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Abstract to study the controllability and the design of motion algo-

_ . . rithms for underactuated Lagrangian systems on Lie groups.
This paper addresses the problem of position tracking for

underactuated autonomous vehicles moving in either two or The classical approach for trajectory tracking of underac-
three-dimensional space. A nonlinear tracking controller is tuated vehlples_utll|zes local linearization and decoupling

proposed for a general class of vehicles that yields global ©f the multi-variable model to steer the same number of
stability and exponential convergence of the position track- degrees of freedom as the number of available control in-
ing error to a neighborhood of the origin that can be made puts, which can be done using standard linear (or nonlinear)
arbitrarily small. The desired trajectory does not need to be C€ontrol methods. Canudas de Wit et al. [7] and Fossen [9]
of a particular typed.g, trimming trajectories) and in fact contain surveys o_f various trajectory trackl_ng control de_S|gn
can be any sufficiently smooth bounded curve parameter- methods for mobile robots and ocean vehicles, respectively.
ized by time. The control algorithm proposed builds upon Alternative approaches include the linearization of the ve-
Lyapunov techniques. To illustrate its potential, we describe hicle error dynamics about trajectories that lead to a time-
two vehicle control applications: an hovercraft (movingona [nvariant linear system (also known as trimming trajecto-

planar surface) and an underwater vehicle (moving in three- ries) combined with gain scheduling and/or Linear Parame-

dimensional space). Simulation results are presented and " Varying (LPV) design methodologies [24, 14, 25, 21].
discussed. The basic limitation of these approaches is that stability

is only guaranteed in a neighborhood of the selected op-
_ erating points. Moreover, performance can suffer signifi-
1 Introduction cantly when the vehicle executes maneuvers that emphasize

: its nonlinearity and cross-couplings.
Over the past two decades, there has been a considerable ty ping

research effort in the area of trajectory tracking for nonlin- Nonlinear Lyapunov-based designs can overcome some of
ear autonomous vehicles. Trajectory tracking problems are the limitations mentioned above. Several examples of non-
concerned with the design of control laws that force a vehi- linear trajectory tracking controllers for marine underactu-
cle to reach and follow a time parameterized refereneg (  ated vehicles have been reported in the literature [11, 18,
a geometric path with an associated timing law). The de- 26,19, 3, 4]. Godhavn [11] proposed a backstepping-based
gree of difficulty involved in solving this problem is highly ~ continuous time-invariant state-feedback control law for an

tuated systems, the trajectory tracking problem is now rea- Ponential position tracking, as long as saturation of the in-
sonably well understood [17, 13, 22]. puts is avoided and the vehicle surge velocity is nonzero.

However, Godhavn's approach requires the ship to move
along straight lines or arcs of circles to guarantee stable
zero dynamics for the nonlinear system. Toussaint et al. [26]
extended this approach to design a trajectory tracking con-
troller for a nonminimum phase underactuated surface ves-
sel. Asin [11], the desired trajectory is restricted to straight

lines and circles and it is assumed that the ship is always in
motion. Pettersen and Nijmeijer [18] consider the kinemat-

For underactuated vehiclegg., systems with a smaller
number of control inputs than the number of independent
generalized coordinates [12, 27], trajectory tracking is still
an active research topic. The study of these systems is mo-
tivated by the fact that it is usually costly and often not even
practical (due to weight, reliability, complexity, and effi-
ciency considerations) to fully actuate autonomous vehicles.

Typical examples of underactuated systems include robotic o of 5 surface vehicle and design a time-varying control
manipulators, wheeled robots, walking robots, spacecraft, |5,y for the surge and yaw inputs. Under this controller, the
aircraft, helicopters, missiles, surface vessels, and underwa- g5 in position and orientation with respect to a reference
ter vehicles. The tracking problem for underactuated vehi- trajectory of constant curvature is practically globally expo-

cles is especially challenging because most of these systems o ialy stabilized to zero. The control law in [18] does not
are not fully feedback linearizable and exhibit nonholo- require nonzero desired linear velocity.

nomic constraints, therefore standard tools used to control ] ] )
nonlinear systems—such as feedback linearization and inte- Typically, tracking problems for autonomous vehicles are
grator backstepping—are not directly applicable. See [20] Solved by designing control laws that make the vehicles

for a survey of these concepts and [6] for a framework track pre-specified feasible “state-space” trajectonies,
trajectories that specify the time evolution of linear and an-

