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Abstract

We investigate limits of performance in reference-tracking and path-following and highlight an essential difference between
them. For a class of nonlinear systems, we show that in reference-tracking, the smallest achievable L2 norm of the tracking
error is equal to the least amount of control energy needed to stabilize the zero-dynamics of the error system. We then show
that this fundamental performance limitation does not exist when the control objective is to force the output to follow a
geometric path without a timing law assigned to it. This is true even when an additional desired speed assignment is required

to be satisfied asymptotically or in finite time.
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1 Introduction

Fundamental performance limitations in reference-
tracking for linear feedback systems have been quanti-
fied with classical Bode integrals and with cheap opti-
mal control (Kwakernaak and Sivan, 1972; Middleton,
1991; Qiu and Davison, 1993; Seron et al., 1999; Chen
et al., 2000). In the absence of unstable zero dynamics
(non-minimum phase or right-half plane (rhp) zeros)
and if the system is right invertible, perfect tracking of
any reference signal is possible, that is, the £o norm
of the tracking error can be made arbitrarily small.
However, in the presence of unstable zero dynamics,
the tracking error increases as the signal frequencies
approach those of the unstable zeros (Qiu and Davi-
son, 1993), see also (Su et al., 2003).
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For step reference signals, Seron et al. (1999) general-
ized Qiu-Davison results for nonlinear systems of rela-
tive degree one. They showed that the best attainable
Lo norm of the tracking error ep(t), denoted by Jr, is
equal to the lowest L5 norm of control effort needed to
stabilize the zero dynamics driven by er(t). Extensions
to non-right-invertible systems are given in (Woodyatt
et al., 2002; Braslavsky et al., 2002).

For the problem of tracking any reference signal gener-
ated by a known exosystem, we show that the smallest
achievable £9 norm of the tracking error is equal to the
least amount of control energy needed to stabilize the
zero-dynamics of the error system.

Path-following problems are concerned with the design
of control laws that drive an object (robot arm, mobile
robot, ship, aircraft, etc.) to reach and follow a geomet-
ric path. A secondary goal is to satisfy some additional
dynamic specification such as to follow the path with
some desired velocity. A common approach to the path-
following problem is to parameterize the geometric
path yq by a path variable 6 and then select a timing
law for 0, (Hauser and Hindman, 1995; Al-Hiddabi
and McClamroch, 2002; Skjetne et al., 2004; Aguiar
et al., 2005; Aguiar et al., 2004; Aguiar and Hes-
panha, 2004). Path-following as a method to avoid
some limitations in reference-tracking was described
in Aguiar et al. (2004). The key idea is to use 6 as an
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additional control input to stabilize the unstable zero-
dynamics while the original control variables keep the
system on the path.

For a class of nonlinear systems we show that the funda-
mental performance limitations imposed on reference-
tracking by unstable zero dynamics do not apply to the
path-following problem. Furthermore, this is true even
when an additional desired speed assignment is required
to be satisfied asymptotically or in finite time.

In Section 2 we formulate the reference-tracking and
path-following problems and briefly review our recent
results for non-minimum phase linear systems, (Aguiar
et al., 2005). Section 3 presents the main results of the
paper. An example in Section 4 illustrates the results.
Concluding remarks are given in Section 5.

2 Reference-tracking versus path-following
2.1 Reference-tracking

For linear systems

&= Ax+ Bu, y=Cz+ Du, (1)
xz € R", u € R™, y € RY, and reference signals r(t) € R?
generated by a known exosystem

'Li] - Sw7 r= Qw? (2)
Davison (1976) and Francis (1977) show that it is possi-
ble to design a feedback controller such that the closed-
loop system is asymptotically stable and the output y(t)
converges to r(t), if and only if (A, B) is stabilizable,
(C, A) is detectable, the number of inputs is at least as
large as the number of outputs (m > ¢), and the ze-
ros of (A, B,C, D) do not coincide with the eigenvalues
of S. The internal model approach, (Francis and Won-

ham, 1976; Francis, 1977), designs the reference-tracking
controller

u(t) = Kz(t) + (I = KIL)w(t),
where A + BK is Hurwitz, and IT and T satisfy

I1S = AII + BT,
0=CIl+ DT — Q.

Then, the tracking error er(t) := y(t) — r(t) converges
to zero, and the transients
Zi=x—Tw, a:=u-Tw (3)

are governed by 7 = (A + BK)Z, . = K 7.

Isidori and Byrnes (1990) show that the analogous non-
linear problem

z = f(xvu)7

i = s(w),

Y= h(fE, u)? (4)
r = q(w), (5)

where f(0,0) = 0, s(0) = 0, h(0,0) = 0, is solvable
if and only if there exist smooth maps IT(w) and ¢(w),
satisfying

oIl
g5 = fIl(w), c(w), LO)=0,
h(T1(w), e(w)) — q(w) =0, ¢(0) = 0.

