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Abstract: Motivated by applications in visual servoing, we consider the state estimation
problem for a class of systems described by implicit outputs and whose state lives in the special
Euclidean group SE(3). We propose an observer in the group of motion SE(3) that preserves
invariance and therefore takes explicitly into consideration the geometry of the problem. We
discuss conditions under which the linearized state estimation error converges exponentially
fast. Furthermore, we analyze the problem when the system is subject to disturbances and
noises and show that the estimate converges to a neighborhood of the real solution. The size of
the neighborhood increases/decreases gracefully with the bound of the disturbance and noise.
We apply and illustrate these results through an application of position and attitude estimation
of a rigid body using measurements from a camera attached to the rigid body.
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1. INTRODUCTION

During the last few decades there has been an extensive
study on the design of observers for nonlinear systems. In
simple terms, an observer or estimator can be defined as
a process that provides in real time the estimate of the
state (or some function of it) of the plant from partial and
possibly noisy measurements of the inputs and outputs,
and inexact knowledge of the initial condition. For linear
systems evolving on n-dimensional vector spaces, state
observer and filter designs employ the traditional Kalman
filter (Kalman, 1960) and Luenberger type observer (Lu-
enberger, 1964). In fact, it is well-known that the Kalman
filter is the optimal state estimation algorithm in a well
defined sense (see eg. Anderson and Moore (1979)).

For nonlinear systems, the extended Kalman filter is a
widely used method for estimating the state. It is obtained
by linearizing the nonlinear dynamics and the observation
along the trajectory of the estimate. However, if there are
substantial nonlinearities or the state lives in some special
manifold, there are no guarantees that the state estimate
will evolve in the same manifold and even that the estimate
will converge to a neighborhood of the true one. These
problems are particularly relevant because they arise in
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many modern day applications such as the motion control
of unmanned aerial vehicles, underwater vehicles, and
autonomous robots. See e.g. (Bullo, 2000), (Al-Hiddabi
and McClamroch, 2002), (Skjetne et al., 2004), (Aguiar
and Hespanha, 2007). Other engineering applications that
were studied in (Bonnabel et al., 2008b) are exothermic
chemical reactor, a nonholonomic car, and a velocity-aided
inertial navigation (Bonnabel et al., 2006). Typically,
these applications require the design of robust nonlinear
observers for systems evolving on Lie groups. In (Bonnabel
et al., 2009a), (Bonnabel and Rouchon, 2005), (Lageman
et al., 2009a), (Lageman et al., 2008b), (Lageman et al.,
2009b), (Lageman et al., 2008a) a geometrical framework
for the design of symmetry preserving observers on finite-
dimensional Lie groups is described. In (Bonnabel et al.,
2008a), it is shown that when the output map associated
with a left-invariant dynamics on an arbitrary Lie group is
right-left equivariant, then it is possible to build non-linear
observers such that the error equation is autonomous. See
also the recent work in (Bonnabel et al., 2009b) where an
invariant extended Kalman filter is proposed.

In this paper, we consider left-invariant dynamical systems
with implicit outputs, for which the results mentioned
above do not apply. Systems of this kind typically arise
in mobile robotic applications using dynamic vision such
as the estimation of a motion of a camera from a se-
quence of images. In particular, in (Aguiar and Hespanha,
2006) and (Aguiar and Hespanha, 2009), the problem of



estimating the position and orientation of a controlled
rigid body using measurements from a monocular charged-
coupled-device (CCD) camera attached to the vehicle was
addressed. The reader is referred to (Ghosh et al., 1994),
(Ghosh and Loucks, 1995), (Takahashi and Ghosh, 2001)
for several other examples of implicit output systems
in the context of motion and shape estimation. In this
work, we propose an observer in the group of motion
SE(3) and discuss conditions under which the linearized
state estimation error converges exponentially fast. The
proposed observer takes explicitly into consideration the
geometry of the problem, namely, the observer is con-
structed to also satisfy the left invariance property that
the process dynamics possess. We show that when the
system is subject to disturbances and noises, the estimate
converges to a neighborhood of the real solution. The size
of the neighborhood increases/decreases gracefully with
the bound of the disturbance and noise. An application
to the estimation of the position and attitude of a rigid
body using measurements from a monocular camera on-
board illustrates the results.