“This material is based upon work supported by the National Science gular positions and velocities that are consistent with the
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was supported by a Pos-Doc Fellowship PRAXIS XXI from the Portuguese vehicles’ dynamicsd.g. [18, 15, 10, 19, 4]). This a_p ,
Foundation of Science and Technology. proach suffers from the drawback that usually the vehicles



dynamics exhibit complex nonlinear terms and significant the following kinematic relations apply

uncertainty that make the task of computing a feasible tra-
jectory hard. Fortunately, in practical applications one often
only needs to track the desired position making it possible
to bypass the computation of feasible state-space trajecto-
ries. This is the approach followed here. This type of ap-

(1a)
(1b)

p=Ry
R=RSw).

We consider here the class of underactuated vehicle models

proach was also considered by Alonge et al. [3] in the con- with dynamic equations of motion of the following form:

text of underactuated underwater vehicles, where conditions
for asymptotic tracking are provided and an observer of the
marine current is also proposed.

Motivated by the above considerations, this paper addresses

the problem of position tracking of underactuated vehicles
in both two and three-dimensional spaces. The main con-
tribution is a design methodology to construct a nonlinear
tracking controller that yields global stability and exponen-
tial convergence of the position tracking error to a neigh-
borhood of the origin that can be made arbitrarily small.
Furthermore, the desired trajectory does not need to be
a trimming trajectory and can be any sufficiently smooth
time-varying bounded curve, including the degenerate case
of a constant trajectory (set-point). The control algorithm
proposed builds on iterative Lyapunov-based techniques, in
particular, integrator backstepping [16, 23]. The class of ve-
hicles for which the design procedure is applicable is quite
general and includes any vehicle modeled as a rigid-body
moving in an ideal fluid, subject to a controlled force and
two or three independent control torques.

Contrary to most of the approaches described above, the
controller proposed does not suffer from geometric singu-
larities due to the parameterization of its rotation matrix.
This is possible because the attitude control problem is for-
mulated directly in the group of rotatioi®Q(3). The liter-
ature on designing tracking control laws for underactuated
vehicles directly in the configuration manifold (avoiding in
this way geometric singularities) is relatively scarce. Note-
worthy examples include [5, 10]. Bullo [5] describes a pro-
cedure to exponentially stabilize relative equilibria of me-
chanical systems. Relative equilibria for systems in three

dimensional Euclidean space include straight lines, circles, r

and generic helices. Frazzoli et al. [10] propose a trajectory
tracking control design for an autonomous helicopter using
a backstepping algorithm.

2 Problem Statement

Consider an underactuated vehicle modeled as a rigid body
subject to external forces and torques. Ké§ be an in-
ertial coordinate frame andB} a body-fixed coordinate
frame whose origin is located at the center of mass of the
vehicle. The configuratiofR, p) of the vehicle is an ele-
ment of the Special Euclidean gro6(3) := SQ(3) x R?,
whereR € SQ(3) := {R€ R¥3: RR = I3,detR) = +1} is
a rotation matrix that describes the orientation of the vehi-
cle by mapping body coordinates into inertial coordinates,
and p € R3 is the position of the origin of B} expressed
in {I}. LetS:R® — s0(3) := {M € R¥>3: M = —-M} be
the map that assigns to a vector (x1,%2,X3)" € RS, the

0 —x

3 X2
x3 0 -x|.Denot-
—X2 X1 0

ing the linear and angular velocities of the vehicle relative
to { I} expressed ifB} by v € R3 andw € R®, respectively,

3 x 3 skew-symmetric matrig(x) =

Mv = —S(w)Mv+ f,(v,w,R) +gius,
Jw= - V)MV - Sw)Jw+ fu,(V,w,R) + Gy,

(2a)
(2b)

whereM € R3*3 andJ € R3*2 denote constant symmetric

positive definite mass and inertia matricesE R andu, €

R denote the control inputs, which act upon the system
through a constant nonzero vectpre R3 and a constant

nonsingular matrixa, € R®*3, respectively; andy(v,w,R),
fu(v,w,R) represents all the remaining forces and torques
acting on the body. For the special case of an underwater

vehicle,M andJ also includes the so-called hydrodynamic

added-masM, and added-inertida matrices, respectively,
i.e, M = Mrg+ Ma, J = Jrg+ Ja, WhereMgg andJrg are
the rigid-body mass and inertia matrices, respectively.

