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Abstract— We study the synchronization problem forn single  application to engineering and science problems. Namely, i
state agents with linear continuous time dynamics. The agén gych topics as parallel computing [28], synchronization of

states are required to synchronize and travel at a desired ; ; ; ;
common speed. This problem arises naturally in the design of oscillators [24], [26], collective behavior and flocking6{l

coordinated path-following algorithms problem [9] and in stud- consensus [21], multi-vehicle formation control [5], aSY”,
ies on the synchronization of Kuramoto oscillator networkg17]. ~ chronous protocols [7], graph theory and graph connegtivit
When the desired speed is zero or there are no time delays, iak  [18], and Voronoi tessellation techniques [3].

been shown in the literature that a so-called neighboring catrol In spite of significant progress in these challenging areas,

rule makes the states synchronize asymptotically under son 0 work remains to be done to develop strategies capable
connectivity conditions on the union of the underlying com-

munication graphs. We will show that when both the desired of yielding robu;t pgrformance 9f "f‘ fleet of vehlples In
speed and the communication delay are non-zero, the behavio the presence switching communication networks, informa-
of the synchronization system changes significantly. We sta tion transmission time delays, and severe communication
by considering asymmetric networks and switching topologts  constraints. These difficulties are specially challengintpe

with homogeneous time delays. We then address some issuesgig|q of marine robotics, since underwater communications
related to the behavior of the synchronization system in the

presence of heterogeneous time delays. We provide connedty and pOSitiO_”i“Q rely heavily on acoustic systems, which are
conditions under which the synchronization problem is soled ~ Plagued with intermittent failures, latency, and multipat
and introduce synchronization laws that compensates for b effects. This paper addresses some of the problems that aris
effect of non-zero speed and time delays. Simulations illtste  jn these kinds of applications. We review existing results
the synchronization of three agents. and highlight their most important properties and develop
|. INTRODUCTION synchronization laws to make a set of agents asymptotically

Increasingly challenging mission scenarios and the adveﬁfmhron'_ze anq travel at a desired spc_aed. we show_that a
of powerful embedded systems and communication networﬁgnple ne|ghbor|_ng rule fails to synchronlze t_he agenthen t
have spawned widespread interest in the problem of coordi?>® of latency n th_e exchange of infarmation.
nated motion control of multiple autonomous vehicles. The The key contributions of the paper are clearly reflected

types of applications envisioned are numerous and incluﬂtf% Its orgaméatlorl\).l Secttlrc])nt l.l w:jtroductzesr th(; motn;]at[mr_n ft
aircraft and spacecraft formation flying control [1], [10], € proposed probiem, that 1s, decentralized synchraoiza

[25], coordinated control of land robots [9], [23], controlcontml_Of a network_of _single state agents with con_tinuous
of multiple surface and underwater vehicles [6], [19], ['27]0_Iynam|cs under switching communication tOpOIOQ'eS a.nd
and networked robots [4]. tlme_delays and _formulates the pro_blem under consideration

To meet the requirements imposed by these applicatior%ecnon Il provides some preliminaries of Graph theory

a new control paradigm is needed that departs considera Jd reviews exjsting results in the Iitgrature on agreement
from classical centralized control strategies. Centealizon- problems. Section IV presents the main results of the paper

trollers deal with systems in which a single controller pos‘fjlnd Sh°W$ th"?‘t the b_ehawor of the coord_mat_lon dynam|c_s
sesses all the information needed to achieve the desired ana_mges significantly in the presence of switching communi-
trol objectives (including stability and performance riegu cation networks and time delays if the states are requm_aq to
ments). However, in many of the applications envisioned,raveI at a non-zero sp_eed_. W(_e further establish the qm't'
because of the highly distributed nature of vehicles’ sensi under Wh.'Ch _synchromzatmn IS re_covered, and provide some
and actuation modules and due to the nature of the inte'%ynchronlzatlon rules that ma'”t"?"” the common conndgtivi
vehicle communications network, it is impossible to tackl ond|t|_ons. Several examp'?‘s in Section V compare the
the problems in the framework of centralized control theor ehavior of the synchronization closed-loop systems in dif
For these reasons, there has been over the past few yealfg
flurry of activity in the area of multi-agent networks with II. MOTIVATION