The outline of the paper is as follows. Section 2 introduces
the mathematical preliminaries and Section 3 formulates
the state estimation problem. In Section 4 we propose a
left-invariant dynamic observer for estimating the state of
systems on SE(3) with implicit outputs, and determine
under what conditions the state estimate converges ex-
ponentially to the true state. In Section 5 we analyze
the robustness of the proposed observer in the presence
of disturbance and noise. An example in visual control
illustrates the results in Section 6. Concluding remarks
are given in Section 7.

Due to space limitations, some of the proofs are omitted.
These can be found in (Rodrigues et al., 2009).

2. MATHEMATICAL PRELIMINARIES

In this section we introduce notations and definitions used
through out the paper. We denote the Euclidean norm
in R™ by || - ||, and the identity matrix of size n by I,.
Given A € R™*" we let det(A) and Tr(A) denote the
determinant and the trace of the matrix A, respectively.

We consider the scalar product of A, B € R™*"™ as being

defined by (A, B) of Tr(ATB). The corresponding norm

|A|l = v/(A, A) is the so-called Frobenius norm. Further,
if A € R"" is time dependent and invertible, from the
identity A='A = I,,, one may deduce

A'A+ A TA=0. (1)
The cross product of vectors u,v € R? is denoted by

0 —u3z u2
u x v. For every u € R3, (ux) = | u3 0 —u;| denotes
—us Ul 0

the matrix representation of the linear map v — u X v,
v € R3. It can be easily shown that, for every u,v € R3,
Tr((ux)T(vx)) = 2uTv. Given a vector u € R3, we
denote by @ € R* its homogeneous coordinates, that is,
@ = (u, 1)’(Ma et al., 2005).

The special orthogonal group in three-dimensions is de-
noted by SO(3) and its Lie algebra is denoted by so(3).
We denote the special Euclidean group and its Lie algebra
by SE(3) and se(3), respectively. We follow the standard

notations of (Ma et al., 2005). Elements g € SE(3) and
Q € se(3) are represented respectively by matrices with
the following structures:
Qpr Q

o= [ o] =[] @)
where gr € SO(3), Qr € s0(3), andgr,Qr € R3. If
g € SE(3) is time dependent, we may use (1) to write
g=g(—g1g). Using (2) it is easy to check that —g~1g €
se(3). So, the equation g(t) = ¢g(¢)Q(t), which will be used
in the next section, makes sense.

We next present a result that will be useful later in the
paper.

Lemma 1. Consider £ = [%?‘ S(ﬂ € se(3), where {p =
(€x) and €& € R, Then [[¢]|* = 21€]1* + [|r[|*.

The Lie bracket of two matrices A, B € R"*" is denoted
by [A, B] or, equivalently, ad4 B, and is defined as the
commutator [A, B] = AB — BA. Given A, B € R™*"  we
denote ady B = ad 4B and adZHB = adAadfle for every
ke N.

3. PROBLEM STATEMENT

Consider a left-invariant dynamical system evolving on
SE(3), described by

9(t) =g(H)Q(t),  9(0) = go, (3)
where 2 takes values in se(3) and is assumed to be known
for allt > 0.

Consider a set of given points p1, ...,py € R?, and let y; =
[y, v, 1T € R3 j € J be the outputs (measurement
signals) of the dynamical system (3) described implicitly
by

a;(t)y; (t) = F(t)og(t)p;, (4)
where J C {1,2,..., N} is an index set that may depend
on time, p; € R* is the homogeneous representation of Dj,
the o;’s are unknown scalar continuous function of time
satisfying a;(t) > 0 for every t > 0, F(t) € R**3 is a
known nonsingular matrix, and Iy = [I3 0] € R3** is
often referred to as the standard (or canonical) projection
matrix (Ma et al., 2005). We assume that the right-hand-
side of (4) and IIpg(t)p; are both bounded below and
above, that is, there exist m and M, 0 < m < M, such
that for all ¢ > 0,

m < |[F(6)og()p; [, [Mog()p; ] < M. (5)

The problem addressed in this paper can be stated as
follows. Consider the continuous-time left-invariant dy-
namical system described by (3)-(4). Let § € SE(3) be
the estimate of the state g with a given initial estimate
§(0) = go. Design a state observer for (3)-(4) that accepts
as inputs the measured input Q(7) and the output of the
process y;(T) for every T € [0,t), j € J, and returns §(t)
at time t, for everyt > 0. The observer should satisfy some
desired performance and robustness properties that will be
mentioned later in the paper.

