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Abstract: We propose a four-quadrant propeller model suitable forgyrefficient motion planning of
autonomous marine vehicles. The model can be used to caghtureain features of experimental thrust and
torque curves by using a small number of parameters. We extlie connection between the propeller thrust,
torque, and efficiency curves and the lift and drag curveb@propeller blades.

The model originates from a well-known four-quadrant moth@lsed on a sinusoidal approximation of the
propeller curves, nontrivially modified in this paper to @ant for the typical drop off in the efficiency curve in
correspondence to thrust inversion. Connections withtdmedsird first-quadrant open-water model are drawn.
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1. INTRODUCTION respectively. Clearly, during station keeping or cruisimgneu-
vers that require fast turnings, the thrusters will be resghi
Despite being available for almost half a century, fourdraat to operate in regions that are not covered by the first-quedra
propeller models are not widely used in the marine robotig®odel (1) and (2), which contemplates only the situationnehe
community. The method of choice in the vast majority ofothn andv, are positive. As such, the model fails to describe

publications continues to be tlspen-water model other regions of operation (e.g. < 0 and v, > 0) and, in
4 9 particular, the behavior caused by sign changes in the fbeope
T = pd"kr(Jo)n (1) speedh (0-crossing) that make the advance ratiogo through
Q = pd°kq(Jo)n? (2) infinity.

in which the propeller thrusf” and torqueQ are character- Thus, for small ocean vehicles, especially those steered by
ized by the (dimensionless) open-water coefficiehig./,)  differential thrust from two or more propellers (and not by
and kq(J,), respectively, where/, = v,/nd is the advance changing the deflection of a rudder), a different model stoul
ratio andn is the propeller rotational velocity] the propeller pe used, since it is highly likely that the propellers wilbcige
diameterp, the vessel's advance speed, artle water density. their rotational direction for maneuvers that involve @dv

The above model is adequate for the case of marine vehiciE@iectories. Théour-quadrant modeldescribed in the seminal

designed to keep a minimum speed with respect to the water afgPer ofvan Lammeren et a(1969, is valid for operations in
to maneuver using control surfaces. This is in striking camstt all regions of motion (those regions are commonly referced t
to the situation that arises during the operation of maretey 2S @head, crash-back, back, and crash-ahead in referethee to

cles that are purely thruster propelled. In this case, theefo four quadrants of the advance angleas shown in Fig. 1). The

and torques required to maneuver the vehicle must necbrssaﬁoeff'c'ents of this model are given in terms of the advance

be obtained by recruiting the common and differential mades 2nd'€ J at the propeller blade (see Fig. 1 and the definition

paired-up propellers. For example, a vehicle moving in the 2P€/oW), and experimental data are available in the form of a

horizontal plane will recruit the common and differenttaiust 20" 0rder Fourier series for various (ducted) propellers and

T.= %(Tps‘f'st) andTy = %(Tps—st), whereT,sandTyp are nozzles; see the original work ofin Lammeren et a(1969

the thrust generated by the starboard and port side pros;nelleg.S well as the Ph.D. thesis Ofostervel(1970. An extensive
iscussion of the four-quadrant model in relation to cdranal

thrust estimation is given iRivano(2009.
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The closest pitch ratio value to (6) iDosterveld(1970 is

p/d = 1.4 for a Wageningen Ka 4-70 propeller running in a
duct of the same shape as the Seabotix propellers, so we make
use of the corresponding Fourier series in this paper.

