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a b s t r a c t

This paper addresses the problem of simultaneous depth tracking and attitude control of an underwater

towed vehicle. The system proposed uses a two-stage towing arrangement that includes a long primary

cable, a gravitic depressor, and a secondary cable. The towfish motion induced by wave driven

disturbances in both the vertical and horizontal planes is described using an empirical model of the

depressor motion and a spring-damper model of the secondary cable. A nonlinear, Lyapunov-based,

adaptive output feedback control law is designed and shown to regulate pitch, yaw, and depth tracking

errors to zero. The controller is designed to operate in the presence of plant parameter uncertainty.

When subjected to bounded external disturbances, the tracking errors converge to a neighbourhood of

the origin that can be made arbitrarily small. In the implementation proposed, a nonlinear observer is

used to estimate the linear velocities used by the controller thus dispensing with the need for costly

sensor suites. The results obtained with computer simulations show that the controlled system exhibits

good performance about different operating conditions when subjected to sea-wave driven

disturbances and in the presence of sensor noise. The system holds promise for application in

oceanographic missions that require depth tracking or bottom-following combined with precise vehicle

attitude control.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Underwater towed vehicles (tow-fishes) have found wide-
spread utilization in the acquisition of oceanographic data. In
many missions of interest, the vehicles are passive and their
motion is controlled via a cable connecting them to a support
ship. However, increasingly demanding missions scenarios re-
quire far better control of the tow-fish underwater, including
simultaneous depth and precise attitude control under environ-
mental disturbances. For this reason, there is currently increasing
interest in the development of controlled underwater towed
vehicles.

In terms of depth control, two related problems may be posed.
The first arises in the scope of physical and biological oceano-
graphic missions and consists of tracking a depth profile which is
independent of the topography of the sea-floor. The second
problem arises in the context of bottom-following missions and
consists of maintaining a desired altitude above the sea-bottom;
the latter is a common requirement, in particular for marine
geophysical data acquisition. Simultaneous depth and attitude
control is normally required since in some applications the

attitude of the towfish may affect significantly the quality of the
data acquired.

1.1. Applications and main motivation

Applications of underwater towed vehicles in physical ocea-
nography include the deployment of current profilers for
sampling of small-scale ocean turbulence; see e.g. Gargett
(1994) and Spain and Fortin (1994). In this type of application,
stabilization of the towfish in pitch and roll is necessary to
guarantee good data accuracy; yaw disturbances can be tolerated
provided that they do not induce significant pitch and roll
motions that would violate the tilt specifications imposed by
the acoustic methods (Schuch et al., 2005).

In marine geophysics, common applications include the use of
side-scan-sonar systems, and marine vector magnetometers and
gravimeters; see for example Parker (1997), Zumberge et al.
(1997), and Tivey et al. (1998). For sonar imaging, pitch and yaw
rates may have a greater impact on image distortion than pitch
and yaw angles since distortion depends on the change of attitude
during the short time interval in which the image is recorded. The
problems associated with side-scan sonar acquisition are ana-
lysed by Preston (1992), Preston and Shupe (1993), and Preston
and Poeckert (1993). It is shown in these references that even
small errors in yaw can distort severely the sonar images and
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make the detection of small objects impossible. Although post-
processing techniques can be applied to remove some of the
deleterious effects, their effectiveness is limited by the degree of
distortion imparted on the acoustic imagery by towfish motion.
An analysis of the combined effects of yaw and pitch motions and
the results of application of real time and offline correction
methods to multibeam sonar data is presented by Cappell et al.
(1993). The study demonstrates the limitations of the methods
when applied to very wide swath multibeam data.

The problem that we address was primarily motivated by the
need to acquire vectorial measurements of the geomagnetic field
and geomagnetic gradients close to the sea-bottom using marine
vector magnetometers. Marine magnetic surveying is a very
important tool in geophysical exploration. It is routinely applied
to oil exploration to locate oil traps within sediments or
topographic features of the basement that can influence the
overlying sedimentary cover. Magnetometry is also an important
tool in pipeline detection and tracking, mine hunting, and marine
archaeology, among others. The latter applications normally
involve small magnitude anomalies and require good signal-to-
noise ratio.

Marine magnetometers are typically towed by research vessels
as a form of mitigating the effects of noise induced by the ship.
Another reason to deploy the magnetometers in a towed platform
is the ability to perform near-bottom surveys in deep waters. This
is justified because the amplitude of magnetic signals generated
by shallow geological bodies is sharply attenuated with increasing
distance to the sources of the anomalies. For this reason, it is
convenient for many applications to execute the survey as close to
the sea-bottom as possible, employing a vehicle that can follow
the terrain topography. More recently this type of surveys has
started to be executed by ROVs and AUVs; see Tivey et al. (1998)
and Tivey and Johnson (2002). However, due mainly to the noise
introduced by the vehicle thrusters this method incurs a
significant reduction of the signal-to-noise ratio. Hence, towing
the magnetometer by a ship or an AUV is still the preferred
method to locate the sensors away from the main sources of
magnetic noise.

It is well known that the accuracy of measurements of the
geomagnetic field vector is largely dictated by orientation errors
due to the large differences of the components of the Earth’s
background field. Since magnetic gradient measurements are
much less affected by sensor misalignments and orientation
errors, in many applications it is convenient to measure the
geomagnetic gradient or one of its components. In marine
applications it is normally preferable to measure the vertical
gradient since it does not impose any restriction on the heading of
the sensors and is considerably more affordable than measuring
the three orthogonal components. However, to measure the
vertical gradient with high accuracy it is necessary to use a
platform stabilized in pitch and roll.

Motivated by the above problems, this paper addresses the
simultaneous problem of depth and attitude control of an
underwater towed vehicle.

The organization of the paper is as follows: in the remainder of
this section we present prior and related work and summarize the
proposed approach as well as our main contributions. Section 2
introduces the main physical characteristics of the system under
study and the desired performance specifications, as well as the
models of the towing arrangement and external disturbances.
Section 3 describes the dynamical model of the vehicle and
formulates the problem of depth tracking and attitude control in
the presence of external disturbances and parametric model
uncertainty. In Section 4, a solution to this problem is proposed in
terms of a nonlinear adaptive control law. Section 5 presents a
nonlinear observer for estimation of the heave velocity used by

the controller, assuming that no direct measurements of surge,
sway, and heave velocities of the vehicle are available for
feedback. Section 6 evaluates the performance of the control
algorithms developed using computer simulations. Finally, Sec-
tion 7 contains some concluding remarks and proposes some
guidelines for further research.

1.2. Prior and related work

1.2.1. Towing arrangements

Towing systems play a crucial role in marine operations. For
this reason, the last decades have witnessed considerable research
work on the dynamics of towing cables and towed vehicles. See
for example Abkowitz (1969) for an introductory exposition of
this topic.

Towing systems can be classified into two main types: single-
part and two-part. Distinct models are needed to capture their
dynamic behaviour. In the first type of arrangement, the
dominant motion of the towing system is that due to the coupling
between the ship and the towing cable. For this reason,
considerable effort has been devoted to the study of towing cable
dynamics. See e.g. Kato (1987), Kato et al. (1986), Joannides and Le
Gland (1993), Yokobiki (2000), Yamaguchi et al. (2000), Buckham
et al. (2003), Toda (2005) and the references therein. The need to
determine accurately the position of a towed vehicle at the end of
a long towing cable constitutes another motivation to model the
behaviour of towing cables. The latter subject is addressed in
Perrault et al. (1997) and Damy et al. (1994). Modelling is
restricted to the vertical plane. Damy et al. (1994) propose a
model for the towing cable to transform position measurements
of the towing vessel obtained by GPS into estimates of position
and velocity of the towed vehicle. Calkins (1999) studies the
lateral motion of a towed body in response to ship manoeuvres.
Most of these studies adopt the lumped mass approach to model
long towing cables.

Although characterized by greater complexity of deployment,
two-part towing arrangements (see Fig. 1) achieve superior
performance in terms of rejection of the disturbances
transmitted to the towing system. A study of this type of
system is presented in Preston (1992), where the effects of
wave-driven motions of the towing vessel on a sonar platform are
discussed. The results of sea-trials demonstrate that a two-stage
towing arrangement can significantly attenuate towfish attitude
disturbances due to the surface ship motion. The performance of
this type of towing arrangement is analysed in more recent
research work that addresses the problem of towfish control; see
Wu and Chwang (2000,2001a, b). In particular, Wu and Chwang
(2001b) propose a numerical model to investigate the
hydrodynamic behaviour of an underwater vehicle in a two-part

Fig. 1. Two-part towing arrangement.
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towing arrangement where the depressor is equipped with active
horizontal and vertical control surfaces.

1.2.2. Control problem formulations

In the literature, two main approaches can be found to the
problem of towfish control: one addresses the problem only in the
vertical plane (including depth and pitch); the second addresses
control in both the vertical and horizontal planes (including
control of depth, pitch, yaw, and lateral position). In general, the
problem of motion in roll is neglected. Alternatively, roll stability
is ensured through a combination of hydrodynamic damping and
placement of the center of buoyancy of the vehicle (Wu et al.,
2005). For several marine applications, controlling the depth and
the attitude of the vehicle in the vertical plane is sufficient. This
approach is adopted by several authors; see e.g. Yamaguchi et al.
(2000), Yokobiki (2000), and Wu et al. (2005). A distinct approach
to pitch stabilization is adopted by Woolsey and Gargett (2002)
who propose a towfish equipped with a servo-actuated mass that
can trim the vehicle’s center of gravity. This solution is practical at
very low towing speeds, when the actuated control surfaces
become ineffective.

The problem of simultaneous control in vertical and horizontal
planes is addressed in Wu and Chwang (2001b) but the controller
proposed is not designed to react to perturbations in the
horizontal plane. Furthermore, the vertical control surfaces are
used only to direct the vehicle along a desired path. As a
consequence, the performance achieved in yaw assessed in
simulation is less than satisfactory. In Kato (1991) the problem
of controlling the attitude, altitude, and lateral position of an
underwater vehicle towed with a single cable is addressed using a
decoupled model of vertical and horizontal motions. Encouraging
results are obtained with the controlled system simulated under
the influence of disturbances caused by sea waves and tidal
currents. A fully 3D-control of a hybrid autonomous underwater
vehicle (AUV)/towfish system is addressed in Choi et al. (2005).
Recent studies include other non-conventional approaches such
as towing by an AUV or an autonomous surface vehicle (ASV); see
Buckham et al. (2003) and Lambert et al. (2003). In some cases,
the towed vehicle is equipped with thrusters to enhance the
control capabilities of the system; see Wu et al. (2005).

1.2.3. Controller design and implementation methods

In terms of controller design, the methods normally employed
for towed vehicle control assume that the towfish is operated
close to some equilibrium point and rely on the linearisation of
the vehicle dynamics about that point. In most of the work cited
in the literature, the authors resort to PID control. Campa et al.
(1996) propose a model-based controller that addresses robust-
ness issues such as uncertainties in the determination of system
parameters and errors introduced by linearisation of the system
dynamics in a H1 framework. This work reports the same
problem mentioned in Perrault et al. (1997): there is a tradeoff
between good altitude control and pitch control. The problem of
depth control for a direct tow is addressed by Nasuno et al. (2008)
resorting to linear matrix inequalities (LMIs). The controller
derived is suitable for different equilibrium conditions under
the assumption of small heave forces and small cable vibration
disturbances.