Remark 3.1. System (3)—(4) arises for example when one
needs to estimate the position and orientation of a robotic
vehicle using measurements from an on-board monocu-
lar charged-coupled-device (CCD) camera. In that case,



adopting the frontal pinhole camera model (Ma et al.,
2005), the scalar a; captures the unknown depth of a
point p;, and F' is a matrix transformation that depends
on the parameters of the camera such as the focal length,
the scaling factors, and the center offsets. The assumption
in (5) is very reasonable and only means that the image
points are well defined in the sense that they live in some
compact set. Notice that if for some point that assumption
does not hold, then this only implies to take it out from
the index set J.

4. OBSERVER DESIGN AND CONVERGENCE
ANALYSIS

Consider the continuous-time left-invariant dynamical sys-
tem (3)-(4). We propose the nonlinear observer

9(t) = 9O +COG(), y(1) 4(1),  §(0) = go,  (6)
where § € SE(3) is the estimate of the state g, and
O(g,y) € se(3) is given by

R R T R
with
e (@ x Togpy) x Tlogp;) x Togp;) x)
Or(9,y) —]; 2 D@}%) 0 ,
(8)
Or(g,y) = Z @(( 2g; x ogp;) x Mogpj),  (9)
S o1 Yi
= ET (10)
D(ap;) < (#T)1Togp; (1 + [Togm; |)- (11)

The symbol #.7 means the number of elements of 7, and
the parameter ¢ > 0 is a tuning constant.

At this point it is convenient to stress that the proposed
observer is a nonlinear dynamic system with inputs €2
and y; and whose state evolves on SE(3). Also, defining

6Ly G103, system (6) can be rewritten as § = §(Q24¢O),

and, by a direct computation we can show that © € se(3).
Thus, like the dynamics of g in (3), also the dynamics of §
is left-invariant. Moreover, if §(0) = g(0), then © = 0 for
every t > 0, which means that the observer dynamics in
that case is exactly the same as the original system.This
last fact, can be easily checked from the error dynamics
equation defined in the next section.

4.1 The error dynamics

We now proceed with the derivation of the error dynamics.
Since «; > 0, the expressions (4) and (10) imply that
_ ogp,

Y5 = 7o = -
[ F'Togp; |
Using the Lagrange identity for the cross product of

vectors together with (12), we have that (8) and (9) can
be simplified to

(12)

(o gp; x Mogp;)x)

Z ITogp; 117 ( (13)

D(gp;) | FTlogp; ||

r(6.1) = Z ((TTogp; x Mogp;) x Hogp;) (14)
D(gp;) (| FTogp; ||

JjeT

Remark 4.1. Note that from (5) and (11) if 7 # 0 then a
lower bound for D(gp;)||FIogp;|| is given by m?(m+1)m
which implies that the observer is well defined.

def .

Define now the error n(t) = §(t)g~*(t). Using (1), one can
write
1=99"" +997" =COGyn, 1(0)=gogy ',  (15)

where taking into account that g = n~'g, it follows that
_ [Or(n) ©1(n)
o = [ O],

Z IT0gp;112 ((Mogp; x Mon~1gp;) %) (16)
gp]

| Fogp; || ’
n) = —
Z D(gpj)
JjET

Since a Lie group is a complex geometric object, it is a
standard procedure to estimate results on a matrix Lie
group G from results in the vector space which is its Lie
algebra, here denoted by £. We will adopt this procedure
to analyze the error n and, later, prove convergence results.
The Lie algebra £ is the best linear approximation of G
in the neighborhood of the identity I, and the exponential
map exp, which sends elements in £ to elements in G plays
a crucial role in transferring data and results from one
structure to the other. The exponential mapping is known
to be bijective from a small neighborhood of 0 € £ to a
small neighborhood of the identity in GG, and its inverse is
denoted by log.