Krener (1992) presents necessary and sufficient condi-
tions for local solvability of (6).

The non-minimum phase (rhp) zeros impose a funda-
mental limitation on the attainable tracking perfor-
mance. Kwakernaak and Sivan (1972) were the first to
demonstrate that the cheap control problem

:= min - e 243 a 2
Jommin [ fler@ + @il (0

with @ defined in (3), in the presence of rhp zeros the
limit J. — Jr as € — 0 is strictly positive.

Qiu and Davison (1993) showed that for r(t) =
msinwt + necoswt, n = col(n1,n2), the rhp zeros
21, %2, ..., %p determine the value of Jr as follows:

P
1 1
Jr =n'Mn, traceMzZ( + )

= \z— Jjw ozt jw

For more general reference signals, Su et al. (2003) give
explicit formulas which show the dependence of Jr on
the rhp zeros and their frequency-dependent directional
information.

2.2 Path-following

In path-following, the output y(¢) is required to reach
and follow a geometric path y4(0) generated by the ex-
osystem

w(@o) = Wy

(8)

where 6 € R is the path variable, w € R?, y4; € RY,
and 6y := 6(0). For a given timing law 6(t), the path-
following error is defined as

ep(t) == y(t) —ya(0(t)). 9)



We consider the following two path-following problems:

Geometric path-following: For a desired path y4(0),
design a controller that achieves:

i) boundedness: the state x(t) is uniformly bounded
for all ¢ > 0 and for every (x(0),w(0(0))) = (o, wp),
in some neighborhood of (0, 0),

ii) error convergence: the path-following error ep(t)
converges to zero as t — oo, and

iii) forward motion: O(t) > ¢ for all t > 0, where ¢ is a
positive constant.

Speed-assigned path-following: In addition to the
geometric path-following task, a constant speed vy > 0
is assigned and it is required that either 0(t) — vy as
t — o0, or G(t) =g for all t > T and some T > 0.

Our main interest is to determine whether the freedom
to select a timing law 6(¢) can be used to achieve an
arbitrarily small path-following error, that is, whether
0* > 01in

| erolP i <o (10)

can be made arbitrarily small.

In contrast to reference-tracking, the attainable perfor-
mance for path-following is not limited by non-minimum
phase zeros (Aguiar et al., 2005). For the desired path
generated by exosystem (8)

nd

ya(0) := Z [akej“’*’e + azefj“”ce], (11)
k=1

where the wy > 0 are real numbers and the a; are non-
zero complex vectors, Aguiar et al. (2005) prove:

Theorem 1 (Aguiar et al. (2005)) Consider the ge-
ometric path-following problem for (1) where (A, B) is
stabilizable and x(0) = 0. Then for any given positive
constant 6* there exist constant matrices K and L, and
a timing law 6(t) such that the following feedback law
achieves (10):

u(t) = Kz(t) + Lw(0(t)). (12)

Theorem 2 (Aguiar et al. (2005)) For the speed-
assigned path-following problem, let vy be specified so
that the eigenvalues of v4S do not coincide with the ze-
ros of (1), and assume that (A, B) is stabilizable and
x(0) = 0. Then, (10) can be satisfied for any §* > 0 with
a timing law 0(t) and a controller of the form (12) but
with time-varying piecewise-constant matrices K and L.

Hence the stabilizability of (A, B) is both necessary
and sufficient for the solvability of the geometric path-
following problem. Furthermore, an arbitrarily small

Lo norm of the path-following error is attainable even
when the speed assignment v, is specified beforehand.

3 Performance limitations for nonlinear sys-
tems

In the first part of this section, we present an inter-
nal model analog of the results in (Seron et al., 1999;
Braslavsky et al., 2002) for the reference-tracking prob-
lem. In the second part, we present our main result for
the path-following problem. We show that, in contrast
to reference-tracking, the path-following problems can
be solved with arbitrarily small £5 norm of the path-
following error.

3.1 Reference-tracking

We consider the class of nonlinear systems which are
locally diffeomorphic to systems in strict-feedback form
(see for example Krstié¢ et al. (1995, Appendix G))!:

z= fo(2) + go(2)&1, (13a)
&1 = fi(z,&) + 91(2, €1)Ea,

é?“d = de(Z,fl, e 757’(1) + grd(zagla e agTd)uv (13b)
Y= 617 (13C)

where z € R™, & := col(&,...,&,), & € R™,
Vie{l,...,rq}, w € R and y € R™. f;(-) and g;(*)
are C* functions of their arguments (for some large k),
£i(0,...,0) =0, and the matrices g;(+), Vi € {1,...,74}
are always nonsingular. We assume that initially the
system is at rest, (z,£) = (0,0).