1.2.4. Experiment based modelling

Since in the model proposed in this study the motion of the
towfish is derived from the motion of the gravitic depressor, we
emphasize the importance of using a realistic simulation of
depressor motion. To assess the consistency of the approach
presented in this work we studied other models of depressor

motion described in the literature and analysed how closely our
model reproduces their theoretical and experimental results.
Particularly relevant for the present work are the results reported
by Preston (1989), Preston (1992) and Preston and Shupe (1993),
obtained in trials at sea with different types of towing arrange-
ments and towed vehicles. The experimental results obtained by
Wu and Chwang (2001a) with a scaled model and by Hopkin et al.
(1993) with full-scale experiments in a towing tank constitute
also important references in the present context. These results
will be discussed in Section 2.

1.3. Proposed approach and main contributions of the work

One of the main drawbacks of the aforementioned controller
design formulations stems from the fact that they rely on
linearisation of the system dynamics in the neighbourhood of a
few operating points. This approach has limited applicability to
the solution of the problem at hand since the motion of the
underwater towed vehicle can be largely influenced by external
disturbances resulting in large excursions over a wide range of
operating conditions. As a contribution to overcoming well known
limitations, in the present work the problem of towfish control is
addressed in the scope of nonlinear control theory. The study that
we perform resorts to nonlinear model-based design and employs
stability analysis tools to handle the nonlinearities of the system
in a large operation range. This approach was dictated mainly by
the requirement that the controller should yield good perfor-
mance when the vehicle undergoes motions about different
equilibrium conditions and exhibit robustness against vehicle
parameter uncertainty. The equilibrium conditions are deter-
mined by, among other factors, the pigtail length and the towing
speed. The vehicle dynamic model adopted builds on previous
work in Teixeira et al. (2006). However, in the present version we
tackle the problem of controlling the vehicle’s depth and attitude
in both the vertical and horizontal plane, not just in the vertical
plane.

The key contributions of the present paper are twofold:

1. An adaptive control structure is proposed that exhibits good
performance about different equilibrium conditions and is
robust against vehicle parameter uncertainty. The nonlinear
control law derived is proven to stabilize the system in the
presence of bounded external disturbances and unmodelled
dynamics.

2. Controller design assumes explicitly that no direct measure-
ments are available of surge, sway, and heave speeds. In
contrast with previous work in Teixeira et al. (2006), a
nonlinear observer is used to estimate these variables.

2. System characteristics and modelling

2.1. System characteristics

In the present study the towfish specification and key towfish
hydrodynamic parameters are derived from the configuration
proposed in Schuch (2004) and Schuch et al. (2005). Additional
parameters are based on those commonly used in the design of
underwater vehicles; see e.g. Pascoal et al. (1997) and Silvestre
and Pascoal (1997). For safety reasons, the towfish has slightly
positive buoyancy.

2.1.1. Towing system

The towing system that we consider consists of a two-part
towing arrangement as illustrated in Fig. 1. The nose of the
towfish is connected via a small umbilical (the pigtail section) to a

F. Curado Teixeira et al. / Ocean Engineering 37 (2010) 1193–1220 1195
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gravitic depressor, which is in turn connected to and towed by a
support ship using a long tow line (the primary cable).

2.1.2. Vehicle characteristics

The proposed vehicle is equipped with a bow plane, a stern
plane, and a rudder. The bow and stern control planes are
equidistant from the vehicle’s center of mass; see Fig. 2. The
sensor suite proposed includes an attitude and heading unit
(AHU), a depth sensor, and optionally a sonar altimeter. The
towfish has a slightly positive buoyancy and the metacentric
height is such that the vehicle is naturally stabilized in roll.

The towing arrangement proposed includes a communications’
cable between the towed vehicle and the towing vessel for
transmission of control signals and data. Although in some
mission scenarios the system proposed may dispense with the
need for a cabled communication link between the towfish and
the support vessel, the classical cabling solution is recommended
to allow for real-time monitoring of system operation and on-
board data recording.

2.2. Performance specifications

The system’s performance specifications are dictated by the
requirements imposed by different mission scenarios that include
geomagnetic surveying, deployment of current profilers, and
sonar imaging. The specification for the maximum depth error is
dictated by the desired bound on the variations of the magnetic
readings caused by variations of the surveying altitude. The errors
so originated are very difficult to correct in post-processing due to
the nonlinear character of potential fields’ scaling; see e.g. Blakely
(1995). Based on the requirements of some typical scenarios of
operation we require the towed vehicle to regulate the depth
error to zero 70.30 m. This specification is justified in Appendix
A. The tilt specifications for the proposed towed vehicle are
dictated by the requirements of the acoustic methods used in
sonar imaging applications and physical oceanography, cf. Preston
(1992) and Schuch et al. (2005). The controller is required to
regulate the pitch angle and the yaw error to zero 71 deg while
the towing system and the vehicle are designed to passively
stabilize the attitude in roll. The towing speed is expected to vary
between 3 and 8 knts, depending on the type of oceanographic
mission.

2.3. Analysis of previous towing models

The sheathed model proposed by Chapman (1982), which
approximates the behaviour of a Bowden cable, decomposes
motions of the top of the main cable into two components—par-
allel and transverse to the upper cable segment. That model is
applied to determine the motion of 100 m of faired cable where
the cable top (at the vessel towing point) is subjected to periodic
oscillations. The simulation results show that after a certain time
the fish adopts a cyclic motion; the locus of the bottom end of the

cable approximates an ellipse with a large eccentricity. The ratio
of the ellipse’s minor axis to the ship motion amplitude is
determined for different periods of oscillation. The work considers
a neutrally stable body with isotropic drag that behaves like a
sphere with constant drag coefficient; this corresponds to the
configuration of our gravitic depressor. According to the authors,
the Bowden cable behaviour provides a very good approximation
to the response of a towed weight to random disturbances.

Hubbard (1993) shows that the most effective form of
mitigating disturbance propagation through the towing cables
consists in forcing the lower towline axis (either in a single tow or
in a two-part tow) to be coaxial with the towfish axis of
symmetry. To implement this procedure, an approximately
neutrally buoyant towfish is required. With this method, the
axial motion of the towline produces dominantly fore-aft
accelerations of the towed vehicle.

The model of the wave-induced disturbances that we adopt
takes in consideration the results mentioned below.

Preston and Shupe (1993) show that heave of the towing point
in different ships is the variable that is least dependent on the
encounter angle while sway is approximately equal in head and
following seas and surge is the most dependent on ship
configuration. Wu and Chwang (2000) conclude that the two-
part tow method has practically no influence on the surge and
sway behaviour of the towfish. They show that the heaving ratio
between the towed vehicle and the depressor depends on the
encountering frequency of the towing ship and the length of the
secondary cable. The ratio decreases for increasing encountering
frequency and increasing secondary cable length. Hence, Wu and
Chwang (2000) suggest that in order to improve the stability of a
towed vehicle during survey operations it is advisable to select a
sufficiently long secondary cable and to keep the towing vessel in
a convenient wave aspect such as head sea towing. These
conclusions are supported by the experimental results obtained
by Hopkin et al. (1993) in tow tank experiments at full-scale.
These results show also that the heave amplitude ratio increases
with increasing towing speed. In this respect we notice an
apparent contradiction in the conclusions drawn by Wu and
Chwang (2001a) suggesting that the towfish/depressor heave
ratio is smaller for lower towing speeds. Actually, a closer analysis
of the experimental results presented in Wu and Chwang (2001a)
shows that for towing speeds larger than 1.5 m/s the heaving ratio
effectively increases with increasing towing speed.

2.4. Notation

In what follows, fIg represents an inertial coordinate frame and
fBg denotes a body-fixed frame that moves with the vehicle. The
referential associated with the secondary cable that is defined in a
forthcoming section is denoted fCg. Following standard notation
(Fossen, 2002), the vector Z :¼ ½x,y,z,f,y,c� represents the position
and orientation of the vehicle expressed in fIg and n :¼
½u,v,w,p,q,r� denotes the linear and angular components of the
velocity of the vehicle expressed in fBg. When convenient, we also

Fig. 2. Physical dimensions of the towfish. The fins and control surfaces are grouped in pairs and numbered according to this figure.
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use vectors Z1 :¼ ½x,y,z� to represent the position of the origin of
fBg expressed in fIg and Z2 :¼ ½f,y,c� to represent the Euler angles.
The velocity vector is also usually decomposed into the linear
velocities represented by n1 :¼ ½u,v,w� and the angular velocities
represented by n2 :¼ ½p,q,r�.

Whenever necessary, to simplify the notation the following
abbreviations are used: s� :¼ sinð�Þ, c � :¼ cosð�Þ, and t� :¼ tanð�Þ. The
symbol � is used to denote vector cross product. The matrix trace

operator is denoted by trð�Þ. A list of the symbols used in the paper
is presented in Tables 1–4. Refer also to Tables 5 and 6 for a list of
other variables used in simulations.

2.5. 6DOF equations of motion

The simulation of the vehicle dynamics is implemented using
the three-dimensional 6DOF equations of motion represented in
compact form by (see e.g. Fossen, 2002)

M _nþCðnÞnþDðnÞnþgðZÞ ¼ tþte,

_Z ¼ JðZ2Þn, ð1Þ

Table 1
System model notation.