O(g,y) can be rewritten as ©(g,y) =
with

((Mon~tgp; x Mogp;) x Mogp;)
| FTlogp; ||

(17)

If n is sufficiently close to the identity, there is a repre-
sentation 7 = exp(ef), where € > 0 and £ € se(3) satisfies
€Il = 1. Since, exp(ef) = Iy + €€ + O(e?), where O(€?)
represents the terms containing €, for £ > 2, for small
€, Iy + €€ is a good approximation for 7. In the rest of
the paper, and for the sake of simplicity, we may use the
alternative notation e instead of exp(A). We henceforth
make the following assumption.

Assumption 4.1. The error 7 is close enough to I, that is,

neN Y {v=exp(e€): € € se(3) and ||¢|| = 1}, where
0<e< 1.

Remark 4.2. We may, without loss of generality assume
that 7 is close to the identity. This is due to the fact that
L ~ L, for x € G, is the best linear approximation of G
in the neighborhood of z. So, if 7 is in the neighborhood
of x € G, then nz~! is close to the identity.

Using Lemma 1.7.3 of (Machado, 2006), which can be
deduced from Lemma 3.4 in (Sattinger and Weaver, 1980),
|

(nm~1), where %= =

we have &(ef) = "

1

u = adee
oo EDT (gu we have nn~! =

m—=0 “mIT — 1)™. Using (15),

¢O(§,y) and hence 4 (€)= ﬁ‘
alently,

~ adee (¢O) or, equiv-

d 1
55 (€6) =CO — Zad.eCO -

dt

Z k'adk

+ Z ("_L:ET (e*=1)™

(€O). (18)
u = adeg




On the other hand exp(e€) = I;+e£+0(e?), exp(—ef) =

I, —e€+0(€?) and, using the fact that ©(g,y) = O(I4) =0
and noticing that © is defined in the linear space of 4 x 4
real matrices, containing both SE(3) and se(3), we have

—ITogp; I (Togp; x Moe€gp;) X
®R(77):Z || MJH (( J ]) )
jeg

D o) 62
Z D

((Moe€gp; x Togp;) x Mogp;)

+ 0(%). (20)

| FTlogp; |
JjET
From (16)-(18) with ©(I4) = 0, we conclude that
d v aie — o |Or(€€) Or(ef) 2
(0 =0t = ¢ |9 O1i] o),
where
Z ITogp;11? ((Toetdgp; x ogp;) x) (21)
D(4p;) | FTlogp; || ’
((TTogp; x Hoe€gp;) x Hogp;) 99
(<) Z D(gp;) | FTTogp; | (22

jeJ

Up to an approximation of the order €2

deg) = ¢ [@R(Ef) eTéef)}

, we obtain that e£
satisfies 4 We have the following

result.

Proposition 2. Up to an approximation of the order €3, the
following result holds.

d
el =13 5

jEJ ]

1 IToe€gp; x ogp;||*
| Fogp; ||

(23)

4.2 Ezponential convergence

In this section we show that under suitable persistency
of excitation (PE) like condition, the estimation error
converges exponentially to zero as t — oco. Let M be an
upper bound for ||FTygp,|| for all j.

Our next result is as follows.
Theorem 3. Let T € [0, +o00] and A > 0 be such that
Z [Toegp; x Mogp; |
=2 (#I)IMogp;[*(1 + [[Mogp; )
on the time interval [0, T). Then, for every t € [0, T),
le&(®)]* < [leg(0)Pe MM

In particular, if T = 400, then [e£(t)||? converges expo-
nentially fast to zero as t — oo.

> Alleg|®

(24)

From (23), one can conclude that to guarantee exponential
convergence of the estimation error with a strictly positive
rate we will need some kind of PE condition, like for
example (24). Note that the rate of convergence can be
improved by tuning ¢ > 0, that is, the rate of convergence
increases with (. Next we state the following result for a
less restrictive PE like condition.