When the reference-tracking problem is solvable, i.e.,
it is possible to design a continuous feedback law that
drives the tracking error to zero, then there exist maps
IT = col(Ilp, ... ,II,,), IIp : RP — R™= II; : R? — R™,
Vie{l,...,74}, and ¢ : R? — R™ that satisfy (6). The
following locally diffeomorphic change of coordinates

zZ=z—Tp(w), (14)
EmcollEr,. . &), (15)
G=6&-1(w), i=1,...,rq (16)
i =u—clw), (17)

transforms the system (13) into the error system

I3

= fo(Z,w) + Go(Z, w)er, (18a)

! When convenient we use the compact form (4) for (13). In
that case, f(-) denotes the vector field described by the right-
hand-side of (13a)—(13b), h(-) the output map described by
(13¢), and = = col(z, &1, ..., &ry)-



51 = fi(Z &, w) + 41 (3, &, w)Es,

(18b)
57”(1 = ff‘d(zvéla v 757'477'0) +§Td(27£17 e 7£Tdaw)a7
er = &1, (18¢c)

where

fo = fo(Z + Hp(w)) — fo(To(w))
+ [90(5 + Tl (w)) — go(Ilp(w)) | g(w),
go = go(Z + Il (w)),

fO(va) = Oa 90(2,0) = 90(2)3 and f‘Z()a gi(')v
Vi € {1,...,~rd} are appropriately defined functions
that satisfy fi(0,...,0,w) = 0 and g;(%,...,&,0) =

gl(ga fe agi)'

Our analysis makes use of the following two optimal con-
trol problems.

Cheap control problem: For the system consisting of
the error system (18) and the exosystem (5) with initial

condition (2(0),5(0),11}(0)) = (Zo,go,wo), find the op-

C
,€

timal feedback law @ = of
cost functional

(2,&,w) that minimizes the

5 [ (e + 312017 + & lal?) e (19

for 6 > 0, € > 0. We denote by Jgfe(éo, 50, wyp) the corre-
sponding optimal value. The best-attainable cheap con-
trol performance for reference-tracking is then

Jri= lim J£ (%, &, wo)- 20
TS am 5.c(Z0, €05 wo) (20)

As shown by Krener (2001), in some neighborhood of
(0,0,0) and for every § > 0, € > 0, the value J§%(-,-,)
is C*=2 under the following assumption:

Assumption 1 The linearization around (z,£) = (0,0)
of system (13) is stabilizable and detectable, and the lin-

earization around w = 0 of the exosystem (5) is stable.

Minimum-energy problem: For the system

Z=fo(2,w) + Go(Z,w)er,  2(0) =z, (2la)
w = s(w), w(0) =wo,  (21Db)

with er viewed as the input, find the optimal feedback
law er = af'°(Z, w) that minimizes the cost

1

5/0 OIZ@I + ller()]1?) dt, (22)

for § > 0. We denote by Jj*°(Zo, wo) the corresponding
optimal value. Under Assumption 1, J*¢(-,-) is C*~2 in
some neighborhood of (0, 0).

Our analysis reveals that the best-attainable cheap con-
trol performance Jr is equal to the least control effort
(as 0 — 0) needed to stabilize the corresponding zero
dynamics system (21) driven by the tracking error er.

Theorem 3 Suppose that Assumption 1 holds and that
(6) has a solution in some neighborhood of w = 0. Then,
for any (2(0),£(0),w(0)) = (%o, o, wo) in some neigh-
borhood of (0,0,0) there exists a solution to the cheap
control problem and

Jr = lim J3 (23)

Proof. Under Assumption 1 and from the formulations
of the cheap control and minimum-energy problems, we
conclude that for every 6 > 0, € > 0, and every initial
condition (2o, &p, wp) in some neighborhood of (0,0, 0),
the values J§"¢(Zy, wo) and Jgfe(éo, &o, wp) exist and sat-
isfy ~

J§" (20, wo) < J5% (%0, S0, wo). (24)
On the other hand, from Lemma 6 in Appendix we have

Jg,ce(fo,go,wo) < J§"(Z0,wo) + O(e€). (25)
Therefore, from (24)—(25) we conclude that
T (20, wo) < J§%(Z0, &0, wo) < JJ(Z0, wo) + O(e).

The result (23) follows from this and (20) as one makes
(6, ¢) — 0.
O

3.2 Path-following

For path-following, we define the corresponding cheap
control problem by replacing er with ep in (19). We then
show that, in contrast to reference-tracking, the path-
following problem can be solved with arbitrarily small
Lo norm of ep.

We let the vector field s(w) and the output map g(w)
of the exosystem (8) be linear, s(w) = Sw, ¢(w) = Qw,
such that all eigenvalues of S € RP*P are non-zero and
semisimple.

Theorem 4 Assume that (6) has a solution when
s(w) = vgSw, forvg almost everywhere on (0,00). Then,
for every w(0(0)) = wy in a neighborhood around w = 0,
there exist a timing law for (t) and a feedback law

u=c(w) + as,(z,&w) (26)



which solve the geometric path-following and satisfy (10)
for every §* > 0.