Remark 1.A correction factor can be applied to achieve the
bollard-pull conditions that Seabotix indicates for its [P
1507 thruster model in the following manner: from the ma-
nufacturer’s specifications, the maximum propeller veioci
can be obtained, which is sufficient to compute the values of
thrust (3) and torque (4) at bollard-pull conditions (iwg.=

0.0 2) for the Wageningen Ka 4-70 propeller withd = 1.4,
running in a Type 37 Kort nozzléXosterveld1970. These val-
ues can be compared with the manufacturer data of maximum
continuous thrust and torque at bollard-pull conditionisiex-
able with the Seabotix thrusters, which leads to a multgive
correction factor forr andcq. For clarity of the presentation,

Fig. 1. Forces and velocities acting on a propeller bladee Propeller is
assumed to be left-rotating for forward-thrust generatien the vehicle
(and thus the propeller) is moving upwards in this picturejlevthe

propeller to the left (i.e. into the page). the correction factor is not accounted for in this work; hoere
our trajectory planning work (see e.giausler et al.(2013)
where R andd = 2R are the propeller radius and diameterdoes indeed implement these correction factors. 0

respectively,v, is the ambient water velocity, ang, is the Remark 2.According to Carlton 2007, Sec. 3.3), the Wa-
tangential velocity of the propeller at a distance0dfR from  geningen propeller series were designed using the fack pitc
the propeller axis. The propeller tangential velocity, is line to measure the pitch angle, and not, as assumed here, the
related to the propeller angular speedia nose-talil line of the blade. The difference can be assumbd to
vn = 0.7Rw (5) o©on the order oft5°. ad
p=0. .

Becausev = 27n, the above equation can also be written as
vp = 0.7dwn. The minus sign appearing in front fin the left
hand side of (4) ensures that moments and forces are contsiste
with the right-hand rule with the conventions depicted ig.Hi.

The thrust and torque coefficients and cq are functions

of the propeller blade advance angle classically defined The key motivation for the work reported here stems from
in the literature as atarf,, vp). Notice, however, that this our interest in developing algorithms for the computation
definition is appropriate just for propellers that rotelteckwise ~ of energy-optimal trajectories for multiple vehicles agtiin

In this paper we are interested in an anticlockwise rotatingooperation, with due account for full vehicle and actuator
propeller, as the one depicted in Fig. 1, and it is importarlynamics—seelausler et al(2013 and the references therein.
at this point to explain the impact this has on the standaid# the case of purely propelled vehicles, this requires the u
four-quadrant expressions that consider a clockwiseingtat of a complete propulsion model (consisting of a model of the
propeller. By convention, when is positive, the propeller is propeller plus the electric motor ensemble) allowing foe th
rotating clockwise (seen from behind the vessel) and whencomputation of the actual energy that is spent for vehicle mo
is negative, the propeller is rotating anticlockwise. Fr(&) tion.

remembering that = 27n, we see that the sign efdetermines
the sign ofvp, which in turn influences the value of In order

to computes in accordance with what is shown in Fig. 1, we
thus have to define the advance anglas

2. THE SIMPLIFIED FOUR-QUADRANT MODEL BY
HEALEY ET AL.

The optimizer at the core of our trajectory planning framewo
is a Newton descent method that makes use of a twice con-
tinuously differentiable @*) cost functional Hausey 2002,
which requires thaboth the cost and dynamics & . If one

B =m—atanZva, vp). extends, by symmetry, the first quadrant open-water model to

four-quadrant operation, the resultis not even continevasy-

The terms of the periodic functions () andcq(f3) are given  where and is thus not appropriate for use in derivative baped
as Fourier series iman Lammeren et a(1969 andOosterveld  timization. Direct use of the Wageningen series four-qaadr
(1970 for ducted and ductless propellers, with various commodel has also proved to be problematic, wherein the optimiz
binations of nozzles and pitch ratios. The data published afion is not able to switch to second order descent, indigatiat
sufficiently vast to be of practical use for a large number ofhe dynamically constrained problem either does not pesses
commercially available thrusters. This applies to the 88ab minimizing trajectory or that the second order approxiomati
HPDV 1507 thrusters with a type 37 Kort nozzle that are usegk the minimizer is not positive definite in an appropriatesse
in IST's MEDUSAs vehicles (1ausler et a.2012) and are taken We suspect that the roughness or non-monotonicity of the cor
as a case study here. responding thrust and torque curves, shown in the leftrrott p