The problem considered in this paper can be stated as fol-
lows:

Consider the class of underactuated vehicles represented by
equationg(1)-(2) and letpg : [0,0) — R3 be a given three-
times continuously differentiable bounded time-varying de-
sired trajectory. Design a controller such that all the closed-
loop signals are globally bounded and the tracking error
|lp— pq|| converges exponentially fast to a neighborhood of
the origin that can be made arbitrarily small.

The following assumptions are assumed to hold:
Assumption 1 The functionfy (v, w,R) is affine inw, i.e.,
fu(v,w,R) = fy, (\R) + fy, (L R)w, W,weR3 ReSO3).

Assumption 2 There exists a vectas € R? such that for
everyt > 0,v e R Re SQ3), the following matrix is full-
ank

BRV,Pg,8) == [0 SM3)+T(RV,pg)] e R¥* (3)
where
(R, pa) := SMR py) ~MS(R po) + i, (vR).  (4)

These assumptions seem to hold for a large class of vehicle
models, which includes the Hovercraft and the underwater
vehicles discussed in Section 5.

3 Controller Design

This section proposes a nonlinear control law to solve the
tracking problem. For the sake of clarity, control-Lyapunov
functions are introduced recursively borrowing from the
techniques of backstepping [16].

Step 1.Coordinate transformation
Consider the global diffeomorphic coordinate transforma-
tion
e:=R(p—pa),
which expresses the tracking erqo¢- py in the body-fixed

frame. The dynamic equation for the tracking ereois
given byé= —S(w)e+v— R pq.



Step 2.Convergence of
We start by defining the control-Lyapunov function

1
Vy = Ee’e

and computing its time derivative to obtain

Vi =€[v—R pqg]. (5)

We can regard as a virtual control that one would like to
use to make/; negative. This could be achieveelg, if
we could set equal toR pg — keM ~e, for some positive
constank.. To achieve this we introduce the error variable

(6)
that we would like to set to zero, and re-write (5)\as=
—ke€M “let €z;.

Step 3.Backstepping forg

After straightforward algebraic manipulations, we conclude
that the dynamic equation for the ermrcan be written as

71:=V—Rpg+keM e

M 21 = S(le)(*)+ r(R7V7 pd)w+ glul+ h(ea vaa Z, Fjd)a
whererl is defined in (4) and
h(e,R,V,z1, Pa) := v, (V,R) — MR Py + kezs — k2M ~e.

It turns out that it will not always be possible to drize

to zero. Instead, we will drive; to the constand in As-
sumption 2. To achieve this we defipe= z; — d as a new
error variable that we will drive to zero and consider the
augmented control-Lyapunov function

. 1 1 INA2H 1 Inp2
Vs = 2efe+ SOM =Vi+So'M
The time derivative of/» can be written as

Vo = —ke€M e+ €8+ ¢ (MB(RV, pg, 8)1t
+Mh(e,RV,z1, pq) +€),

(7)

whereB is defined in (3) angi:= [u;  f]' € R%. One can
now regardu as a virtual control (actually its first compo-
nent is already a “real” control) that one would like to use to
makeV, negative. This could be achieveslg, if one could
setp equal td

o:=B(BB) (—h(eRVvz, ) M te—M 1K),

whereKy € R¥3 is a symmetric positive definite matrix.
To achieve this we set; to be equal to the first entry af,

ie.,
(8)

introduce the error variabl® := w— [03x1 I3x3] a that one
would like to set to zero, and re-write (7), with given by
(8), as

U = [1 01><3]a,

Vo = —ke€@M e+ €3 — 0'Kopd +O'M By(R Y, Pg, 8)22

1We recall thatBB’ is nonsingular because of Assumption 2.

whereB, € R3*3 denotes the sub-matrix formed by the last
three columns of3, i.e.,

Bo(R V. pa,8) := S(MB) +T (R v, py) € R¥*
Step 4.Backstepping foz,
Consider now a third control-Lyapunov function given by
1 1 1 1
Vs = éefe+ 5q>/|v|2<1> + éleJZZ =Vo+ ézszz. (9)
Computing its time derivative one obtains

Vs = —ke€M le+ed— ¢'Kyd+
+25(Goly — V)MV — S(w) Jw+ feo(V, 0, R)
— [03x1 3] 6+ By(RV, g, 5)'M ).