Proof. With the timing law

0(t) =vq,  6(0)=0, (27)

and vy > 0 a constant to be selected later, the path-
following problem becomes the tracking problem of r(t)
generated by

w(t) = vaSw(t), r(t) = Qu(?), (28)

which, upon the substitution in (6), yields

8—HvdSw = f(l(w), c(w)),

ow
h(II(w), c(w)) — Quw = 0.

(29)

The function ¢(w), used in the feedback law (26), solves
(29), while a5 (2, §, w) minimizes (19) for the error sys-
tem (18) together with the exosystem (28) and some
small § > 0, e > 0. With the timing law (27), Theo-
rem 3 allows us to conclude that as (e,d) — 0 we have
Jp =lims_o J§*°

To prove that J§"¢ can be made arbitrarily small by se-
lecting a sufficiently large vg, we use Lemma 7 in Ap-
pendix. It shows that for the minimum-energy prob-
lem and every initial condition in some neighborhood
of (2,w) = (0,0), there exist a sufficiently small § > 0
in (22) and a feedback law er = &j*°(Z,w) for which
J§"¢(Z0, wo) is bounded by

- 1., .
Jgne(Zo,wo) S 526P02’0,

where Py > 0 does not depend on vg. Observing that
Zo = IIp(wo), since z(0) = 0, the proof is completed
using Lemma 8 in Appendix which establishes that
|ITIg(wo)|| can be made arbitrarily small by choosing a
sufficiently large vq.

O

Next we show that an arbitrarily small Lo norm of the
path-following error is attainable even when the speed
vq is specified beforehand.

Theorem 5 Consider the speed-assigned path-following
problem with vq specified so that (29) has a solution in
some neighborhood of w = 0. Then, (10) can be satisfied
for any 6* > 0 with a suitable timing law 0(t) and a
controller of the form (26) with time-varying piecewise-
continuous maps c(w) and oz, &, w).

Proof. To construct a path-following controller that
satisfies (10) we start with

u = co(w) + ag(z, & w), (30a)
6 =v,, (30b)

where for each positive constant vy, ¢ € I :=
{0,1,2,... N}, the maps II, := col(Ily,, Iy, ), Iy, :=

COl(Hggl,. .. 7H£57‘d)7 H@o :RP — an, Hgi :RP — Rm,
Vie{l,...,rq}, and ¢p : R? — R™ satisfy
oll,
a—wwa = f(II(w), ce(w)), (31)
h(Ile(w), cr(w)) — Qu =0,
and o(t) : [to := 0,00) — Z, is the piecewise constant

switching signal

1, t; <t <tit1, 1=0,...,N—1
o(t) =
N, t>ty

Each ay(z, &, w) is the optimal feedback-law that mini-
mizes

/0 (llepll* + 6llz = g, (w)[* + €2 u — co(w)||*) dt

for some small § > 0, e > 0. Note that (30) is a speed-

assignment path-following controller for which H(t) con-
verges to vy = vg in finite time.

We now prove that for any §* > 0, (10) can be satisfied
by appropriate selection of a finite sequence g, t1, ..., tN
together with (vg, Iy, ao, o), (v1, 11, a1, ¢1),

o (uvn, Iy, an,en) used in the feedback controller
(30). To this end, we show in Lemma 9 in Appendix
that Jp is bounded by

1 (Py) &
Jp < E%Poéo 4y Amaa (Fo) > (veey = vp)?
/=1

N
+ Amaz (Po) Z Zo_1(te) [Ze—1(te) — Ze(te)]
=1
N
4 2marl B Sz, ey (32)

~
Il

1

where A4 (Py) denotes the maximum eigenvalue of
Py > 0, isapositive constant, Zy := 2(0), z¢ := I, (w),
and the transient Z, := z — Iy, (w) converges to zero as
t — oo.

We show that each term of (32) is upper-bounded by
% so that Jp < 6*. Applying the same arguments as in



Theorem 4, the first term in (32) is bounded by % using
a sufficiently large vg. To prove that the second term
in (32) is smaller than %, we select the parameters vy,
¢ € T to satisfy

Vg1 — v =W, vy=1vg {L=1,2,...,N (33)
where p = #M, and N = % Then
Amaz (FPo) > 2 )‘mar(PO) 2
Ty ;(Wq —vg)” < VTNM
= ’YM(UO e

2 4

The above selection for the vy, £ € 7, is made under the
constraint that the reference-tracking problem for the
signal 7(t) generated by (28) with vy replaced by vy is
solvable. This can always be satisfied by appropriately
adjusting vg. Finally, for any given N, each of the last two
terms in (32) can be made smaller than g by choosing
te, £ =1,2,..., N sufficiently large.