The pitch angle of the Seabotix propellersis- 23.2°, and the of Fig. 2, may play a role.
pitch ratiop/d, with p being the (unknown) propeller pitch, canidealized curves such as those iRogsen 1994 Fig. 4.3)
be computed as (Fig. 3.4 {barltor; 2007) are appealing for use in optimization, and the approxima-
D - tion of the four-quadrant model published byealey et al.
g = mtany~1.3465 ®) (1999, and used in the work of Whitcomb and coworkers
(Whitcomb and Yoerger1999 Bachmayer et gl.2000 pro-
1 Rooted in blade geometry consideratiofisi(iton, 2007, Sec. 3.3), the four-  Vides such an idealized modeélealey et alsuggest a model
quadrant model, by definition, describes the interactiorhefgropeller blade  (called the H-model” from here on) where the lift and drag
with the water ab.7R. coefficients of the propeller are described by
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Fig. 2. Level curves of four-quadrant thrdstand torque? as obtained from the original data published®ysterveldthe approximation ofiealey et al.and the
L-model. The plots show thrust and torque for different vabfethe advance velocitywg € [—2,2]T with a step size 06.5T; darker colors are negative,
lighter colors are positives). 3

() = sin 20 7 2
B(a) = B¥(1 - cos2a) /2 8 1

wherea = ¢ — 3 is the angle of attack of the propeller blade (cf. (|
Fig. 1). In (8), we have introduced a factor bf2, not present g
in the original, so that the maximum drag coefficient is irdlee—1
.

-2

The propeller thrusf” and torque@ are related to propeller
lift L and dragD through a rotation by the advance angle ::{’80,150,120 290 —60 —30 0 30 60 90 120 150 180

namely B [deq]
L cos3 —sinpf T Fig. 3. Four-quadrant thrust and torque coefficients, scaleMEDUSAS. The
D| = |—=sinB —cosB| |-Q/(0.7TR)|" ©) figure showsDosterveld original Fourier series (dotted), the simplifica-

) ) ) ) ) tion of Healey et al(rotated from the lift-and-drag frame into the thrust-
The above relationship can be inferred by geometric conside  and-torque frame; dashed), and our own sinusoidal modetifsoli

ations from Fig. 1. It is assumed, in accordance with the-four

quadrant model detailed in the introduction, that the pitepe HB) = (8)cos B — H(B)sin B
torqueq is related to the tang_ential force acting on the propeller 0.7
blade through a lever arm with lengiti R. B(B) = ——(—cf(B)sin B — cB(B) cos B)

2
Substituting the expressions férand(@ given by (3) and (4) which results in the coefficient curves shown in Fig. 3.

in (9), we obtain Remark 3.Clearly, the rotations between the lift-and-drag and
(8)sin ﬁ) the thrust-and-torque frame ignore results from the vibytiof
’ the propeller, as well as the induced veloeityat the propeller
d . blade Breslin and Andersenl994). In contrast to the results
0.7RCQ(5) sin ). presented here, the rotations should be done aboundoeed
advance anglg; and the coefficients then be obtained through
Since = ¢ — «, we can determine["® and c}®* by rotating integration along the blade, using the propeller raditisi(ert
the thrust and torque coefficients into the lift-and-draapfe, 1947). It remains an open question how significant the resulting
that is, obtaining higher accuracy of the model would be; for now, we ignore
these considerations in favor of simplicity of the model. O

1 d
L= 7p(v§+v§)R2( er(B)cosf+ 0TR®

2

D= %p(vg —‘rU%)Rz(—CT(ﬁ) sin 5 +

(@) = R(p—a)cos(p—a)
2
~ 57 (~Bp—a))sin(p—a), 3. THEL-MODEL
O — —O(ir AN in(en—
o) =—crly &)bln((p2 @) Closer examination of thél-model, i.e. the approximation