{B} Body-fixed reference frame

{C} Secondary cable reference frame

{I} Inertial reference frame

AR Aspect ratio of a control surfaces

b Damping coefficient of pigtail

B Buoyancy of towfish

Cð�Þ Coriolis and centripetal matrix

CLab Approximate gradient of the hull lift coefficient as a function of

the angles a and b
CLa Approximate gradient of the fins lift coefficient as a function of

the angles a or b
CMab Approximate gradient of the hull pitch damping coefficient as a

function of the angles a and b
CNab Approximate gradient of the hull yaw damping coefficient as a

function of the angles a and b
CAð�Þ Hydrodynamic Coriolis and centripetal matrix

CRBð�Þ Rigid-body Coriolis and centripetal matrix

CK ð�Þ, CMð�Þ,

CN ð�Þ

Hydrodynamic damping coefficients of the hull moments

associated with roll, pitch, and yaw

Cxð�Þ, Cyð�Þ,

Czð�Þ

Hydrodynamic damping coefficients of the hull forces in surge,

sway, and heave

Dð�Þ Hydrodynamic damping matrix

Ec Elastic modulus of pigtail

fvð�Þ Dynamic pressure function

gð�Þ Vector of restoring forces and moments expressed in the body-

fixed frame

Jð�Þ Rotation matrix transforming the position and orientation

vector from {B} to {I}

J1ð�Þ Rotation matrix transforming the position vector from {B} to {I}

J2ð�Þ Rotation matrix transforming the orientation vector from {B} to

{I}

k Spring constant of pigtail

LB Length of the body of the towfish

LC Length of the secondary cable (pigtail)

m Mass of the vehicle

M System inertia matrix

MA Hydrodynamic inertia matrix

MRB Rigid-body inertia matrix

pd Position of the depressor expressed in {I}

rx, ry, rz Normalized 3D components of the depressor excursion

expressed in {I}

RB
I Rotation matrix equal to J1ðZ2Þ

RC
I Rotation matrix from {C} to {I}

Ss Planform area of the rudder and horizontal planes, tip to tip

W Dry weight of towfish

xi
f x-Coordinate of the hydrodynamic center of the ith fin

expressed in the body-fixed frame

Table 2
Controller and observer notation.

a1, a2, a3 True values of system parameters used in matrices G1,G2, and G3

â1,â2,â3 Estimated values of a1, a2, and a3

A Matrix defined from system parameters a1, a2, a3

Â Estimated value of matrix A

d Vector representing the effect of external forces and moments in

system dynamics, expressed in {B}

e Tracking error vector

ez , ey , ec Components of the tracking error vector in depth, pitch, and yaw,

respectively

foð�Þ State independent observer component

fwð�Þ Vehicle hydrodynamic forces associated with heave

fyð�Þ Vehicle hydrodynamic forces associated with pitch

fcð�Þ Vehicle hydrodynamic forces associated with yaw

Fy Observer nonlinear dynamic matrix

goð�Þ State dependent observer component

gwð�Þ Vehicle restoring force associated with heave

gyð�Þ Vehicle restoring moment associated with pitch

gcð�Þ Vehicle restoring moment associated with yaw

h Measurement coupling matrix of the observer

H Observer linear dynamic matrix

Koð�Þ Nonlinear gain of the observer

nz Depth measurement noise

q Pitch rate

r Yaw rate

u Control variable

u Surge velocity

v Sway velocity

w Heave velocity

ŵ Heave velocity estimated by the observer

xo Observer state

x̂o Observer estimated state
~xo Observer error

yo Measurements used by the observer

ŷo Observer estimated measurements

z Depth of the vehicle

zd Desired depth

X1 ¼ ½z,y,c�u Pose of the vehicle expressed in fIg in the simplified motion

model

X2¼[w,q,r] Velocity of the vehicle relative to {B} in the simplified motion

model

Table 3
System model notation (Greek).

Z Position and orientation vector expressed in {I}

Z1 Position of the origin of fBg expressed in {I}

Z2 Vector of Euler angles

es Span efficiency factor of control surfaces

z Pigtail damping ratio

n Velocity vector expressed in the body-fixed frame

n1 Vector of linear velocities of the vehicle expressed in {B}

n2 Vector of angular velocity of the vehicle expressed in {B}

r Density of water

tef
Vector of external forces applied to the towfish expressed in

{B}

tem Vector of external moments applied to the towfish

expressed in {B}

t Vector of forces and moments generated by the control

surfaces expressed in frame {B}

tu ,tv ,tw ,tf ,ty ,tc Components of t
fx , fy , fz Phase delays of each of the 3D components of the periodic

motion of the depressor

o0 Modal frequency of the JONSWAP wave spectrum

oe Frequency of encounter

DL Distance between the depressor and the towing point in the

towfish

Dv Difference between the velocity of the depressor and the

towfish velocity at the tow-point, expressed in {I}

Dy y-Axis distance between the depressor and the towfish tow-

point in referential {I}

Dz z-Axis distance between the depressor and the towfish tow-

point in referential {I}

F. Curado Teixeira et al. / Ocean Engineering 37 (2010) 1193–1220 1197
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where M is the system inertia matrix, CðnÞ is the Coriolis and
centripetal matrix, DðnÞ is hydrodynamic damping matrix, and JðZÞ
represents the transformation matrix from the body-fixed frame
fBg to the inertial coordinate frame fIg. The forces and moments
due to actuation of the control surfaces are represented by t. The
vector te represents the external forces and moments acting on
the system expressed in the body-fixed referential, including the
effects of the towing forces and moments, and the external
disturbances. The expanded model is presented in Appendix B.

2.6. Towing system and wave models

In the present study, the towing system is simulated in a
simplified manner by assuming that the perturbations induced by
sea-waves are transmitted to the depressor without attenuation.
Thus, the motion of the depressor corresponds to the motion of
the towing point at the towing ship. The cable section connecting
the depressor to the towfish is modelled as a spring-damper
system similar to the one proposed by Schuch (2004) where the
spring constant is a function of cable characteristics while
damping is imposed by the towfish. Although this is a simplified
model it can be interpreted as a ‘‘worst case’’ scenario. In this
towing arrangement, the length of the pigtail can be used as a
design parameter to filter the effects of the disturbances
transmitted to the depressor through the primary cable.

2.6.1. Modelling cable tension forces

Consider the two-part towing system with a secondary towing
cable connecting directly the depressor weight to the nose of the
towfish as illustrated in Fig. 3. A cable-fixed reference frame fCg is
defined having its x-axis collinear with the secondary cable and
pointing in the direction of the depressor. The origin of fCgmay be
chosen as any point along the cable. The orientation of fCg relative

Table 4
Controller and observer notation (Greek).

a Angle of attack

b Angle of side-slip

d Vector of deflection angles of control surfaces

db , ds , dr Deflection angles of bow, stern and rudder control surfaces,

respectively

do Heave force used by the observer

y Pitch angle of the vehicle

s1, s2, s3 Functions of measured variables used in the linear parametric

model

sc1, sc2, sc3 Additional functions corresponding to the vertical/horizontal

coupling terms

to Estimation error of the nonlinear component of observer

c Yaw angle of the vehicle

cd Desired yaw

G1, G2, and

G3

Matrices of system parameters in the linearly parametrized

formulation

Gc1, Gc2, and

Gc3

Additional matrices corresponding to the vertical/horizontal

coupling terms

Ĝ1, Ĝ2, and

Ĝ3

Estimated values of G1,G2, and G3

Oc Vector representing the coupling components of the system

dynamics due to motion in roll

Table 5
Values of system parameters used in the simulations.

Parameter Symbol Value Units

Added mass and inertia X _u �8.7849 kg

X _w 0 kg

Y _v �18.64 kg

X _q 0 kg m

Y _p 0 kg m

Y_r 0 kg m

Z _q �1.5 kg m

Z _u �1.1 kg

Z _w �18.64 kg

K _v 0 kg m

M _u �2.0 kg m

M _w �1.6 kg m

N _v �1.6 kg m

K _p �60 kg m2

K _r 0 kg m2

M _q �260.55 kg m2

N _p �60 kg m2

N _r �260.55 kg m2

Moments and products of inertia Ixx 17.4 kg m2

Iyy 174.49 kg m2

Izz 174.49 kg m2

Ixz 1.74 kg m2

Hydrodyn. damping Kjpjp �125 kg m2

Mjqjq �500 kg m2

Njrjr �500 kg m2

Zjqjq �10 kg m2

Yjrjr 10 kg m2

Mass of the towfish m 113.5 kg

Towfish dry weight W 1112 N

Volume of hull V 1 m3

Buoyancy force B 1167.6 N

Length of the body Lb 2.75 m

Center of gravity (CG) (xG,yG,zG) (0,0,0) m

Center of buoyancy (CB) (xB,yB,zB) (0,0,�0.08) m

Gradient of body lift coeff. CLab 0.3508 –

Gradient of body pitch coeff. CMab 0.1308 –

Length of pigtail Lc 100 or 50 m

Elastic modulus of pigtail Ec 5E+4 N

Pigtail damping ratio z 1 –

Gradient of fin lift coeff. CLa 5.24 –

Planform area of fins Ss 1.36 m2

Fin aspect ratio AR 6.8 –

Span efficiency factor es 0.97 –

Coordinates of fin num. 1 (x1
f ,y1

f ,z1
f ) (1,0,0) m

Density of water r 1000 kg m�3

Table 6
General simulations’ parameters.

Type of parameter Symbol Value Units

Initial conditions

Bottom following X1 [0, 0, 15]0 m

Synthetic profile X1 [0, 0, 22.5]0 m

Constant depth X1 [0, 0, 30]0 m

Initial velocities [u,v,w]0 [0,0,0]0 m/s

Initial angular rates [p,q,r]0 [0,0,0]0 rad/s

Velocity of ocean current Vw [�0.5,0.25,0]0 m/s

Velocity bounds bw 1 m/s

bv 0.2 m/s

bp 0.5 rad/s

Controller gains Ka diag(10,5,50)

Kb diag(5,10,10)

m 1.0E�8

n 1.5E+6

Observer gains (minima) [k1,k2]0 [10,10]0

Measurement noise std. dev. sz 0.1 m

sy 0.1 deg

sc 1 deg

sq 0.5 deg/s

sr 0.5 deg/s

Parameters of wave-driven disturbances

rx 0.1

ry 0.01

rz 0.89

fx p=4 rad

fy p=2 rad

fz 0 rad

JONSWAP parameters

Significant wave height Hs 1.5 m

Modal frequency oo 0.4 rad/s

Max. frequency omax 1.5 rad/s

Num. spectral components N 100
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to fIg is determined by a transformation defined by a sequence of
two rotations: a rotation over yaw angle cc about the z-axis
followed by a rotation over pitch angle yc about yc.

The forces applied to the depressor give rise to the force fc

along the cable, actuating at the towfish towing point according to
the model presented in Appendix C; see Fig. 3. When the distance
jDLj between the depressor and the towing point is smaller than
the cable length Lc, the forces actuating at the depressor are not
transmitted to the towed vehicle. This model is suitable to
generate (realistic) impulsive forces that affect the stability of the
towfish. Hence, the vector te of external forces and moments
expressed in the body-fixed referential is determined by

te :¼ ½tef
,tem �u,

where

tef
:¼
ðRI

BÞ
T RI

Cfc ( jDLj4Lc ,

0 ( jDLjrLc ,

(

tem :¼ ½Lb=2,0,0�u� tef
,

with Lb denoting the length of the vehicle. RC
I and RB

I are the
rotation matrices from fCg to fIg and from fBg to fIg, respectively.

2.6.2. Modelling wave-driven disturbances

To capture a realistic scenario, the wave induced
perturbations are modelled according to the JONSWAP wave
spectrum (see e.g. Fossen, 2002). The spectral density function of
the wave model used in the simulations is illustrated in Fig. 5. The
peak frequency used in the model is computed as the frequency of
encounter oe, defined by

oeðu,o0,beÞ :¼ o0�
o2

0

g
ucosbe

����
����,

where o0 is the modal frequency of the JONSWAP wave spectrum,
u is the surge speed of the surface vessel, and be is the angle of
encounter defined between the ship’s heading and the direction of
the incident waves; see Fig. 4. In this work, the towing vessel is
assumed to be operated in head seas.

The model adopted for wave-driven disturbances decomposes
the ship motion that drives the oscillations of the gravitic
depressor into three components of which heave is the most
significant one. To implement this approach the sea wave
amplitude determined by the JONSWAP wave model is decom-
posed into the three orthogonal components of motion and has a
different phase delay associated to each direction. The relative
motion amplitude in each direction is defined by the parameters
rx, ry, and rz and the corresponding phases are represented by fx,
fy, and fz, respectively; see Table 6. The perturbation model used
includes a low-frequency component in sway similar to that
proposed by Wu and Chwang (2000). In modelling the heave
component we take in consideration the experimental results
obtained by Preston and Shupe (1993). These results show that
the significant means of the towing vessel’s vertical and
horizontal displacements in head seas is nearly proportional to
the significant wave height.