O

4 Illustrative Example

To illustrate the results of the paper we consider the
system described in (Isidori, 1999, Example 8.3.5)

1 = a2
9b2:u
77:T]+$1+33§
y=m

x = (x1,22,n)", which is already in normal form. This
system is not exactly linearizable via feedback and the
zero-dynamics are unstable. Suppose that the reference-
tracking task is to asymptotically track any reference
output of the form r(t) = M sin(at + ¢), where a is a
fixed positive number, and M, ¢ arbitrary parameters.
In this case the exosystem (5) is s(w) = (aws, —aw1)’,
g(w) = wy. Following the procedure illustrated in Isidori
(1999, Example 8.3.5) we determine a feedback law of
the form u = ¢(w)+ K (z—1(w)), where K = (kq, ko, k3)’
is any matrix which places the eigenvalues of A + BK,

A= (3], 5=[1]

in the left-half complex plane. Fig. 1 displays the simu-
lation results obtained with a = 0.1rad/s and K com-
puted by solving the linear quadratic regulator problem
(ming [, [e(t) e(t) + e2a(t)u(t)] dt) with e = 0.001. The
initial conditions are z(0) = 0, w(0) = (0.1,0)’. The con-
vergence to the desired reference signal is achieved with
transient error Jp ~ 28 x 1073.

| { |
80 100 120 140
time [s]

I I I I I I
0 20 40 60 80 100 120 140
time [s]

time [s]

(a)

I I I I { I
20 40 60 80 100 120 140
time [s]

| | |
60 80 100 120 140
time [s]

| | | | | |
0 20 40 60 80 100 120 140
time [s]

(b)

Fig. 1. Reference-tracking: Time evolution of 1(a) the state
(z1,22,n); and 1(b) the exogenous state (wi,w2) and the
transient tracking error fot ller (T)|? dr.

In contrast, Fig. 2 shows the simulation results obtained
with the path-following controller (30) with o, = K (z—
I, (w)) and K with the same value as the previous case.
Starting with vy = 1, the values of v, were selected to de-
crease by 0.1 successively until vy = a = 0.1(N = 10).
As it can be seen, the path-following controller manipu-
lates the evolution of the states of the exosystem in such
a way that the transient error is reduced by a factor of 5
to Jp ~ 5.6 x 1073, Different sequences of v, could be
used to reduce it even further. This illustrates how the
tracking limit is removed by the path-following.

Other examples that use the freedom of manipulating
the path-variable can be found in, e.g., (Aguiar et al.,
2005; Aguiar et al., 2004; Aguiar and Hespanha, 2004;
Skjetne et al., 2004; Daci¢ and Kokotovié, 2006).

5 Conclusions

This paper demonstrates that the task of following a geo-
metric path y4(0) is less restrictive than the task of track-
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Fig. 2. Path-following: Time evolution of 2(a) the state
(z1,22,7); and 2(b) the exogenous state (w1 (0(t)),w2(0(t)))
and the transient path-following error fg llep(T)||? dr.

ing a reference signal r(t). The reference-tracking prob-
lem is subject to the limitations imposed by the unstable
zero-dynamics, a nonlinear analog of the Bode’s limita-
tions caused by non-minimum phase zeros. OQur analysis
revealed that the limitation is due to the need to stabilize
the zero-dynamics by the tracking error, which therefore
prevents the output y(t) from achieving perfect tracking.
In path-following one has available an additional degree
of freedom to select a timing law 6(¢) with which a pre-
scribed path y4(0) will be followed. In Theorems 4 and 5,
we prove that with an appropriate choice of 6(¢) the Lo
norm of the path-following error can be made arbitrar-
ily small, that is, the path-following problem is not sub-
ject to the limitations of reference-tracking. The results
of this paper are structural in the sense that they hold
for all nonlinear systems which can be transformed into
(13a)—(13c) with a diffeomorphism and a feedback trans-
formation. They may also be of practical significance,
because the path-following formulation is convenient for
many applications. Design of path-following controllers
for non-minimum phase systems is a topic of current re-

search, (Daci¢ and Kokotovié, 2006; Dacié¢ et al., 2004).

A Appendix

Lemma 6 Suppose that Assumption 1 holds. For every
initial condition (%0, &, wo) for the error system (18) and
the exosystem (5) in some neighborhood of (0,0,0), and
every § > 0, there exist a sufficiently small € > 0 and
feedback law @ = &5 (Z, £, w) for which the value of (19)
does not exceed

J5 (20, wo) + O(e). (A1)

Proof. The optimal control law for the minimum-
energy problem formulated in Section 3 is

~ ~ 9 Jme
a5 (z,w) = —96T2~ (A2)

Its existence is ensured by Assumption 1. As in
(Braslavsky et al., 2002), consider the change of coordi-
nates

m=& —al, m=& —ale,...
“(rqg—1 rqg—1
Nry = §d )—a((;d ) (A.3)

that takes (18) to the form

Z = fo(Z,w) + Jo(Z, w)a®(Z,w) + Go(Z, w)Chn,
i = An+ Bf,(z,n,w) + B, (A4)
m = C777

where n := col(n1,m2, ..., M), ¥ := g, § :=II}2, G,

A= ,C:=[100--0]

oo oo
oo ~o

ool o~

(A.5)

and f,(-) is a suitably defined function. We first
prove that for every § > 0 and every initial condition
(20, M0, wp) in some neighborhood of (0,0, 0) for system
(A.4) together with the exosystem (5), there exist € > 0
and v = &g, (Z,n, w) such that

- L[> 5
‘/5,6(307770711)0) =35 (”771 + agne(sz)”2
2 0
+ 621> + 62Td||’l)||2) dt (A.6)

does not exceed (A.1). Then, we derive a feedback law
for @ which ensures that (19) does not exceed (A.1).