For simplicity we did not expand the derivative @f If we
then choose

U =Gyt (S(V)MV+ S(w)Jw— feo(v, @, R)

(10)
4 [05:1 9] 6 — Bo(RV, P, 5) M — KZZZZ),
the time derivative of/3 becomes
Vs = —ke€M te+ €85 — 'Ky — 2Ky, 2. (11)

Note that although/z is not necessarily always negative,
this will be sufficient to achieve practical stability.

4 Stability analysis

In this section, we prove that the control signals defined

above are well defined, bounded, and that the tracking error
converges exponential to an arbitrarily small neighborhood

of the origin. The following is the key result of this paper.

Theorem 1 Given a three-times continuously differentiable
bounded time-varying desired trajectopy : [0,0) — R,
consider the closed-loop systeéntonsisting of the under-
actuated vehicle modé¢l)-(2) and the feedback controller
(8), (10).

i) For any initial condition the solution t& exists glob-
ally, all closed-loop signals are bounded, and the
tracking error||p(t) — pq(t)|| satisfies

Ip(t) — pa(t)|| < e Mo+,

(12)
whereA, ¢y, € are positive constants. From these, only
Cop depends on initial conditions.

i) By appropriate choice of the controller parameters
ke, Ky, Kz,, any desired values farandA in (12) are
possible.

Proof: To prove (i) we use Young's inequality to conclude
that for anyy > 0,

Y,

V3§ 7e(<ke|\/|717 >

/ 1
Je— 0'Keb ~ 2oz + 5 8% (19



Suppose now that we choogsufficiently small so that the
matrixkeM ~* — {I is positive definite. In this case, we con-
clude that there is a sufficiently small positive constant
such that
V3 < —AV- +i||6||2 (14)
3 < 3 2y )
and therefore it is straightforward to conclude from the
Comparison Lemma that
1
Va(t) < e MV3(0) + ——||5]|2 15
3(t) < 3()+2AVH 1%, (15)
along solutions t@. From here we conclude that all signals

remain bounded and therefore the solution exists globally.
Moreover,V3 converges toz%ynénz and thereford|e|| con-

il
verges to a ball of radlu% , because of (9).

To prove (ii), we show next that it is actually possible to
make the radius% as small as we want by appropriately

choosing the controller parameters. To this effect, suppose
we pick a desired radiussand a convergence rate> 0. We

can then defing := H{’” prowded that we choodg suffi-
ciently large so thdteM 1Y) =keM 1 ‘6“ 1> 31 >0.

If we then selecKy := 3M?2, KZ =133, we conclude from
(13) that (14) indeed holds for the pre-specifigdfrom
which (15) follows. However, now the above choices for

the parameters lead to the desired rad% =t n

Remark 1 We did not impose any constraints on the de-
sired trajectory (besides being sufficiently smooth and its
derivative being bounded) and we also did not require that
the linear velocity of the vehicle to be always non-null. Con-
sequently,pq(t) can be an arbitrary trajectory (which does
not need to satisfy the dynamic model of the vehicle) and
in particular can be constant for &l ty. In that case, the
controller solves the position regulation problem.

5 lllustrative examples

This section illustrates the designs techniques and the stabil-
ity results presented so far. We describe two vehicle control

applications: an hovercraft (moving on a planar surface) and

an underwater vehicle (moving in three-dimensional space).

Simulation results are presented and discussed.

5.1 Example 1. Position tracking of an underactuated
Hovercraft

Consider the vehicle described in [8] consisting of a plat-
form mounted on three low-friction, omni-directional cast-
ers, over which are attached two high-performance ducted
fans. Letp = (x,y)’ € R? be the Cartesian coordinate of the
vehicle’s center of mass arfde St its orientation. Assum-

ing that the friction forces and moments can be modeled by
viscous friction, the equations of motion are [8]:

m).(. = —dvx+ (Fs+ Fp) COSG
I8 =—du0+I(Fs—Fp)

where m = 5.5kg is the mass of the vehicle andl =
0.047Kgn? is the rotational inertia. The starboard and port-
board fan forces are denotéd and Fp, respectively, and

| = 0.123m denotes the moment arm of the forces where
the geometry and mass centers of the vehicle are assumed
to coincide. See [8] for details. The coefficient of viscous
friction, dy, is 4.5 and the coefficient of rotational friction,

de, is 0.41.

Expressing the equations of motion in the body fixed frame,
yields

p=R(®)v
f=w
MV = —S(w)Mv — Dyv +giUg

J= —duxw+ U

wherev = (u,v)’ denotes the body-fixed linear velocities in
surge and sway(w) = (2 “©), R(8) = (0% - siné) M =
diag{m,m}, Dy = diag{dy,d\}, g1 = (1,0), uy = Fs+ Fp,
andup = | (Fs—Fp).