3. Control problem formulation

In this section we describe the dynamical model of the vehicle
and formulate the problem of depth tracking and attitude control,
in the presence of external disturbances and parametric model
uncertainty. At a first stage the formulation is presented
neglecting the motion in roll. The impact of the latter on the
vehicle dynamics and control performance will be examined at a
later stage. The coupling terms of the system dynamics resulting
from the motion in roll will be introduced in Section 4.3.

Fig. 3. External forces applied to the vehicle towing-point. Notice the orientation of the reference frames fBg and fCg relative to the inertial frame fIg in which the distance

vectors Dy and Dz, and the towing forces fdx , fdy , and fdz are expressed.

Fig. 4. Definition of encountering angle be and respective wave-aspects.
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Fig. 5. JONSWAP wave spectrum used in the simulations. The specific wave

spectrum used in each simulation is also a function of the towing speed.
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3.1. Simplified equations of motion used for controller design

3.1.1. Kinematics

The pose (position and attitude) of the vehicle relative to fIg is
represented by vector X1 :¼ ½z,y,c�u. The velocity vector that
includes heave velocity and pitch and yaw rates expressed in fBg
is X2 :¼ ½w,q,r�u. The simplified kinematic model based on the
assumption that the vehicle is stable in roll is

_z ¼�usinyþwcosy,

_y ¼ q,

_c ¼ r=cosy: ð2Þ

3.1.2. Dynamics

The relevant equations of the simplified body-fixed dynamics
are given by

ðm�Z _w Þ _w�Z _u _u�Z _q _q�ðm�X _u Þuq�Zjqjqjqjqþ fwðn1,a,bÞþgwðyÞ
¼ uwðn,a,dÞþtw, ð3Þ

ðIyy�M _q Þ _q�M _u _u�M _w _w

þðZ _w�X _u Þuw�Ixzr2�Mjqjqjqjqþ fyðn1,a,bÞþgyðyÞ
¼ uyðn,dÞþty, ð4Þ

ðIzz�N_r Þ_r�N _v _vþðX _u�Y _v Þuvþ Ixzrq�Njrjr jrjrþ fcðn1,a,bÞ
¼ ucðn,b,dÞþtc: ð5Þ

where d :¼ ½db,ds,dr �u is the vector of deflections of the three
control surfaces (bow, stern elevators, and rudder) and a and b
represent the angles of attack and side-slip, defined as a :¼
tan�1ðw=uÞ and b :¼ tan�1ðv=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2þw2
p

Þ, respectively. The variables
tw, ty, and tc denote external forces and moments resulting from
the towing forces and external disturbances. The functions uwð�Þ,
uyð�Þ, and ucð�Þ represent the forces and moments due to the
common mode ðdbþdsÞ, differential mode ðdb�dsÞ, and rudder (dr)
control actions, respectively. The remaining functions, fw( � ), fyð�Þ,
and fcð�Þ, are hydrodynamic forces and moments associated with
heave, pitch and yaw, respectively;gw( � ) and gyð�Þ denote the
restoring forces and moments. The constants M _q ,M _u , M _w , N _v , X _u ,
Z _q , Z _u , Z _w , Mjqjq, Njrjr , and Zjqjq represent system coefficients
according to the notation of SNAME (1950). The meaning and
values of the system’s parameters are presented in Table 5.

3.1.3. Linearly parametrized system

To cast the system in the form of a linear parametric model, all
the system parameters are lumped in matrix G which is derived
below (refer to Tables 2–5 for the definitions of the vehicle
parameters used in the forthcoming expressions). Define

a1 :¼
1

m�Z _w
,

a2 :¼
1

ðIyy�M _q Þ
,

a3 :¼
1

ðIzz�N_r Þ
, ð6Þ

G1 :¼ a1½Zjqjq,ðm�X _u Þ,V
2=3

,ðW�BÞ�u,

G2 :¼ a2½Mjqjq,ðX _u�Z _w Þ,V ,B,Ixz�u,

G3 :¼ a3½Njrjr ,V ,�Ixz�u, ð7Þ

and take A :¼ diagða1,a2,a3Þ40. Consider also the following
functions of the measured variables:

s1 :¼ ½jqjq,uq,fvðn1ÞCzða,bÞ,cosy�u,

s2 :¼ ½jqjq,uw,fvðn1ÞCMða,bÞ,zBsiny,r2�u,

s3 :¼ ½jrjr,fvðn1ÞCNða,bÞ,rq�u, ð8Þ

with fvðn1Þ :¼
1
2rðu

2þv2þw2Þ, Czða,bÞ :¼ �CLaba, CMða,bÞ :¼ �
CMaba, and CNða,bÞ :¼ CMabb. Notice that the terms involving
parameters Z _u , Z _q , N _v , and M _u have been eliminated in the
above expressions. These constants correspond to off-diagonal
elements of the added-mass matrix that can be neglected
(see Fossen, 2002). Using the above definitions and making
G :¼ diagðG1u,G2u,G3uÞ, S :¼ ½s1u,s2u,s3u�u, and f :¼ GS, the system
dynamics (3)–(5) admit the representation

_X 2 ¼ f þAuþd, ð9Þ

where d :¼ A½tw,ty,tc�u represents the effect of the external forces
and moments and the control actions are represented by
u :¼ ½uw,uy,uc�u. The simplified kinematics are represented by

_X 1 ¼ B�1ðX2�gÞ, ð10Þ

where B :¼ diagð1=cosy,1,cosyÞ40 and g :¼ ½utany,0,0�u with
jyjop=2.

3.2. Control problem formulation

Let zd : ½0,1Þ-R be a sufficiently smooth time-varying depth
reference trajectory with a uniformly bounded time-derivative
and let the desired pitch and yaw angles be yd and cd,
respectively. Define also the tracking error as e :¼ X1�X1d ¼

½z�zd,y�yd,c�cd�u. The problem we address can be formally
posed as follows:

Consider the state-space model

_X 1 ¼ f1ðX1,y2Þ, y1 ¼ h1ðX1,n1Þ

_X 2 ¼ f2ðX2,y1,ueÞ, y2 ¼ h2ðX2,n1Þ

where f1( � ) denotes the kinematic model represented by (10),
f2( � ) denotes the dynamic model represented by (9), y1 and y2 are
the measured outputs, h1( � ) and h2( � ) denote measurement
functions or observers, and ue denotes the external forces
affecting the system. Design an output-feedback control law such
that all closed-loop signals are bounded and the tracking error
norm JeJ converges exponentially fast to a neighbourhood of the
origin that can be made arbitrarily small in the presence of
parameter model uncertainty and bounded external disturbances.

4. Output feedback controller design

To solve the trajectory tracking problem formulated above we
propose a Lyapunov-based adaptive control law. Its derivation
makes ample use of backstepping theory (see e.g. Khalil, 2002)
and unfolds in the sequence of steps detailed below.

4.1. Nonlinear controller design

Step 1: Convergence of e. Consider the Lyapunov control
function V1 :¼

1
2 eue, whose time-derivative is

_V 1 ¼ ðX1�X1dÞuð
_X 1�

_X 1dÞ ¼ ðX1�X1dÞuðB
�1ðX2�gÞ� _X 1dÞ: ð11Þ

Using X2 as a virtual control input and setting X2 ¼ Bð _X 1d�

KaeÞþg, for some positive definite (p.d.) diagonal matrix Ka

makes _V 1 negative. Clearly, the desired trajectory represented
by X1d is required to be bounded and twice time-differentiable.
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Define the error variable z :¼ X2�Bð _X 1d�KaeÞ�g. Then, (11) can be
re-written as

_V 1 ¼�euKaeþeuB�1z: ð12Þ

Step 2: Backstepping for z. For simplicity of presentation,
assume at this stage that there are no external disturbances. This
assumption will be removed later. Under these conditions, d¼0 in
(9). The dynamic equation of the error z can then be written as

_z ¼ f þAuþBðKa
_e� €X 1dÞþ

_BðKae� _X 1dÞ� _g , ð13Þ

where €X 1d is the second time-derivative of the reference
trajectory.

Define the augmented Lyapunov function

V2 :¼ V1þ
1
2 zuz ¼ 1

2 eueþ1
2zuz: ð14Þ

Using (13), its time-derivative is

_V 2 ¼�euKaeþzu½B�1eþ f þAuþBðKa
_e� €X 1dÞþ

_BðKae� _X 1dÞ� _g �:

ð15Þ

The objective is to drive the term on z to zero using the control u.
However, this is not practical to do because some of the
parameters of the vehicle are not known with good accuracy.
Hence, the variables â1, â2, â3, Ĝ1, Ĝ2, and Ĝ3 are defined to
represent estimates of a1, a2, a3, G1, G2, and G3, respectively, and
set the control using the estimated model parameters as

u :¼ �Â
�1
½B�1eþ f̂ þBðKa

_e� €X 1dÞþ
_BðKae� _X 1dÞ� _gþKbz�, ð16Þ

where Kb is a p.d. diagonal matrix, Â :¼ diagðâ1,â2,â3Þ, and
f̂ :¼ ĜS¼ diagðĜ1u,Ĝ2u,Ĝ3uÞS. It is required that €X 1d be bounded
in order to guarantee boundedness of the control signal. Define
also P :¼ ½G,A�u and the estimation errors ~A :¼ A�Â, ~G :¼ G�Ĝ,
and ~P :¼ P�P̂ with P̂ :¼ ½Ĝ,Â�u, and take F :¼ ½Su,�ðÂ

�1
ðĜSþ

B�1eþBðKa
_e� €X 1dÞþ

_BðKae� _X 1dÞ� _gþKbzÞÞu�u. Using the control law
(16), straightforward algebraic manipulations yield the time-
derivative of V2 as

_V 2 ¼�euKae�zuKbzþz u½ ~GS�Â
�1 ~AðĜSþB�1eþBðKa

_e� €X 1dÞ

þ _BðKae� _X 1dÞ� _gþKbzÞ�

¼�euKae�zuKbzþzu ~PuF: ð17Þ

Step 3: Adaptive control. At this stage we introduce a third
Lyapunov function that captures the effect of the error in the
estimation of the system’s parameters,

V3 :¼ V2þ
1

2m
J ~PJ2

F ¼
1

2
eueþ

1

2
zuzþ

1

2m
J ~PJ2

F ð18Þ

for some scalar m40, where J � JF stands for the Frobenius norm.
The time-derivative of V3 is

_V 3 ¼�euKae�zuKbzþtr ~Pu Fzu�
1

m
_̂P

� �� �
: ð19Þ

Let P̂0 represent an initial estimate of P and let ~P0 be an upper
bound on the error P�P̂0. Setting the dynamics of P̂ as

_̂P ¼m½Fz u�nðP̂�P̂0Þ� ð20Þ

for some scalar n40 yields

_V 3 ¼�euKae�zuKbzþtrðn ~PuðP̂�P̂0ÞÞ:

Note that the effect of the scalar gain n in the adaptive control law
(20) is to ensure that the values of the system parameters
estimated by the adaptive controller remain inside a ball with the
center defined by the corresponding initial values. Applying the
equality

trðn ~PuðP̂�P̂0ÞÞ ¼�
1
2 nJ ~PJ2

F�
1
2 nJP̂�P̂0J

2
Fþ

1
2nJP�P̂0J

2
F

yields

_V 3r�euKae�zuKbz�1
2 nJ ~PJ2

Fþ
1
2nJ ~P0J

2
F : ð21Þ

Although it is not possible to ensure that _V 3 is always negative, it
is shown in the forthcoming analysis that this is sufficient to
ensure practical stability (Jiang et al., 1994).