Consider P € R™7aX™7d_ the positive-definite solution
of

PA+ A'P—-PBB'P=-C'C, (A7)
and the feedback law

1
€

with A, B, C given by (A.5) and

We now show that (A.8) achieves asymptotic stability
of the closed-loop system

Z = folZ,w) + §o(Z, w)aFe(Z,w) + jo(Z, w)CEn,
¢Ei = (A— BB'P)En+ € Bf,(,n,w).
(A.9)

obtained by substituting (A.8) into (A.4). With Q €
R™Taxmra gatisfying

Q(A— BB'P)+ (A — PBB)Q = —C'C — 1,
where (A — BB'P) is Hurwitz, we select

W = JI(3,w) + %n’EQEn (A.10)

as a Lyapunov function. Computing W along (A.9), we
obtain

aJme o aJie
W= 8(,52 (fo + Goog™ + GoCEn) + 82} s(w)
+ %HIE[Q(A — BB/P) + (A/ — PBB/)Q]ET]

+ "y EQB,
1., . 1 1
= —50l211° = 3la5ll® — ag'Cn — S| CEn|?

1 . .
— SIEn? + e EQBF,,

where we have used the fact that Ji*¢(2, w) satisfies

0J5"¢ ~ . 0J5"° 1. 9
S folzw) + Sms(w) + 5]
L, o0

For any pz, py, pw such that |[Z]| < pz, [|n]] < py, [Jw]| <
Pw, there exist vz, v, satisfying

1 (2, m, 0)| < 2121+ il

and, hence,

: 1o 1 P |
W< =l - SlCn+ o<l - S |BylP

+ € (|| 2] + v2linll) |En|
1 B )
< —5(5 —me)||Z]? - 5(1 — y1€" — 272¢€)|| En||?,

where 1 = [|QB|, 72 = [|QB|, and €"[n|| <
e|En|| for e < 1. Consequently, for any & > 0, there
exists € > 0 such that W < 0. Asymptotic stability of
(2,m) = (0,0) thus follows from LaSalle’s theorem. From
this and (A.10) we can also conclude that W converges
to zero as t — oo because J§*¢(0,w) = 0.
To prove that

Vse(Z0,m0,wo) < J§"(20, wo) + O(e), (A.12)

we define the positive-definite function

- 1
V= JP€ (2 w) + eVen),  Vei= on'EPER.
The time-derivatives of J*¢ and V; along (A.9) satisfy

rme 1 = 1 me me
J5 = —55”2“2 - 5”% ||2 —ag®'Cy,
X 1 1 ~
Ve = ——||CEn|”> = —||B'PEn|* + €~ 'y EPBF,.
2e 2e
and
A 1 = 1 me
V= =82 - SlCn + |

1 N
- 5||B/PE77||2 + € EPBf,. (A.13)

From the fact that W converges to zero as t — oo, we

conclude the same for V. Noticing that V; . defined in
(A.6) satisfies

1 [ e _
Vae=1 [ (1Cu+ape|? + 8217 + |BPEq]?) dt,
0
and integrating (A.13) we get
Vs.e = V (20,70, wo) +/ ¢"'y EPB, dt.
0

Now (A.12) follows from the fact that [, ¢"¢~1y EPB f, dt

is bounded by || [;° €~y EPB f, dt| < Ve(m).
We next prove that for every § > 0 and every initial
condition in some neighborhood of (z,&,w) = (0,0,0),
there exists €* > 0 for which the feedback law

1
G 'B'PEnp

G*rd

ensures that (19) does no exceed (A.1).
Let v be the lowest value of the smallest singular value of



g in a compact set containing the trajectories generated
by 4. Note that v > 0 because §; *, Vi € {1,...,74} are
1

nonsingular. Consider e* = €/y74, then,

1 [ - -
3 [ QlerlP + 821 + re)al?) a
0
1 5] 5 - 62rd o
<5 Uerl? + a2 + S gl ae
2 Jo g
= V;?,e* < Jgne('gvaO) +O(€*)
O

Lemma 7 Consider the minimum-energy problem
formulated in Section 3. For every initial condition
(2(0),w(0)) = (Z0,wo) for (21) in some neighborhood
of (0,0), there exist 6 > 0 in (22) and a feedback law
er = &y*°(2,w) for which (22) does not exceed

1 !/
—z2 Pz
220 020,

where Py > 0 does not depend on vg.