Theorem 4. Let T € [0, +00]. Suppose there exists 7' > 0

such that for every t > 0, witht+ T < T,
7/ Z [Tloe€gp; x Mogp; | 1

(#T)Mogp; [1*(1 + [[Mogpsll) (€]

dr > A

i} (25)
Then, forn € Nwitht >0, t+nT < T,

— *ln
le(t +nT)|* < [le€(t)|Pe AT

In particular, if T' = +oo, then ||e£(¢)]|?> converges expo-
nentially fast to zero as t — oc.

Remark 4.3. The PE condition (25) only requires that
(24) holds in an integral sense, not pointwise in time.
Theorem 3 may be seen as the limit of Theorem 4 when T’
goes to 0.

5. ROBUSTNESS ANALYSIS OF THE OBSERVER

In this section, we investigate the effect of disturbance and
noise on the estimation error. Consider the process model
(3)-(4) subjected to disturbances and noise

9(t) = g(t) (1) + w(t)), (26)

Y3 (8) = 4;(t) + v; (1), (27)
where w € se(3) is the disturbance, §; = [§;1 g2 1T €
R? is the output defined implicitly by «;y; = FHgp,
with 0 < K < «af, y; = [yjl Yji2 1]T € R? is
the measured output with noise v; = [vj1 vj2 0T €
R3. Further, the disturbance and noise signals are as-

sumed to be deterministic but unknown. Note that
(27) is equivalent to y; = a;l (FIogp; + ojv;). Define

M, def sup  ||Fogp; + ajv;||. Let [F~!| denotes a
te[0, t1],j€T

bound for the functional norm of F~1(¢) defined by
def

|[F~1(t)| = sup{F Y#t)u: u € R3%and |u|| = 1}, that is, we
assume F'~!(¢) is bounded in the time interval [0, ¢;] where

9(0) = go,

the estimator is defined. Define M, % sup llv; ()]l
tel0, t1], j€T
and M,, = sup |w(t)|, that is, M, and M, denote the

tel0, t1]
upper bounds for the noise |lvj|| and disturbance |w]],
respectively.

We consider the same observer described in (6), which can
be rewritten as

9(t) = gL +¢O (5(1), y(1) 3(t),  §(0) = Go-

Remark 5.1. Note that |[[FIogp; + ojv;|| is equal to
ozj||ozj_1FHng)j + ;]| = o]yl > @; > k and from (5), it
follows that if 7 # 0 then m?(m + 1)k is a lower bound
for D(gp;)||Flogp; + cv;||. From this we conclude that
the observer is well defined.

(28)

As in Section 4, in a small neighbourhood of I, we have
n = exp(ef) = I + €€ + O(e?). After some algebraic
computations, we have that up to an approximation of
the order €

el =2(cO(ct), e€) +2(¢H, e€) — 2(gui ", <)

— ([e€, €O — gwg '], €6), (29)
from which we derive the following result.

Proposition 5. Up to an approximation of the order €3 |
the following result holds.

—4¢ || Toetgp; x Hogp; ||
D (gp;) || FIlogp; + cjvy||

d
anegw + 6¢C|F~Y| My + 3My.

By (5), |[Flogp;| is bounded above by M and, by the
definition a; < ||[FIIogp;||. Then each |FIlogp; + a;v;|| is



bounded above by M, = M (1 + M,). Next, we derive the
noisy versions of theorems 3 and 4, respectively.

Theorem 6. Define g %< ACAM . Let T € [0, 4+00] and
A > 0 be such that

i) [leg(0)l <1, ,
Mpe€gp; x ogp;
i) Y [ oeéig_pg; 09p;|”_
= #I)Mogp;|1*(1 + [[Hogp; )
B (6¢|F~ M, +3M,) < 1,
are satisfied on the time interval [0, 7). Then, for every
tel0,T),
le€(®)1 < [le€(0)[Pe™? + 51 (6¢|F 1| My, + 3M,,)
In particular, if T = +oo, then for every constant p > 0
there exists ¢, > 0 such that for all ¢ > ¢,

leg(®)1* < B7H(6¢|F =My + 3Mu) + p

> \||e€]|?, and

iii)