SinceM = ml, it follows that["(-) given by equation (4) is
zero. Notice also thdd, > 0. This will be exploited shortly.
Following the general procedure presented in Section 3, the
time derivative oV, is given by

Vo= 02 €5 /Myt + '[MB- et Mn(.)

whered = (81,8,)' € R?, ¢ = 218,21 =v—R(6)pa+ e,
32(1_”‘52) M= (u1, ), andh(-) = —Dy[8+ R'pg -

0 m
] MR g + Kez1 — Ee Clearly, the matrixB is non-
smgular for anyd; non zero. Therefore, choosirgg =
—B- 1M te+n(:) + M Kyd], v = [1,0la, 2 = w—
[0, 1], up = —BM¢ + di,012 4 a2 — Kz, 22, Where the2 x 2
symmetric matrixK, is positive definite, and, denotes the
second column oB, we get
\!

X024 I DM — 4Ky — B, B

which suffices to achieve practical stability.

Simulation results: We now illustrate the performance of
the proposed control scheme through computer simulation.
The objective is to force the hovercraft to track the “virtual”
kinematic unicycle vehicle

Xd =UqgCOSBy, Vg =UgSinBy, Bq = wy,
which starts with the pose&y(to) = Ya(to) = B4(to) = 0
and moves with velocitiesiy(t) = 0.2m/s and wy(t) =
0.1rad/s. The initial conditions for the hovercraft are
(x,¥,8,u,v,w) = (—0.2m,—1m,0,0,0,0). The control pa-
rameters were selected as follow&: = 0.4, Ky = 2I,
kz, = 2, andd = (—0.05,0)’. Figure 1 depicts the reference
and hovercraft trajectories in tixg-plane. As expected, the
hovercraft converges to a neighborhood of the "virtual” uni-
cycle vehicle. Figure 2 shows the time evolution of some
relevant variables. Notice that the desired trajectmrgan
be any arbitrary sufficiently smooth bounded trajectory and
that we are not imposing any other constraints suck.gs,
that the desired trajectory must satisfy the dynamic model



of the vehicle. Consequently, the vehicle generally will not
be aligned (in steady-state) with the direction of the tangent
velocity of pyg as it can be seen in Figure 1 together with
Figure 2. Therefore, contrary to what happen in the field of
wheeled mobile robots (where it is assumed that the lateral
drag coefficientl, = +) we can not forc® to converge to

the direction of the tangent velocity.

Figure 1: Trajectories of the hovercraft and reference for
a "virtual” unicycle vehicle in thexy-plane. Ini-
tial conditions for the hovercraft:(x,y,6,u,v,w) =
(=0.2m,—1m,0,0,0,0); and initial pose for the "vir-
tual” unicycle vehiclexq = yg =064 = 0.

E)
imels)

0-0,[dees)

. (a) (b)
Figure 2: Time evolution of (a) linear velocity in-direction, in
y-direction, and angular velocity(t); and (b) tracking
error inx-direction, iny-direction, and = 6 — 64.

5.2 Example 2. Position tracking of an underwater ve-
hicle in 3-D space

Consider an ellipsoid shape underactuated autonomous un-

derwater vehicle (AUV) not necessarily neutrally buoyant.
Let {B} be a body-fixed coordinate frame whose origin is

located at the center of mass of the vehicle. Suppose that

we have available a pure body-fixed control forgen the
xg direction, and two independent control torqugsindt,
about theyg andzg axes of the vehicle, respectively. The
following notation is used [9]:
p = [xY,Z’ - position of the origin of B} measured in
1},

R € SO(3) - rotation matrix that describes the orienta-
tion of {B} with respect to{ 7}.

V1 = [u,v,w]’ - linear velocity of the origin of B} rela-
tive to {1}, expressed i{B} (i.e., body-fixed linear
velocity).

v2 = [p,q.r]’ - angular velocity of{B} relative to{I},
expressed if{B} (i.e., body-fixed angular velocity).

re = [rxg,lyg,l2] - position of the center of buoyancy
measured i{ }.