Proof. Let
Z = Fyz + Go&s

be the linearization of (13a) around z = 0. Then (18a)
can be written as

Z = FoZ + Goer + hj, (2,w) + hg, (Z,w)er,  (A.14)

where for all [|Z]] < pz, |lw]| < pw and some 7,
i =1,...,4, the maps hj (2,w) := fo(Z,w) — FoZ and
hg, (Z,w) := go(Z,w) — Gy satisfy
1h 7, (Z, w)ll < Y2 ll2l1* + 2|2 [ To (w)]],
lhgo (Z, w)Il < Y3l 2[I* + yal| TTo (w)]|.

Consider (A.14) in closed-loop with the feedback law

er = a5°(Z,w) := —G{ Pz, (A.15)
where Py > 0 satisfies
F\Py+ PoFy + I — PyGoGy Py = 0. (A.16)

Computing the time-derivative of Vlgmc = %2’ Pyz along

the trajectories of (A.14), (A.15), we get
X 1
V(;me = iél[POFO + F(;PO - QP()G(]GBP()]%
1
+ QZI[tho + h;;OP — 2Pyh, Gy Po)z

1

1 ~
< —gllerlP = 5 [t = 2omaa(P) (217

+ 3221 T (20) | = Amaa (Po) (1]
+ llo(w)) 12112,

which proves that there exist pz, py, d > 0 such that for
all ||2]| < pz, |w]| < puw, V™ satisfies

Lme 1 (5 i~
Ve < —sllerl? - SHEAR (A7)

and, hence, Vg’w — 0 as t — oo. Integrating (A.17), it
follows that

1 > s Crme (5 [ 5
3 | Glerl? + 8121 de < V5 (0) = 55 Poco

d

Lemma 8 In the reference-tracking problem for the
nonlinear system (13) let the vector field s(w) and the
output map q(w) of the exosystem (5) be s(w) = vgSw,
q(w) = Qw. Suppose that the eigenvalues of S € RP*P
are non-zero and semisimple, and that for some vy > 0,
(6) has a solution in some neighborhood of w = 0. Then,
for any p > 0, there exists v > 0 such that the map
IIp : R? — R"™= satisfying

OMo() 5, _ [ o) + (o), (A15)

W= %, 1is bounded by

Mo (w)]| < p. (A.19)

Proof. The proof is based on a term-by-term examina-
tion of the Taylor expansions for Iy (w), fo(z), and go(2).
For this we adopt the methodology of Krener (1992).
We will carry out the proof in the complex field, which
allow us to assume without loss of generality that S is
a diagonal matrix. For a given neighborhood {w € C? :
|lw| < e} and p, we expand IIy(w) in Taylor series

1
— T (1) +O(w)*+!

1
Ty (w) = 11 (w)+§ng2] (w)+
(A.20)

where the superscript [k] denotes terms composed of ho-
mogeneous polynomials of degree k, i.e.,

k
H([)](w) = Z Hoil...ikwil o Wi

1<in < <ip<p

(A.21)

. € C"=. We pick a sufficiently large N such that

iq..-1

N
1 p
Io(w) =Y~ ST @ < 5, Yjupee,  (A22)



and note that

N
1
ITTow)|] < Mlg(w) — > 1 WWZHW
k=1
Pl
< 5+ M)l
k=1 "

If there exists g > 0 such that every term Ilp, , in
(A.21) can be bounded by

6= p

II [ A
Mo 2(ers — 1)

<4

— )

(A.23)

ip.ig

then every coeficient in the series (A.20) satisfies
||Hg€] (w)| < 6p*|lw||*, and, hence,

P — 1 P
Mo(w)|| < £ — £ P 1) =p.
Mo (w)|| < 3 z::k =5 (e —1)=p
To prove (A.23), we substitute
h@)zFM+-fm() fW<> O(z)"*,
90(2) = Go + g (2) + -~ +E”kW>+0@ﬁ

together with the expansion of IIp(w) into (A.18).
Matching the first order terms, we get

ol
ow

= p[Foly (w) + GoQu].

(w)Sw (A.24)

Substituting HE] (w) = 3%, Iw; in (A.24) and match-
ing the term in w;, we obtain for alli =1,...,p

NILw; = /J,[F()Hi + GOQGJ w;, (A25)

where )\; denotes the i'" eigenvalue of S, and e; :=

(0, R O)/ With fo = ||F0|| and ay, = ||G0Qel||
we get ~
JollLi]| + a1,
I < oA

and conclude that ||IL;|| < ¢ if

p < min & and u<|):—i|.
1<i<p fod + ay, fo

For (A.25) to have a solution for all II;, as shown in
(Krener, 1992), it is also required that pz; # A;, @ =
1,...,n,; j = 1,...,p where z;, the eigenvalues of Fj,
are the zeros of the linearization of (13).