External forces. At this stage the simplifying assumption made
in Step 2 is removed to consider the external forces and moments
represented by d in (9). Noting that these are unknown terms that
cannot be taken into account in the control law (16), instead of
(17) it follows:

_V 2 ¼�euKae�zuKbzþzu ~PuFþzud ð22Þ

and

_V 3r�euKae�zuKbz�1
2 nJ ~PJ2

Fþ
1
2nJ ~P0J

2
Fþz ud: ð23Þ

4.2. Stability analysis

The following theorem may now be formulated:

Theorem I. Consider the closed-loop system O consisting of the

vehicle model (2)–(5) and the adaptive feedback controller (13), (16),
and (20). Given a bounded, sufficiently smooth time-varying

reference trajectory X1d : ½0,1Þ-R� ð�p=2,p=2Þ � ½�p,p�, the

following holds:

(i) For any initial condition, the solution to O exists globally, all the

closed-loop signals are bounded, and the tracking error e satisfies

JeJre�ltc0þe, ð24Þ

where l, c0, and e are positive constants and c0 depends on the

initial conditions.
(ii) By appropriate choice of the controller parameter Kb, the rate of

convergence l and the radius e can be chosen at will.
Proof. From (23), using Young’s inequality,1 follows that

_V 3r�euKae�zu Kb�
k
2

I
� �

z�
1

2
nJ ~PJ2

Fþ
1

2
D2, ð25Þ

for any scalar constant k40, where D¼ db=
ffiffiffiffi
k
p
þ

ffiffiffi
n
p

J ~P0JF , with
db :¼ suptZ0JdJ. From (18) and (25), and assuming that Kb

satisfies Kb4 ðk=2ÞI, we conclude that there exists a constant l
that verifies simultaneously 0olrmn, lIrKa, and lIr2Kb�kI,
and therefore

_V 3r�lV3þ
1
2D

2: ð26Þ

Statement (i) is proven by applying the Comparison Lemma
(Khalil, 2002) and showing that

V3ðtÞre�ltV3ð0Þþ
1

2l
D2

ð27Þ

along the solutions of O. This shows that all control signals remain
bounded and the solutions of the system exist globally and are
ultimately bounded with ultimate bound ð1=2lÞD2. Considering
the definition of V3, we conclude from (27) that JeJ converges to a
ball of radius D=

ffiffiffiffiffiffi
2l
p

. We can also conclude that the closed-loop
system is input-to-state practically stable (ISpS) (Jiang et al.,
1994) with respect to bounded parametric uncertainties and
bounded external disturbances. To prove (ii) it is shown that the
radius D=

ffiffiffiffiffiffi
2l
p

can be made arbitrarily small by appropriate choice
of the controller parameters. For a given limiting radius e and a

1 Young’s inequality states that if a and b are non-negative real numbers and p

and q are positive real numbers such that 1=pþ1=q¼ 1 then abrap=pþbq=q. In

particular, for any real number e40 abra2=2eþeb2=2.
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given convergence rate l

Dffiffiffiffiffiffi
2l
p re¼ dbffiffiffiffiffiffiffiffiffi

2lk
p þ

ffiffiffiffiffiffi
n

2l

r
J ~P0JF ,

and it is possible to make

k :¼ d2
b=2l e�

ffiffiffiffiffiffi
n

2l

r
J ~P0JF

� �2

provided that

Kb�
k
2

I¼ Kb�
d2

b

2l e�
ffiffiffiffiffiffi
n

2l

r
J ~P0JF

� �2
IZ

l
2

I40:

Thus, it is shown that (26) is verified and therefore (27) holds.

4.3. Coupling the horizontal and vertical planes

To take in account the effects of motion in roll, the following
coupling terms must be inserted in the dynamic equations of the
system (see Appendix D):

Gc1 :¼ a1½�ðm�Y _v Þ,ðW�BÞ�u,

Gc2 :¼ a2½ðIzz�IxxþK _p�N_r Þ,�Ixz�u,

Gc3 :¼ a3½ðIxx�IyyþM _q�K _p Þ,Ixz�u,

sc1 :¼ ½vp,cosyðcosf�1Þ�u,

sc2 :¼ ½pr,p2�u, sc3 :¼ ½pq,p2�u:

The system dynamics can be reformulated by substituting the
new expressions for G, S, B, and g as follows. Define

G :¼ diagð½G1u,Gc1u�,½G2u,Gc2u�,½G3u,Gc3u�Þ,

S :¼ ½s1u,sc1u,s2u,sc2u,s3u,sc3u�u,

B :¼ diagðb1þbc1,1þbc2,1=b1þbc3Þ, g :¼ ½g1þgc1,gc2,gc3�u,

with b1 :¼ 1=cosy, g1 :¼ utany, bc1 :¼ ð1�cosfÞ=cosycosf, bc2 :¼

ðcosf�1Þ=cosf, bc3 :¼ cosyð1�1=cosyÞ, gc1 :¼ utanyð1=
cosy�1Þ�vtanf, gc2 :¼ rtanf, and gc3 :¼ �qtanf. Let the coupling
components of the system dynamics be represented by

Oc :¼ ½Gc1usc1þgc1,Gc2usc2þgc2,Gc3usc3þgc3�u ð28Þ

and let bu, bv, and bp denote the upper bounds on the surge and
sway velocities, and roll rate, respectively. Simple algebraic
manipulations show that

JOcJ
2rCcJX2J

2
þDc , ð29Þ

where Cc and Dc are constants defined from the system
parameters and the upper bounds on the linear velocities, bu, bv,
and bp (cf. Appendix D).

Inserting in (22) the coupling terms not compensated by the
control u we obtain

_V 2 ¼�euKae�zuKbzþzu ~PuFþzudþzuOc: ð30Þ

Furthermore, applying Young’s inequality we conclude from (25)
that, for any scalar constant kc 40, _V 3 verifies

_V 3r�euKae�z u Kb�
ðkþkcÞ

2
I

� �
z�

1

2
nJ ~PJ2

Fþ
Cc

2kc
JX2J

2
þr, ð31Þ

where r¼ 1
2 ðD

2
þDc=kcÞ. It can be shown, applying a reasoning

similar to the one used in Theorem 1, that

V3ðtÞre�ltV3ð0ÞþgcðJX2JÞþ
r

l
, ð32Þ

where gc is a class K function (Khalil, 2002); see demonstration in
Appendix D. Hence, we conclude that the system is ISpS with
respect to bounded unmodelled dynamics.

5. Nonlinear observer design

In actual implementations it is often impractical to obtain
direct measurements of surge, sway, and heave for feedback.
Taking this in consideration, for observer design purposes it is
assumed that the surge velocity of the towed vehicle is constant
and can be approximated by the nominal towing speed, i.e.
u :¼ u0. Furthermore, the effect of the sway component is
assumed to be negligible. The heave component of the vehicle’s
velocity is estimated by a nonlinear observer that is described
below.

Consider the state space representation

H _xo ¼ Fyxoþ foðy,q,twÞþgoðxo,dÞ,

yo ¼ z, ð33Þ

where xo :¼ ½z,w�u, H :¼ diagð1,M3,3Þ, Fy :¼ ½
0
0

cosy
Cv
�,

foðy,q,twÞ :¼
�u0siny

ðm�X _u Þu0qþZjqjqjqjqþðW�BÞcosyþtw

" #
,

and goðxo,dÞ :¼ ½0,� 1
2rSsCLaðu

2
0þw2Þdc�u, with dc :¼ dbþds,

M3,3 :¼ m�Z _w 40, and Cv :¼ � 1
2rðV

2=3
CLabþ2SsCLaÞðu0þ0:3Þo0.

The variable tw represents the heave component of the external

forces actuating on the towfish; see Section 3.1. Let ẑ and ŵ

represent the estimated values of z and w, respectively, and define
~w :¼ w�ŵ. Here we use the approximation fvðn1ÞCzða,bÞ �
� 1

2rCLabðu0þ0:3Þw that is justified in Appendix E.Applying the

expression for the dynamics of w derived from (3) we implement
an estimator of w in the form of a Luenberger observer

H _̂x o ¼ Fyx̂oþ foðy,q,twÞþgoðx̂o,dÞþKoðyo�ŷoÞ,

ŷo ¼ hux̂o ¼ ẑ, ð34Þ

where h :¼ ½1,0�u and Ko :¼ ½k1,k2�u is the gain of the observer, with
the scalars k1 and k2 defined in the sequel of the present
formulation. In our implementation, due to the configuration of
the towfish and the towing arrangement, the magnitude of tw is
very small relatively to the remaining terms in fo( � ) and can be

neglected. Using ~xo :¼ xo�x̂0, do :¼ � 1
2rSsCLadc , and to :¼

goðxo,dÞ�goðx̂o,dÞ ¼ ½0,doðw2�ŵ
2
Þ�u the observer error dynamics

become

H _~x o ¼ Fy ~xo�Kohu ~xoþto: ð35Þ

Introduce now the Lyapunov function Vo :¼ ~xouH ~xo. Its time
derivative is

_V o ¼� ~xuoAo ~xoþ2 ~xouto, ð36Þ

with Ao :¼ ðKohuþhKo u�Fy�FyuÞ40 for all k140,k2Z1.
The heave velocity of the vehicle is assumed to be bounded.

This assumption is a natural consequence of the towing arrange-
ment and towfish configuration and is validated by the results of
simulations. In fact, even when the system is subjected to fast
heave movements of the depressor, the towfish tends to pitch
rather than heave. Given an upper bound bw on jwj, it is
straightforward to show that (see Appendix E)

_V o ¼� ~xouAo ~xoþ2do ~w
2
ðwþŵÞr� ~xou½Ao�2jdoðbwþŵÞjI� ~xo: ð37Þ

Notice that except for the diagonal element a2240 the elements
aij (i,j¼1,2) of matrix Ao are determined by the observer gains k1

and k2. Hence, to make Ao�2jdoðbwþŵÞjI40 the following
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condition must hold:

jdoðbwþŵÞjo jCvj: ð38Þ

Condition (38) establishes the region of attraction of the origin of
~xo, which depends on the towing velocity as shown in Appendix E.
Thus, although it is not possible to ensure global stability, through
proper manipulation of the values of k1 and k2 the origin of ~xo can
be made semi-globally asymptotically stable (Khalil, 2002).