- (- 68(<P —a)) cos(p—a), of the original four-quadrant data by coefficients obtaibgd
0.7 rotation of sinusoidal lift and drag curves into the thraat-
and finding the maxima of these expressions. The result terque frame, may fail to capture some physical constraints
shown as dashed lines in Fig. 4. We call this ti@rhodel” resulting from the fact that the lift and drag curves (Fig. 4,
in reference t@ostervel1970. The lift and drag coefficients dashed lines) are somewhat “synchronized”; they go through
obtained in this manner can now be rotated back into thetthruke origin at exactly the same angle of attack= 0° anda =
and torque frame, yielding —180°). This propagates into the thrust and torque coefficient



n = 1.0 and continues growing without exhibiting a local max-
imum.

For the aforementioned reasons, we suggest the followirdy mo
ification of theH-model:

Definition 4. ThelL-model of a propeller is defined through the
relations

(@) = sin2(a—op) (11
: cb(a) = (cg‘a&cg‘”) (1 7COSQ(O¢*OD))/2+CB“” (12)
! where (11) and (12) are intended to replace (7) and (8), cespe
1 ! .
—180—150—120 —90 —60 —30 0 30 60 90 120 150 1s0 tively. d
o [deg] i ; min _max
Fig. 4. Lift and drag coefficients. The figure shows the o@djiRourier series We determined the five parametet{‘%", ‘o » Cp v oL OD)

data (theO-model, dotted), theH-model (dashed), and thiemodel in theL-model (11), (12.) to Obtain. a low order approximation
(solid). of the O-model by solving a nonlinear least squares problem

. . - that seeks to capture characteristics of first quadrant-ogger
curves (Fig. 3, dashed Ilnoes): both coeff|C|eOnts are Z(_?I’GMfDI’ efficiency (Fig. 6) while fitting the:r(3) andcg(3) curves in
advance angle of = 24.02° and3 = —155.98°, respectively.  ihe primary operating regiod® < 3 < 50° (Fig. 3). We have
Since both the thrust and torque contain the coefficiepts) also enforced a monotonicity co_nstraint on the level curves
and CQ(ﬂ) in a mu]tip“cative form (See (3) and (4))’ this of the pl’oduced thrust (Flg 2, rlghtmOSt plOt) Numerical
means that for the originai-model, thrustT” and torque  Values of the parameters were found twpe- —1.6157°, op =
go throughO at the same advance angle. Physics, however,9309°, ¢f'" = 0.0273, "™ = 0.5749, and c§®* = 1.0383.
suggest that for a propeller in general, but especially bae t With the obtained values @i # op, we find that the minimum
has approximately the pitch ratio of our Seabotix propsl(6), drag is indeed obtained at a slight positive lift which is in
the thrust must go to slightly beforethe torque reachés—see, line with what is common for real airfoilsA(derson 1999.
for instance, fossen 2002, Fig. 12.2),van Lammeren et al. With the inclusion of three additional parameters, thaodel
(1969, or (Oostervelgd 197Q Fig. 37), and the explanation appears to be capable of capturing a number of efficiency
of our results in Sec. 4.1. Similarly, drag can be expected télated features (see Sec. 4.2) thatthmodel does not exhibit.
attain its minimum for a slightly positive lift—see the impant
remarks in Anderson 1999 p. 132), illustrated by the drag
polar diagrams infbbott and von DoenhoffL959 Chapter 7).
In addition, the minimum ofcp(«) should be non-negative
(Sheldal and Kilmegl981) because of gesidual dragcompo-
nent that is missing in thid-model.

The L-model, as Fig. 4 reveals (solid and dashed lines), is a
minor modification in terms of the lift and drag coefficientst

it prevents both from crossirtpat the same angle of attack. The
resulting thrust and torque coefficients (Fig. 3, again ioleth

by rotation) achieve the desired shape of the efficiencyecurv
(Fig. 5) in the first quadrant.