The kinematics and dynamics equations of motion of the
vehicle can be written as

p=Rvy,
R=RYvy),
Mv1 = —S(v2)Mv1 — Dy, (V1)v1 — g1(R) + Byu,

V2 = —S(V1)MV1 — S(v2)Iv2 — Dy, (V2)v2 — G2(R) + Baly,
where M = diag{m1, M2, ms3}, J = diag{Ji1,J22,J33},
Up = Ty, Uz = (Tg,Tr)’, Dy, (V1) = diag{Xy + Xjyulul, Yy +
Y|V|V|V|,ZW+ Z‘W‘W|W‘}, DV2 (Vz) = diag{Kp + K|p\p| p\, Mq +

1 00
Miq/glal,Nr -+ Npge[r[}, By = (8) B2 = ((1)2), a(R) =
R (ngB), %(R) = S(rg)R (é). The gravitational and

buoyant forces are given W = mgandB = pg[], respec-
tively, wherem is the constant masg,is the mass density
of the water andl is the volume of the displaced water.

y[m

20" 30 x[m

Figure 3: Vehicle trajectory in 3-D space. The desired trajec-
tory is a helix and the initial conditions of the AUV are
(%x,¥,2) = (15m,5m,0), R=1, andv1 = v, =0.

In this example the time derivative ¥ yields
Vo = —ke€M e+ €8 ¢'Dy,M(v1)d
+0'MBp+M (M —Si(3))p+e+Mh(-)],

wherel ; andS;(d) denote the first columns of the matrices
I and §(8), respectivelyp = [u1,q,r]’, 8 = (01,82,83)" €
R3, andh(-) = —Dy,(v1)[8+ R pg — keM 1] — g1(R) —
MR pq + kez1 — kgM —le The terms associated with the an-
gular velocity p were moved out of the matri® since the
vehicle is not directly actuated in roll. Thus,

1 —(mgz—m)ag+083  (Mpa—myg)az — &
B=1|0 0
0 (mu—mgg)ag—o;

(mllf’f0122)31+51) ,
wherea = (a3,ap,a3) := Rpg. It is straightforward to
show thatB is nonsingular for any; > |ag| max(|m1 —
Mpa|, [Mu1 — mg3|). Notice that|as| < || pg]|, which it is as-
sumed to be bounded.

Simulation results: To illustrate the performance of the
tracking control algorithm, computer simulations were car-
ried out with a model of th&ireneAUV assuming that the
vehicle is directly actuated in force in thg direction (con-
trol variablety,), and in torque about thgs and zz axes,
(controlstq and 1), respectively. The vehicle dynamic
model can be found in [2]. See also [1], for complete de-
tails.

Figure 3 displays the resulting vehicle trajectory in the 3D-
space for the helix desired trajectquy(t) = [v, cos(Z(t —



to)),vasin(Z(t—to)), vo(t —to)]’, with v; = 20, v, = 0.1and
T =100 The initial conditions of the AUV aréx.y, z)
(15m,5m,0), R=1, andv; = v, = 0. The control param-
eters were selected as followg = m0.1, Ky =1, Kz, =1,

€ = 0.5, andd = (—2max|m1 — myy|, |My1 — ma3|), 0,0)’.
Figure 4 shows the time evolution of the tracking erepr
the Euler angles (computed frofhe SQ(3)), and the time
evolution of the linear and angular velocities. The damped
oscillatory behavior of pitch and roll are due to the gravita-
tional and buoyancy forces.
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Figure 4: Tim(e)evolution of (a) tracking errée): (. €y, €)";
(b) roll @, pitch 8, yaw ) Euler angles; (c) body-fixed
linear velocitiesu(t), v(t), andw(t); and (d) body-fixed
angular velocitiep(t), q(t), andr(t).

6 Conclusions

We proposed a solution to the position tracking problem for
underactuated autonomous vehicles moving in either two
or three-dimensional spaces. The control algorithm derived
builds upon Lyapunov techniques and it was shown to yield
global stability and exponential convergence of the position
tracking error to a neighborhood of the origin that can be
made arbitrarily small. The desired trajectory does not need
to be of a particular types(g, trimming trajectories) and in
fact can be any sufficiently smooth bounded curve parame-
terized by time. To illustrate the results presented, we de-
scribe two vehicle control applications: an hovercraft (mov-
ing on a planar surface) and an underwater vehicle (moving
in three-dimensional space). Simulation results show that
the control objectives are accomplished.

Future research will address the extension of these results
to a larger class of models by relaxing the requirements im-
posed by Assumptions 1 and 2. Another open problem that
warrants further research is the control of underactuated ve-
hicles with noise and model uncertainties that arise from
parameter variations or neglected dynamics.
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