, from (13), we have Lxl—()i 0 = dz3. This means
that the change of coordinates (2!, 22, 23) = (e*, 2! +
22, 23) should transform the original system to the target
form. Indeed, using (5), we obtain 9/oz' = 67513/82:l + 9/a22,
9/a2> = 9/az%, and 9/a«® = 9/az%. After substitution, we
conclude that f, = e~ (:E3+u)3/az1+(x3+(ml+x2fezl)27
e (23 + u))9/0a® + (23 + sin(a! + 22 — e®' ))9/ox* reads
fu = (3 4 0)0foz" + (23 + (y1)2)9/o:2 + (23 + sin(y1))9/o="
in the new coordinates. In other words we arrive to the system
in the desired target form, with P?z = [2! 22]T

2t u 00 1 u
R N
23 + sin(y!) 0 0 1 sin(yt)
_ |1 =1 pe 22T 10
0—{0 _JPz—i-(Pz) Duy—i-{o O]y.

Again, note that the previous change of variables works
globally and not only in a neighborhood of the origin z,
while the “explicit choice™ g' = y', g> = %2, cannot be
even part of a system of coordinates around a point & where
yH(z) = 2t + 2?2 — ™ vanishes, because dy' A dy?|, =
e~ ylda! A da? |, =0.

V. CONCLUDING REMARKS

In this paper, for a specific class of nonlinear systems,
we have presented the necessary and sufficient conditions for
time-varying linearization up to multi-output injection with
implicit outputs. It is important to stress that i) the conditions
obtained encompass the ones for linear systems, ii) the class of

systems that admit a coordinate transformation is larger since
it includes all the systems that can be transformed to a linear
system up to output injection, and #ii) for any system written in
the target form (3), there exists an observer (Kalman-like) that
exhibits in the new coordinate system linear error dynamics.
To obtain the coordinate transformation we have proposed an
algorithm. The procedure has been illustrated with examples.
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