The consequences of the assumptions underlyinglthedel Remark 5.Due to the (imposed) symmetry between the differ-
can be best examined by looking at the characterigien- ent modes of operation, ttemodel and.-model do not show
water (i.e. first-quadrant modedfficiencycurve of theH-model  the double cover of thé, axis as th@-model does (see Fig. 5).
in comparison to what is suggested in the marine engineerimgthese models, the propeller exhibits the same charattayi
literature. The efficiency can be obtained for the four-gqaatl in ahead and crash ahead (j%e< (0,7) as it does in back and
model in the following fashion: first, following the expdsit  crash back mode (i.&2 € (w,2n)). SinceOostervelts model
in (Smogelj 2006 Sec. 2.1.2) orElayton and Bishop1982  was obtained from experimental data where the propellers ar
Sec. 7.7.1), the first-quadrant thrust and torque coeftieiendesigned for the purpose of forward propulsion in conjwrcti
kt(Jo) andkg(Jo) are related to the four-quadrant coefficientsvith non-backward-forward-symmetric flow-acceleratiragn
c1(B) andeg(B) as zles, the coefficients show different characteristic csiria
m 2 2 9 B e (0,7) and 3 € (w,2x). Viewed as Fourier series, olf
kr(Jo) = gCT(ﬁ)(Jo +0.7%7%) mod(el re?sults in cur(ves f(;r_ andcp that only contain constant
_m 2 2_2 and first harmonic (which leads, by rotation, to the presence
kQ(Jo) = geq(B) (J5 +0.7°7%) of first and third harmonics in ourr andcq curves). Clearly,
where the argument dfr andkq, the open-water advance ratioa Fourier series model that includes only a single frequency

Jo, is defined for left-rotating propellers as (in addition to a constant term) is incapable of capturing th
Jo=—0.7TRtan(r — 8) = 0.7Rtan 3 (10) aforementioned asymmetric behavior. 0
The open-water propeller efficiency can then be computed as i
(Fossen2002 Sec. 12.2); 4. EFFICIENCY ANALYSIS
_ Jo k1 On four quadrants, the propeller efficiengys defined as the
27 kg ratio between the available power for vehicle propulsiod an
the rotational power provided by the electric motor, namely
The expected efficiency curve, also verified by thesterveld T,
data (leftmost plot in Fig. 5), rises from the origin in a “sto n= . (13)
to linear” manner to a peak efficieney< 1.0, before falling Qu

back to0, which marks the point where the thrust coefficienOUr 9oal is to obtain a low complexity model that reproduces i
et changes its sign for non-zero advance velogityinstead of @n accurate way the energy flow in the four possible quadrants

fallinlg bQCk to0, the (eff_iciency curve fronHealey et als ap- 2 Interestingly, monotonicity of'(n) turned out not to be an active constraint
proximation of the original four-quadrant model gdbgough  at the minimizing solution to th&,-fit of the L-model.
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Fig. 5. Comparison of the open-water efficiengy/,) for the different propeller models, computed fere {—2.0,—1.5,—1.0,—0.5,0.0,0.5, 1.0, 1.5,2.0}%
andwp such that the full range &f60° for 3 was covered for each value of.

of operation of the propeller. One way to judge the quality ofs a familiar bound on the efficiency of a power converter and
approximation of thé-model is to compare its efficiency curve it simply means that the power available for propulsion ssle
with that corresponding to th@-model. For this reason, the than the one generated by the motor. Wiign < 0, however,
efficiency plots for the three models we consider in this papavhich is the case when the propeller is used in the windngillin
are presented in Fig. 5. These plots are somehow non-sthndaegion, therny must be greater than ofe The singularity ofy

as they depict the efficiency curve over the entire spectruoccurring atQw = 0 allows the efficiency curve to jump from
of possible operating conditions, i.e. over the four pdssib —co to +o0o and to satisfy the passivity conditiopn< 1 for
guadrants of operation. To the best of the authors’ knovdedgQw > 0 andn > 1 for Qw < 0.