The degree two term of (A.18) satisfies

10

oIy
ow

(w)Sw = p[FoTIf (w)

+ 2P ) + g (il

Jw)Qu]. (A.26)

29

We can expand HE)Q], fi (EQ], and g([_)l]Qw as

[2] Z o, wiw;,
52] (Hg](w)) = Z Jo,; wiwj,
9([)1] (H([)l] (w))Quw = Zgoij WiWs,
where Ily,, € C"=, fo,, € C"=, go,; € C"#, and the sums

range over 1 < i < j < p. Substituting these series into
(A.26), matching the terms w;w; and noticing that

3H
8’[1) ( Sw = Z HOM (>\z + /\j)wiwj, Vm»
we obtain
1
(Ai + X))o, wiw; = p[Foll,, + fo,, + igoij]wiw,p
which, using, az,, := || fo,; + $90,, |, yields
Jolo,, || + as,,
Mo, || < p—""~7
|>\i + )\j|

Therefore, we conclude that ||y, || < 0 provided that

SN + A | A+ A
u < min —=———m— ,
1<i<j<p fob + as,, fo
andlu’zl#)\h +)‘]27 1§]1 §]2 Sp
For the degree k term, we have
o} b
- (w)Sw = p[Folly (w)
k 1 k:
+fo () + g N w)Qul, (A.27)

0

where f(gk] (w) and ggﬂfl] (w) are the degree k and k — 1
terms of the composition of fo(z) and go(2) with the ex-
pansion of IIp(w) up to degree k — 1. As before, expand-
ing H([)k], f([)k], and g([)k_l]Qw in terms of w;, w;, ... w;,
with 41 <49 < --- <14 < p, and substituting these ex-
pansions in (A.27) yields

<)‘i1 +ot )\ik)HOil...ikwil - Wiy
1
[FOHOL1 + fOL1 %goil,..ik]wil oo Wiy
||H | f_‘OHHOq% |+ak11...ik
Oiy.ig 1| S H ‘/\11 I +/\1k‘ ’




where ar,,

i T HfOl1

g kgo71

that ||H011 H < ¢ provided that

[T min 5|>y1+”.+)\ik|, u<—‘)\il+.;.+/\ik|,
1<in<-<ir<p  fod + Ak, iy fo

andﬂzl#Ame——’_)‘]ka 1§]1§]2§ S] ép

This completes the proof. O

Lemma 9 Under the conditions of Theorem 5, the path-
following controller (30) ensures that there exists -y > 0
such that Jp satisfies (32).

Proof. We first compute

JZ::/ lep(O|2dt, e

te

with o(t) = ¢ for all ¢ > ¢, and note that

N
Jp < ZJ@. (A.28)
=0
As in the proof of Theorem 4, we get
1. )~
Je < 520(te) PoZe(to), (A.29)
where Py > 0 satisfies (A.16), Z, :== z — Z; and z, =
Iy, (w), that is, Z, is the steady-state of z when o(t) = ¢
forall t > ty. For £ = 1,2,..., N we substitute z(ty) =
Zo—1(te) + Zo—1(te) in (A.29) and get
1,
Jeég(ze—l(f)+ze 1(te) — Zo(t ))
Py (Ze-1(te) + Zo—1(te) — Ze(te))
)\mam P ~
< 2maxtPO) (2 (1) — 2t + Nea )P
+ 22’[ 1(te) [Zg 1(te) — Ze(te ]) (A.30)
We now prove that 1:140 (w) == Zp—1 — 2 = Il (w) —
IT;, (w) can be written as
Iy, (w) = ag(w)ji, (A.31)

where fiy := py—1—pe and ap(w) is a bounded continuous
function. Consider (A.18) for each II,_;,(w), I (w),
that is,

aneaiig()sw = pre—1 [fo(e—1,(w)) + go(Ie—1, (w)) Qu]
%HEU))S“’ = pe [ fo(Igy (w)) + go (I, (w)) Qu]

11

Subtracting the equations, yields

L) 51y — oM 1, (0) + g0(TTe-1, (1)) Qu]
+ e [ fo(Tp— 1, (w)) — fo(Tlgy (w))
+ (oo, () = g0(0Ta, () Qu]. - (4.32)

By the mean value theorem there exist functions G (-),
Bg4(+) such that

fo(Me—1y(w)) = fo (Mg (w))
90 (g1, (w)) = go(Iley (w))

Substituting these expressions in (A.32),
(A.31) with ap which satisfies

we verify

O )5 = Jo(TTa-1, ) + g0([Te 1, (1)) Qu
+ e [ By (g1, (w), gy (w)) e (w)

+ By(p—1, (w), gy (w)) g (w) Qu]

Assuming that IT,_q, (w) and II,, (w) exist, then ay(w) is
bounded and there exists v > 0 such that ||TIy, (w)||? <
vfiz. The bound (32) follows from this fact, together with
(A.28) and (A.30).

(A.33)

d
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