5.1. Stability of the observer with respect to measurement noise

Consider now that the measurements of the variable z are
affected by noise with bounded intensity. Let xz ¼ ½nz,0�u be a noise
vector. Substituting yo ¼ zþnz for the measurement expression in
(33) leads to

_V o ¼� ~xouAo ~xoþ2 ~xouðto�KohuxzÞ:

Using Hölder and Young’s inequalities, appropriate algebraic
manipulations show that

_V or� ~xou½Ao�ð2jdoðbwþŵÞjþZonzÞI� ~xoþ
jnzj

Zo

JKoJ
2,

where the constant Zo40 can be made arbitrarily large provided
that Ao�ð2jdoðbwþŵÞjþZonzÞI40. Under this condition, a suffi-
ciently small constant lo40 exists such that

VoðtÞre�lotVoð0Þþ
Do

lo
, ð39Þ

with Do ¼ ðbz=ZoÞJKoJ
240 and bz ¼ suptZ0jnzj. Hence, we con-

clude that the observer is ISpS with respect to bounded
measurement noise.

5.2. Stability of observer-controller

To analyse the stability of the controller with respect to
bounded errors in the estimation of w we observe that the noise
affecting variables u and w in (8) verifies the matching condition;
that is, the uncertain terms enter the state equation (9) at the
same point as the control input. Since the intensity of the noise is
bounded and the variables w and u are also assumed to be
bounded, the noisy effects in w can be regarded as additional
bounded external disturbances. Hence, it is concluded from the

previous analysis that the controller is ISpS with respect to
bounded errors in the estimation of w.

Consider now the cascade system constituted by the observer
fL represented by (34) and the controller fO represented by (13),
(16), (20) as follows:

_x1 ¼ fOðx1,y2,u1Þ, y2 ¼ x2,

_x2 ¼ fLðx2,u2Þ, ð40Þ

where x1 :¼ e represents the tracking error of the controlled
system, x2 :¼ ~xo is the estimation error of the observer, the input
u1 :¼ teþOc represents the external disturbances plus the effect
of unmodelled dynamics affecting fO, and u2 :¼ nz represents the
bounded noise input to the observer. Both the x1 and x2

subsystems with (y2,u1) and u2, respectively, as inputs are ISpS.
Hence, it is shown by application of the Generalized Small-Gain
Theorem (Jiang et al., 1994) that the cascade system is ISpS with
respect to bounded external disturbances and bounded noise in
the depth measurements used by the observer; see Appendix E.

6. Results of simulations and discussion

The performance of the control algorithms developed is
illustrated using the results of computer simulations. The initial
conditions and other parameters which are common to all the
simulations are presented in Table 6. The specific parameters of
each simulated test are presented in Table 7. The reference depth
profiles used in the simulations are shown in Fig. 6. In depth
tracking simulations zd(t) is approximated by cubic-splines, thus
ensuring that the reference trajectory is twice differentiable in
time.

6.1. Simulations setup

In the scenario used for simulations the towed vehicle is
required to regulate the pitch angle and the yaw error to zero
while tracking a desired depth. Three types of depth trajectories
were used: a real bathymetric profile with a total length of
approximately 800 m, a sinusoidal reference, and a constant depth
trajectory; see Fig. 6. In all trajectories the depressor is assumed
to be deployed at an approximately constant depth with
oscillations in position that are imposed by the motion of the

Table 7
Simulations’ parameters by test number.

Test num. Depth profile Towing speed (knts) Pigtail length (m) Other conditions

1 Const. depth 4 100 Undisturbed; non-controlled

2 Const. depth 4 100 Non-controlled

3 Const. depth 4 50 Non-controlled

4 Const. depth 4 30 Non-controlled

5 Const. depth 3 100 –

6 Const. depth 4 100 –

7 Const. depth 6 100 –

8 Const. depth 8 100 –

9 Const. depth 6 50 –

10 Const. depth 6 30 –

11 Sinusoidal 6 100 Initial 100% estimation error of parameters a1, a2, a3

12 Sinusoidal 6 100 Initial 100% estimation error of parameters a1, a2, a3;

without adaptive control

13 Bottom following 4 100 –

14 Bottom following 8 100 –

15 Sinusoidal 3 100 –

16 Sinusoidal 3 30 –

17 Const. depth 8 100 Subjected to ocean current with a velocity of 1 knt

18 Const. depth 10 100 Subjected to ocean current with a velocity of 1 knt

19 Const. depth 12 100 Subjected to ocean current with a velocity of 1 knt

20 Const. depth 8 50 Subjected to ocean current with a velocity of 1 knt
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towing vessel at the sea surface. In the simulations, the towing
system starts from rest and reaches the nominal towing speed.
The operation of the system is simulated with towing speeds
varying from 3 to 8 knts, using pigtail lengths of 30, 50, and 100 m.
The actual towing velocity used in simulations has a bias of 710%
the nominal velocity. This is used to account for the difficulty of
maintaining a specified towing speed of the support ship. The
wave induced perturbations are modelled according to the
JONSWAP wave spectrum considering a sea-state of 3–4; see
Table 6. Notice that the spectral density function of the wave-
driven perturbations as defined in Section 2.6.2 is also a function
of the towing speed.

To investigate the robustness of the controlled system under
the effect of non-measured ocean currents we consider an
additional scenario where an underwater current with a velocity
of 1 knt makes the towfish drift sideways and diverge from the
desired track. The control system was simulated in this scenario

with distinct system parameters and different towing velocities;
see Table 7.

6.1.1. System’s parameters and constraints

The initial estimates of the model parameters represented
by P0 are set to 710% of the corresponding true values. The
exceptions to this rule are indicated in Table 7. The control planes
have a maximum deflection of 730 deg and the actuators’
dynamics are approximated by a first order system with a time
constant equal to 0.1 s.

6.1.2. Measurement noise

To test the robustness of the proposed adaptive controller with
respect to sensor noise, the measurements of z, y, c, q, and r used
in the simulations are affected by mutually independent additive
Gaussian white noise whose standard deviations are represented
by the constants sz, sy, sc, sq, and sr , respectively; see the values
of these constants in Table 6. We notice that, when operating
close to the surface, depth measurements may be affected by
pressure variations induced by sea waves. Although this problem
has not been addressed in the study, we propose to filter these
variations by fusing the depth sensor measurements with the
altitude measurements obtained with a sonar altimeter.

6.2. Results and discussion

6.2.1. Depressor and towfish motions

The simulations reproduce closely the motion behaviour of the
depressor determined by Chapman (1982): when the wave
induced forces become nearly periodic the locus of the depressor
in the vertical plane approximates an ellipse with the length of
the major axis proportional to the vertical displacement of the
ship and the minor axis one order of magnitude smaller; see
Fig. 7. The plot of depressor and towfish motions shown in Fig. 10
is representative of the system motion with other pigtail lengths
and towing speeds. These results show that the amplitude of
surge and sway motions is not attenuated by the pigtail but heave
motion is significantly reduced. This is in accordance with the
experimental results cited in Section 2.3. However, our model
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shows low amplitude, high-frequency oscillations of the towfish
towing point that are not reported in the cited works (see e.g.
Fig. 10). This may be explained by the higher frequency contents
of the sea-wave driven oscillations that are assumed to be
transmitted to the depressor without attenuation and also by the
intrinsic towfish oscillations that can be observed in Fig. 8. This
natural oscillation of the towfish is inherent to the configuration
with a small positive buoyancy.

6.2.2. Performance of the non-controlled system

The errors observed with the undisturbed, non-controlled
system towed at constant depth are shown in Fig. 8. The towing
speed is 4 knts; see the configuration of Test num. 1 in Table 7.
The errors obtained with the non-controlled system subjected to
wave-driven disturbances with a towing speed of 4 knts at
constant depth are plotted in Fig. 9; see the configuration of
Test num. 2 in Table 7. The external forces applied to the towfish
are derived from the relative motions of depressor and towfish
that are plotted in Fig. 10. These simulations show that the heave
velocity of the non-controlled system is approximately zero.
Corroborating the results of Preston (1992), the results illustrated
in Fig. 9 show that yaw motion of the towed vehicle is not reduced
with the two-part tow method.

6.2.3. System performance in constant-depth tracking and attitude

control

The results presented in Figs. 11–15 illustrate the performance
of the system subjected to the same external disturbances of the
previous tests but under the control laws derived in Section 4.1.
Fig. 13 presents the attitude of the vehicle in roll. These results
show that the motion of the controlled vehicle is in accordance
with our previous assumption of negligible motion in roll. The
actuation of the control surfaces is depicted in Fig. 15. Notice that
when towed at 4 knts the control surfaces’ deflections are far from
the saturation value. Fig. 14 shows that the estimation error
achieved by the observer of w is very small and remains inside the

region of attraction established in Appendix E. This error
decreases significantly with increasing towing speeds.

6.2.4. Bottom following performance

The performance of the simulated system tracking the real
bathymetric profile shown in Fig. 6 is illustrated in Figs. 16–19. A
plot of the roll angle is presented in Fig. 17. Noting that bottom
following is the most demanding scenario, we observe that by
towing the vehicle at the velocity of 4 knts the depth and pitch

errors verify

jezjr0:3 m,

jeyjo1 deg,

the 2s interval of the yaw error corresponds to

jecjo0:9 deg,

and the roll angle verifies

jfjo0:25 deg:

Notice that the tracking errors obtained in bottom-following
missions increase considerably with increasing towing speed;
compare the results of Test num. 13 and 14 plotted in Figs. 16
and 20, respectively. Hence, for this type of mission the
recommended maximum towing speed is 4 knts.

6.2.5. Impact of pigtail length and towing speed on system

performance

The impact of the length of the secondary cable on the tracking
errors obtained with the controlled system is summarized by the
plot of the RMS errors shown in Fig. 21. The depth tracking error
decreases slightly with the increase of the pigtail length. For
practical purposes, however, the impact of the latter is not
significant. To assess the impact of the pigtail length when the
main towing forces are not aligned with the vehicle longitudinal
axis we simulated the system using the sinusoidal trajectory
represented in Fig. 6 at a towing speed of 3 knts (tests num.
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15 and 16). The errors obtained are similar to those obtained in the
other simulations at comparable speeds. From these results we
conclude that with this towing model the depth and pitch tracking
errors of the controlled system are not practically affected by pigtail
length. However, there is a significant impact on surge speed and

lateral motion of the towfish, cf. Figs. 23 and 24. As a consequence,
to mitigate accelerations in surge or lateral oscillations of the
towfish position a longer pigtail is recommended.

The impact of different towing speeds on the performance of
the controlled system is summarized in Fig. 22. These results
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indicate that for constant depth-tracking the depth and attitude
errors increase slightly with increasing towing speed. This effect
becomes more pronounced for speeds above 6 knts but even at
this speed the tracking errors remain inside the limits specified
for the system. It is observed in simulations that the error in yaw
is the most variable both with towing speed and pigtail length

although its RMS value remains smaller than 1 deg. For critical
applications it may be convenient to use lower towing speeds and
larger pigtail lengths. It is also important to notice, however, that
at lower towing speeds the system is more susceptible to generate
impulsive forces in the pigtail that can affect the stability of the
system. This effect is illustrated in Fig. 25.
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6.2.6. Adaptive controller

The importance of adaptive control can be assessed based on a
comparison of the tracking errors obtained with and without
parameter adaptation, as shown in Fig. 26(a) and (b). The plots
correspond to Tests num. 11 and 12, respectively. These results
show that adaptive control improves considerably the
performance of the controller, especially in terms of depth
tracking, when the error in the initial estimate of the
parameters is large. It is shown that adaptive control may be
fundamental to bound the tracking errors according to the
system’s specifications. Parameter estimation implemented in
the adaptive controller is illustrated in Fig. 27 for parameters a1,
a2, and a3.