Theorem 7. Define 5 = 4¢AM, ' Let T €]0, +oc]. Sup-
pose there exist positive constants 7', A such that,

i) ||€€( )||2 (1= 75)7H6¢ [F 1 M, +3M,,)T

|Toe€gp; x Mogp; |2
ii) dr > M for ev-
/ ; (#J)Mogp; |1*(1 + [|Togp; |I)
ery 0 <t, t+T<T and
i) (1 — e*ﬁT) L6¢ |F~ 1\ M, 4 3M,)T(2 — e PT) < 1,

are satisfied. Then for all s € [0, T),

le€()]I* < (1—e™"T)"H6¢ |F Y| M,y +3M,, )T (2 —e 7).

6. ILLUSTRATIVE EXAMPLE

In this section, we apply the results developed in the
previous sections to the problem of estimating the po-
sition and attitude of a rigid body with respect to an
inertial coordinate frame defined by visual landmarks.
The measurements are provided by a monocular charged-
coupled-device (CCD) camera mounted on-board (see Fig.
1). We consider right-handed orthogonal body-fixed frame
{b} attached to a rigid body that is rotating relative to
a right-handed orthogonal inertial-frame {i}. The rigid
body is equipped with a camera, and let {c} denotes the
camera-fixed frame where the third vector of its base is
the pointing sense of the camera and the observes a set
of fixed points in an inertial frame {i}. We assume that
the camera cannot do translation motion relative to the
body-fixed frame, so that we may consider the origins of
the frames {b} and {c} to be coincident.

{b}

i

Fig. 1. Visual servoing application

The dynamics and output equation are given by

i = gui€, ojy; = Fllogengnity (30)
where gr; € SE(3) be the instantaneous state of the
frame {b}% relative to the frame {i}, Q € se(3) is known,
vl € R, N > 0, are a set of fixed points Whose
1nert1al components are known, ao; > 0, F' € R3%3
is a nomnsingular upper—triangular matrix given by F =

fsz fso 0 he O
0 fsy oy|, o = [I3 0] € R3*%, and go, = { R } It now
0 0 1 01

follows that ozjyj =F hRHogb1 . Notice that by taking

r% FhR and g et gbi we are in the context of Section 5.
For the purpose of illustration, we assume that the rigid
body starts at the initial position gnir(0) = [0 0 4]T with
initial orientation gpigr(0) = I3 and follows a circular path
with a camera looking up at four non-coplanar points
vl = 10 -1 =3 —10T = [40 0T,
and v} = [1 3 2]T. The linear velocity is [0 0 1]¥ m/s
and the angular velocity is [0 0.2 0]T rad/s. The tuning

constant ¢ = 300. The camera parameters are given by
10 0

F=101 0.1] and hp = Is.
00 1

Figure 2 displays the time evolution of the estimation
errors without noise and disturbances.

lsL;
1
5|
o 2
T T
(] 2 4

2. Time evolution of ||§biR — gbiRH and HgbiT — gbiTH

llgvir — guirll

[lgvir = guir |l

¢
Fig.

Figure 3 and 4 show the time evolution of the estimation
errors with disturbance and the measurements corrupted
with additive Gaussian noise. It can be seen that the
estimated pose without noise converges to zero and in the
presence of noise tends to a small neighborhood of the true
value.

[lgvir — guirl|
K (/ 24

lguir — guir||

T T T T
QW
i . :
eniom
o B 3 3 s o

t

ig. 3. Time evolution Of ||§biR — gbiRH and HgbiT — gbiTH

&)
®

7. CONCLUSION

We proposed a nonlinear observer design for a left-
invariant dynamical system evolving on the SE(3) with
measurements given by implicit functions. The observer



o = Lllr

l9vi9p;

bi

i
Fig. 4. Time evolution of ||gnigy;,' — Lu||r

dynamics preserves the left-invariance property. Under
suitable assumptions, we show that the linearized state
estimation error converges exponentially fast to the true
state. Furthermore, we show that if the dynamical system
is subject to disturbance and noise, the estimated state
converges to an open neighborhood of the true value. The
size of the neighborhood increases/decreases gracefully
with the bound of the disturbance and noise. An visual
servoing application illustrate the results.
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