this kind of “extended” efficiency plot is hardly found in the
literature. Indeed, the common practice is to plot the efficy
in just (the part of) the first quadrant where the power used f
propulsion,T'v,, and the power absorbed from the motQu,,
are both positive and the propeller is moving aheadyij,ex 0:
this corresponds to the blue curve inside the highlightgdbre
of the leftmost plot in Fig. 5. Because each value/gfelates . ; ! . .
to two possible values of the advance anglef. (10)), plotting 'S Completely different (and unphysical). The introduntiof
the efficiency over the four quadrants in terms of the advandf® tvxr/nci:nphase—shm coefficients, ando, and t_he minimum
ratio J, requires two curves to cover the entire range of possibf@@dcp i (11) and (12), allows to overcome this simultaneous
propeller operation. For th@-model, these are the blue and?€r0 Crossing.

green curves in the leftmost plot of Fig. 5. Those two curves a ;

identical in case of perfectly symmetric propellers. Thidds 4.2 Model Comparison
for the efficiency of thél-model and.-model depicted in Fig. 5
see also the discussion in Remark 5.

As explained in Sec. 3, the thrugt and torque(@ for the
$-model (as well as for thé-model) go to zero for slightly
different values of the advance ratig. This do not happen for
the H-model due to the way the drag and lift coefficients are
defined in (8) and (7). Sinc& and @ are zero for the same
value of Jy in theH-model, the corresponding efficiency curve

' Itis worthwhile considering a comparison of all propellevan

els mentioned in this work. Iman Lammeren et a(1969, the
Again, the region usually under consideration for the operuthors plot the efficiency against the ratié/J3, i.e. related
water efficiency Kossen 2002 Fig. 12.2) corresponds to the to the first-quadrant model. The equations c_)f the momentum
highlighted area in each plot. Since these figures weremgdai theory and four-quadrant models can be rewritten in suchya wa
from four-quadrant models, they are defined even in regiofigat they become compatible with that plaiqstervelg 1970
where the original open-water coefficients are not. Fig. 31), which is shown next.

4.1 The propeller as a power converter Ideal propulsion efficiency. The momentum theory propeller
model is an idealized model which can be used to compute the

The shape of for the O-model, as shown in Fig. 5, warrants so-called ideal efficiency. Stated simply, the key equatiare

further explanation. In particular, the presence of thguliarity ~ given in (Sec. 7.3.1 i€layton and Bishopl982 Eq. 7.20 and

in the efficiency curve can be related to the fact that thé.22), based on the observation that in momentum theory the

propeller should be considered as a non-ideal power canvertefficiency is

The propeller is then viewed as a two-port (static) systean th Pout 2 . M T

must satisfy the following dissipation inequality (for atbugh B RV V) with 3 == fpye

discussion about dissipativity, seen der Schaf(2000) 1+ (1+d) 2P
Tva—Quw < 0. (14) where c¥ is the momentum theorthrust coefficient. An in-

The intuitive meaning of (14) is that the propeller can Onhpept_h analysis of the assumptions involved is out of the escop
convert (and dissipate) the energy that it receives from i this paper.

power port(Q,w) and transmit it to the other power port
(T, v,), and vice-versa.

Four-quadrant efficiency. Using the relatiorkr/J2 = §c¥'
. . ' as e.g. given inan Lammeren et gl1969 p. 292), the four-
Using (13), we see that (14) is equivalent to guadrant model can be expressed in a manner that is congpatibl

(n—1)Qw < 0. 3 In this situation, one would better define the efficiencyl 48 = Quw /T va,
. o . considering the propeller as a watermill and retrieving ¢maifiar notion of the
It follows that, whermw > 0, i.e. when the engine is doing work efficiency being smaller than one. (See also the momentum tfespigination
on the propeller, the efficieneymust be smaller than one: this of the windmilling state e.g. ineishman(200§ for a deeper elaboration.)
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