6.2.7. Performance in the presence of ocean currents

To analyse the performance of the controlled system in the
presence of ocean currents several simulations were done
including the effect of a current with a velocity of 1 knt that
causes lateral drift of the towfish. The behaviour of the system in
this scenario is illustrated in Figs. 28–31. Due to the geometry of
the towing arrangement the external forces transmitted by the
pigtail tend to affect directly the orientation of the vehicle as

shown in the plots of Fig. 28. The control effort required in this
scenario is shown in Fig. 29; notice that the rudder deflection
becomes close to the hard limit of �30 deg. The tracking errors
achieved by the system are shown in Fig. 30. Comparison of these
errors with those achieved in the previous tests (see e.g. Fig. 11)
shows that depth and pitch errors are not affected by the presence
of the ocean current. In this test the amplitude of the yaw
oscillations does not increase but the final orientation error has a
bias of �1 deg. The motion in roll remains negligible.

The results obtained in simulations with a pigtail of 50 m show
that although the time response of the system varies with pigtail
length, the amplitude of the tracking errors is equivalent to that
obtained with a larger cable; see Fig. 31. The simulations executed
with towing speeds of 8, 10, and 12 knts show that for this range
of velocities the amplitude of the error caused by the ocean
current does not vary with towing speed.

7. Conclusions and future work

The paper addressed the problem of controlling an underwater
towed vehicle in the vertical and horizontal planes. The system
analysed consisted a two-stage towing arrangement that includes
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a long primary cable, a gravitic depressor, and a secondary cable.
Although the paper did not address modelling the primary cable,
the simulations used realistic wave models to drive the motion of
the depressor-pigtail subsystem that transmits the wave driven
disturbances to the towfish.

A nonlinear adaptive Lyapunov-based controller was designed
and its performance assessed in simulation. Based on the

simulation results we concluded that the nonlinear controller
proposed is adequate for precise depth control and precise control
of the attitude of a towed vehicle. The adaptive controller proved
to be robust against vehicle parameter uncertainty and bounded
external disturbances. The controlled system exhibits good
performance at different equilibrium conditions which are
dictated, among other factors, by the length of the secondary
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Fig. 20. Tracking errors in a bottom-following mission at 8 knts towing speed (Test num. 14).
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cable and the towing speed. The robustness of the adaptive
controller was tested in the presence of sensor noise. To simplify
practical implementations of the system, no direct measurements

are required of surge, sway, and heave speeds. It was shown
that the performance of the system is not affected by assuming
a constant surge velocity equal to the nominal towing speed.
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Fig. 22. Impact of different towing speeds on system performance. Results obtained with a constant depth trajectory and a pigtail length of 100 m (Tests num. 5–8).
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A nonlinear observer was derived and proved to be a stable
estimator of the heave velocity even in the presence of depth
measurement noise.

Although modelling and analysis of the complete towing
system was beyond the scope of this work, some concluding
remarks on this subject were drawn from the simulations.
A pigtail 100 m long is recommended to mitigate accelerations
in surge and lateral oscillations of the towfish position. For towing
speeds varying from 3 to 8 knts and constant depth tracking,
the tracking errors remain inside the specified margin of error.
For bottom following missions, unless the proposed specifica-
tions can be relaxed, the maximum towing speed recommended
is 4 knts.

The results of simulations showed that the tracking errors
achieved by the controlled system comply with the specifications
imposed by the applications that motivated the system design.
With appropriate choices of the pigtail length and towing speed,
the magnitude of the depth error is made smaller than 30 cm
while pitch and yaw error magnitudes can be made smaller than
1 deg. The absolute value of the roll angle is smaller than 0.25 deg.
These conclusions apply to the vehicle model adopted. However,
the methodology developed in the paper affords the designer a
powerful tool for combined plant-controller design of a large class
of towed vehicles.

The paper did not address the problem of control of the lateral
position of the towfish. It was shown, however, that in the
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Fig. 24. Impact of different pigtail lengths on lateral motion of the towfish: (a) pigtail length¼100 m; (b) pigtail length¼30 m (Tests num. 15 and 16, respectively).
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absence of oceanic currents the lateral motion of the towfish can
be kept one order of magnitude smaller than the corresponding
displacement of the towing vessel. Even in the presence of
underwater currents that cause the vehicle to drift laterally from

the desired track, pitch and depth errors are of the same order of
magnitude as those observed in the absence of currents. In this
scenario, the yaw error becomes slightly biased and orientation
control imposes a significantly larger actuation of the rudder. For
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Fig. 28. External forces and moments acting on the towfish at 8 knts towing speed with towfish lateral drift in the presence of 1 knt ocean current; pigtail length of 100 m,

constant depth trajectory (Test num. 17).
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applications that require a precise control of lateral position we
propose a fully actuated system equipped with two vertical
control surfaces. This will be the subject of future research. We
intend to apply in the near future the techniques presented in this
study to the control of an actual towfish used in marine
geophysical surveying.
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Appendix A. Error specifications

The total field magnetic anomaly Tz generated by a dipolar
source of dipolar moment Mm at an altitude z from the
magnetized body is given by (see e.g. Telford et al., 1998)

Tz ¼
Mm

z3
:

As a consequence, the error associated to a small variation Dz in
the altitude of measurement is

Tz�TzþDz ¼
Mm½ðzþDzÞ3�z3�

z3ðzþDzÞ3
,

where the units of T, Mm, and z, are respectively, nano-Tesla (nT),
Am2, and m. For a dipolar source, the vertical gradient is given by
(see e.g. Breiner, 1973)

@T

@z

����
z

¼�
3T

z
,

and for small variations of z the error incurred by measuring at
altitude zþDz is approximated by

@T

@z

����
z

�
@T

@z

����
zþDz

¼�
3T

z

Dz

ðzþDzÞ
:

Consider a typical scenario consisting of a magnetic body located
on the sea floor with a dipolar moment Mm¼104 Am2, which
generates a magnetic anomaly relative to the Earth’s ambient field
with amplitude 10 nT at an altitude of 10 m. Elementary
computations using the expressions above show that to achieve
a maximum error of 1 nT in measurements of the total field
anomaly and 0.1 nT/m in gradient measurements at altitude 10 m,
the maximum error in the altitude of the magnetic sensors must
be approximately 0.3 m.

Appendix B. 6DOF equations of motion

The system inertia matrix structure corresponds to a vehicle
with a xz plane of symmetry and is defined as follows:

M :¼ MRBþMA

¼

m�X _u 0 �X _w 0 �X _q 0

0 m�Y _v 0 �Y _p 0 �Y_r

�Z _u 0 m�Z _w 0 �Z _q 0

0 �K _v 0 Ixx�K _p 0 �Ixz�K_r

�M _u 0 �M _w 0 Iyy�M _q 0

0 �N _v 0 �Ixz�N _p 0 Izz�N_r

2
6666666664

3
7777777775

,

where MRB is the rigid-body system inertia matrix and MA is the
hydrodynamic system inertia matrix.

The Coriolis and centripetal matrix is

CðnÞ :¼ CRBðnÞþCAðnÞ

¼

0 �mr mq 0 �Z _w w Y _v v

mr 0 �mp Z _w w 0 �X _u u

�mq mp 0 �Y _v v X _u u 0

0 �Z _w w Y _v v 0
ðIzz�N_r Þr

�Ixzp
�ðIyy�M _q Þq

Z _w w 0 �X _u u
Ixzp�

ðIzz�N_r Þr
0

ðIxx�K _p Þp

�Ixzr

�Y _v v X _u u 0 ðIyy�M _q Þq
Ixzr�

ðIxx�K _p Þp
0

2
666666666666666664

3
777777777777777775

,

where CRB is the rigid-body Coriolis and centripetal matrix
and CA is the hydrodynamic Coriolis and centripetal inertia
matrix.

The transformation matrix from the body-fixed frame {B} to
the inertial coordinate frame {I} is defined as

JðZÞ :¼
J1 03�3

03�3 J2

" #

with

J1 :¼

cccy �sccfþccsysf scsfþcccfsy
sccy cccfþsfsysc �ccsfþsysccf
�sy cysf cycf

2
64

3
75,

J2 :¼

1 sfty cfty
0 cf �sf
0 sf=cy cf=cy

2
64

3
75,

where JðZÞ also denoted RB
I is the rotation matrix from the body-

fixed frame to the inertial reference frame.
Using the coordinates (xB,yB,zB) of the center of buoyancy

of the vehicle, the vector of restoring forces and moments is
defined by

gðZÞ :¼

ðW�BÞsy
�ðW�BÞcysf
�ðW�BÞcycf
�zBBcysf

�zBBsy�xBBcycf
xBcysf

2
6666666664

3
7777777775

,

where (xB,yB,zB) are the coordinates of the center of buoyancy. The
total hydrodynamic damping matrix is

DðnÞ :¼ �

1

2
rV

2=3
Cxða,bÞu

1

2
rV

2=3
Cxða,bÞv

1

2
rV

2=3
Cxða,bÞw 0 0 0

1

2
rV

2=3
Cyða,bÞu

1

2
rV

2=3
Cyða,bÞv

1

2
rV

2=3
Cyða,bÞw 0 0 Yjrjrjrj

1

2
rV

2=3
Czða,bÞu

1

2
rV

2=3
Czða,bÞv

1

2
rV

2=3
Czða,bÞw 0 Zjqjqjqj 0

1

2
rV CK ða,bÞu

1

2
rV CK ða,bÞv

1

2
rV CK ða,bÞw Kjpjpjpj 0 0

1

2
rV CMða,bÞu

1

2
rV CMða,bÞv

1

2
rV CMða,bÞw 0 Mjqjqjqj 0

1

2
rV CNða,bÞu

1

2
rV CNða,bÞv

1

2
rV CNða,bÞw 0 0 Njrjrjrj

2
66666666666666666664

3
77777777777777777775

:
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The forces and moments exerted by the control surfaces are
given by

t :¼ ½uu,uv,uw,uK ,uy,uc�
T ¼

1

2
rJn1J

2SsCLa

ðbþdrÞ
2
þðaþdbÞ

2
þðaþdsÞ

2

pesAR

bþdr

2aþdbþds

0

�x1
f ðdb�dsÞ

x1
f ðbþdrÞ

2
6666666666664

3
7777777777775

,

where AR is the fin aspect ratio, es is the span efficiency factor, and
xi

f represents the x-coordinate of the hydrodynamic center of the
ith fin expressed in the body-fixed frame.

The vector of external forces and moments expressed in the
body-fixed referential includes the effects of the towing forces
and moments and the external disturbances, as follows:

te :¼ ½tu,tv,tw,tf,ty,tc�T :

Appendix C. Model of forces and moments applied to the
towfish

The vector pd ¼ ½xd,yd,zd�u that describes the position of the
depressor expressed in fIg is determined by the model of the
depressor motion described in Section 2.6. The model of the forces
exerted at the pigtail adapted from Schuch (2004) is as follows.

The spring coefficient of the pigtail is

k ¼
Ec

Lc
,

where Ec is the elastic modulus of the cable and Lc is the cable
length. The distance between the depressor and the tow-point at
the fish nose is

DL :¼ pd� Z1�RI
B

Lb=2

0

0

2
64

3
75

0
B@

1
CA

and the difference between the velocity of the depressor and the
tow-point at the fish nose is

Dv :¼ _pd�RI
B n1þn2 �

Lb=2

0

0

2
64

3
75

0
B@

1
CA:

As a consequence, the force applied in the pigtail is

fc :¼

kðjDLj�LcÞþb Dvu
DL

jDLj

� �
0

0

2
6664

3
7775,

where b :¼ 2z
ffiffiffiffiffiffiffiffiffiffi
kmu

q
is the damping coefficient, with z denoting the

damping ratio and mu :¼ m�X _u . Notice that fc results in a tension
force developed in the pigtail iff kðjDLj�LcÞþ bðDvuDL=jDLjÞ40;
otherwise the force applied to the towfish is null.

The natural frequency of the pigtail subsystem is given by

on ¼

ffiffiffiffiffiffiffi
k

mu

s
:

To enter the towfish dynamics, the force fc is transformed
sequentially from the cable coordinate frame {C} to frame {I}
and from this to frame {B}. The transformation matrix from {C} to
{I} is given by the rotation matrix

RI
C :¼

ccccyc �scc cccsyc

scccyc ccc sycscc

�syc 0 cyc

2
64

3
75,

where the angles yc :¼ sin�1
ðDz=LcÞ and cc :¼ sin�1

ðDy=LcÞ are
illustrated in Fig. 3 with Dz :¼ zd�z and Dy ¼: yd�y.

Appendix D. Inclusion of coupling terms in system dynamics

D.1. Simplified model with coupling terms

The inclusion of the coupling terms that represent the effects
of motion in roll in Eqs. (3)–(5) leads to

ðm�Z _w Þ _w�Z _u _u�Z _q _q�ðm�X _u Þuq

�Zjqjqjqjqþ fwðn1,a,bÞþðm�Y _v Þvpþgwðy,fÞ
¼ uwðn,a,dÞþtw, ð41Þ

ðIyy�M _q Þ _q�M _u _u�M _w _wþðZ _w�X _u Þuwþ Ixzp2

�ðIzz�N_r ÞrpþðIxx�K _p Þrp�Ixzr2�Mjqjqjqjqþ fyðn1,a,bÞþgyðyÞ
¼ uyðn,dÞþty, ð42Þ

ðIzz�N_r Þ_r�N _v _vþðX _u�Y _v Þuv�Ixzp2

þðIyy�M _q�IxxþK _p Þpq�ðIxz�N _p Þ _pþ Ixzrq�Njrjrjrjrþ fcðn1,a,bÞ
¼ ucðn,b,dÞþtc: ð43Þ

Notice that in Eq. (43) there are two terms than have been
neglected in the expressions of the dynamics used by the
controller. The term N _p _p was eliminated because N _p is off-
diagonal; Ixz _p is neglected because Ixz is small and _p is assumed to
be negligible.

D.2. Derivation of Eq. (29)

Eq. (29) is derived as follows:

JOcJ
2
¼ a2

1½ðW�BÞcosyðcosf�1Þ�ðm�Y _v Þvp�2

þ2gc1a1½ðW�BÞcosyðcosf�1Þ�ðm�Y _v Þvp�

þ2a2
2½ðIzz�IxxþK _p�N_r Þ

2p2r2þ I2
xzp4�2ðIzz�IxxþK _p�N_r ÞIxzp3r�

þ2a2
3½ðIxx�IyyþM _q�K _p Þ

2p2q2þ I2
xzp4

þ2ðIxx�IyyþM _q�K _p ÞIxzp3q�

þ2ðg2
c1þg2

c2þg2
c3Þ

ra2
1ðm�Y _v Þb

2
v b2

pþðW�BÞ2þ2jm�Y _v jbvbpjW�Bj

þðbuþbvÞ
2
þ2ðbuþbvÞa1ðjm�Y _v jbvbpþjW�BjÞ

þ2½a1JX2J
2
þa2

2I2
xzb4

pþb1þ
1
2JX2J

2
�

þ2½a2JX2J
2
þa2

3I2
xzb4

pþb2þ
1
2JX2J

2
�þ2JX2J

2

¼ CcJX2J
2
þDc ,

where Cc :¼ 2ða1þa2þ2Þ with

a1 :¼ a2
2ðIzz�IxxþK _p�N_r Þ

2b2
p ,

b1 :¼ 2a2
2ðIzz�IxxþK _p�N_r Þ

2I2
xzb6

p ,

a2 :¼ ðIxx�IyyþM _q�K _p Þ
2b2

p ,

b2 :¼ 2a2
3ðIxx�IyyþM _q�K _p Þ

2I2
xzb6

p ,

and Dc is a positive constant defined as the sum of remaining
terms in the right-hand side of the inequality. In the previous
derivation we assumed that the sway velocity and the roll rate are
bounded, and applied inequalities of the form p2rb2

p and
vprbvbp, where bv :¼ suptZ0jvj and bp :¼ suptZ0jpj. We also
used the inequality gc ¼ utanyð1=cosy�1Þ�vtanfrKy buþKfbv

which is valid for all jyj,jfjrp=2 with Ky and Kf real,
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non-negative constants. We notice that for small values of y and
f, gc 5buþbv.

D.3. Derivation of Eq. (32)

From Eqs. (18) and (31) we obtain

_V 3r�lV3þ
Cc

2kc
JX2J

2
þr:

Since V3 is a function of X2, it follows that

V3ðtÞre�ltV3ð0Þþe�lt Cc

2kc

Z t

0
JX2ðtÞJ2e�lt dtþ r

l
:

Defining

gcðX2Þ :¼ e�lt Cc

2kc

Zt
0

JX2ðtÞJ2e�lt dt,

the derivative of gcð�Þ w.r.t. X2, for a given t40 is

@gc

@X2
¼ e�lt Cc

kc

Z t

0
X2ðtÞe�lt dt:

Since gcð0Þ ¼ 0 and @gc=@X240 in the domain X2 ¼ ½0,1Þ, by
definition gcð�Þ is a class K function.

Appendix E. Nonlinear observer of w

It is assumed that the surge and heave velocities verify
u¼ u0Z1:5 m=s and 0rwr1 m=s, respectively. Under these
conditions we can use

tan�1 w

u

� �
ðu2þw2Þ � ðu0þ0:3Þw:

This approximation improves with increasing u and can be used
to simplify the state equation of the observer by linearising the
nonlinear terms on w.

E.1. Derivation of Eq. (37)

Take

_V o ¼� ~xouAo ~xoþ2 ~xouto ¼� ~xouAo ~xoþ2do ~wðw
2�ŵ

2
Þ:

Using the equality w2�ŵ
2
¼ ~wðwþŵÞ we obtain

_V o ¼� ~xouAo ~xoþ2do ~w
2
ðwþŵÞr� ~xouAo ~xoþ2J ~x0J

2
jdoðbwþŵÞj

and therefore

_V or� ~xouðAo�2jdoðbwþŵÞjIÞ ~xo:

To make ðAo�2jdoðbwþŵÞjIÞ positive definite the following
condition must hold:

2k1�2jdoðbwþŵÞj k2�cosy
k2�cosy �2ðCvþjdoðbwþŵÞjÞ

" #
40:

This condition is verified if k2Z1, k14 jdoðbwþŵÞj and
jCvj4 jdoðbwþŵÞj because Cvo0. Given the bound bw, it is
straightforward to show that a sufficient condition for the last
inequality to hold is

j ~wjo
jCvj�

1
2rSsCLad

sat
c bw

1
2rSsCLad

sat
c

,

where dsat
c ¼maxðjdcjÞ is the hard limit of the common deflection

dc ¼ dbþds. Considering the current system’s parameters (see
Tables 5 and 6), the previous condition establishes the region of
attraction of the origin of ~x0 as

j ~wjo1:24 m=s:

Taking in account the bounds on the velocities assumed for the
system, this region of attraction is sufficient to ensure conver-
gence of the observer. Notice also that a larger constant Cv

improves the convergence of the observer. A larger value of Cv can
be achieved by increasing the nominal surge speed u0 or by
increasing the system parameters CLab or Ss. This is as expected
since larger surge speeds and larger CLab and Ss parameters
increase the hydrodynamic efficiency of the control surfaces.

E.2. Stability of the cascade observer-controller system

Given the smooth functions fOð�Þ and fLð�Þ it is easily observed
that (40) is a simplified version of the general interconnected
system to which the Generalized Small-Gain Theorem applies; see
Jiang et al. (1994). Since the x2-subsystem is ISpS, then with y2 as
output it has the unboundedness observability (UO) property. The
same property applies to the x1-subsystem. The results of stability
analysis in Sections 4.3 and 5.1 are used in the following
demonstration. The inequality

JeJ2r
1

2
e�lt½Jeð0ÞJ2

þJzð0ÞJ2
þ

1

m
JP0J

2
F �þgcðJX2JÞþ

r

l

re�ltJeð0ÞJ2
þgcðJX2JÞþ

r

l
þ

1

2
Jzð0ÞJ2

þ
1

2m
JP0J

2
F

follows from (32). From (39) it can be concluded that

~xouH ~xore�lot ~xo uð0ÞH ~xoð0Þþ
Do

lo
r132:14e�lotJ ~xoð0ÞJ

2
þ
Do

lo
:

Recall the definitions of x1 :¼ e, x2 :¼ ~xo and introduce the
functions

b1ðJx1ðtÞJ,tÞ :¼ e�ltJx1ðtÞJ2,

b2ðJx2ðtÞJ,tÞ :¼ e�lotJx2ðtÞJ2,

gu
1ð�Þ :¼ gcðJX2JÞ,

gy
1ð�Þ :¼ 0,

d1 :¼
r

l
þ

1

2
Jzð0ÞJ2

þ
1

2m
JP0J

2
F ,

d2 :¼
D0

l0
,

where bi are class KL functions, gu
1 is a function of class K, called

the (nonlinear) gain from input to output, and di are non-negative
constants (for i¼1,2). It is immediately verified that

Jx1ðtÞJrb1ðJx1ð0ÞJ,tÞþgu
1ðJu1JÞþd1,

Jx2ðtÞJrb2ðJx2ð0ÞJ,tÞþd2:

The remaining conditions of the Generalized Small-Gain Theorem
are trivially verified since gy

1ð�Þ : ¼ 0. An application of this
theorem shows that the cascade system consisting of the observer
and the controller is ISpS with respect to bounded disturbances
and plant parameter uncertainty as well as bounded noise in the
depth measurements used by the observer.
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