rgnt situations. Section VI contains the main conclusion
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This is done by making each vehicle approach a conveniently I1l. PRELIMINARIES AND BASIC RESULTS
defined virtual target that moves along the path. In the scon\ Graph theory

step, the speeds of the virtual targets are adjusted so as tct . .
. ) . S et G(V,€&) (abbv. G) be adirected graphor digraph
synchronize their positions (also called coordinatiortes induced by the inter-vehicle communication network, with

along the paths, thus achieving coordina.tion, while making denoting the set of, nodes(each corresponding to a
the formation as a whole travel at a given speedt). é/lehicle) and set of ordered pairgV;, V;) € £, henceforth

Since the vehicles converge to their corresponding virtu ferred h dina f data nk). Gi
targets that will synchronize asymptotically, the closeap referred to amres (eac standing for a data link). Given an
’ rc (V;, V;) € €, its first and second elements are called the

error S|gnals_ tend to Zero and t.he vehicles asymptoupal %il and headof the arc, respectively. It is assumed that the
reach a desired formatiénFollowing the nomenclature in . T N : )
flow of information in an arc is directed from its head to its

[8], each path to be followed is parameterized gye R . L ) o
and the vehicles reach the desired formation pattern iﬁ'lélzevlv?tﬁ Xe/grzse(ict):th(li%re(at}a?lf) a”r(]‘(;d?/‘g E?etﬁgrrln\?vir
vi = 4 Vi,j € N = {1,...,n}. In a simplified version, say thatl; anéVj areadjacent R ’

the dynamics of each state are governed by A pathof lengthr from V; to V; in a digraph is a sequence
of » + 1 distinct nodes starting witt¥; and ending with
Yi(t) = vr,(t); P €N, (1) Vv, such that consecutive nodes are adjacent. If there is a
path inG from nodeV; to nodeV}, thenV; is said to be
where the speed-profiles,, are taken as control signals 'eachablefrom V. In this case, there is a path of consecutive
that must be assigned to yield coordination of the stat€é®mmunication links directed from vehicfe(transmitter) to
~;. To achieve this objective, information is exchanged ovefehiclei (receiver). A nodeV; is globally reachablef it is
an inter-vehicle communications network. Typically, tit- reachable from every other node. Graphis quasi strongly
all communications are impossible to achieve. In generggonnectedQSC) if it has a globally reachable ndde
v, will be a function of~; and of the coordination states The adjacency matrixof a digraphg, denoted4, is a
of the so-called neighboring vehicles defined by thegt Square matrix with rows and columns indexed by the nodes,
that represents the set of vehicles that vehictommuni- Such that thei, j-entry of A'is 1 if (Vi,V;) € £ and zero
cates with. We will consider asymmetric communication§therwise. Thalegree matrixD of a digraphg is a diagonal
networks where the communication links may be directionafhatrix where thei, i-entry equals the out-degree of node
that is, i € N, does not necessarily imply € N;. Vi- Notice that the out-degree of nodé equals|N;|, the
Another important issue in coordination control systems i§ardinality of ;. The Laplacianof a digraph is defined as
delayed information. In a number of applications involvingl = D—A. Every row sum of_ equals zero, thatid,1 = 0,
underwater cooperative control systems that rely on agoustvherel := [1],x1 and0 := [0],x;. _
communications, time delays in the communication channels We will be dealing with situations where the communica-
become significant. In this paper, we start by addressirfpn links are time-varying in the sense that links can appea
homogenous time delays, that is, we assume that all tf@d disappear (switch) due to intermittent failures and/or
transmission links introduce the same time detay> 0. Communication I|_nks scheduling. The mathematical set-up
Some of the issues studied will be further analyzed in thééquired is described next.

context of synchronization systems with heterogeneous tim A complete graph is a graph with all possible arcs (an
delays. arc between each pair of nodes). Létbe a complete

graph with arcs numbered ..., n. Consider a communica-
tion network amongn vehicles. To model the underlying
Assumey; and~y;; j € N, are available to vehiclé € N. switching communication graph, Iet= [pis.1, where each
Derive a control law fow,, such that the coordination errorspi(t). : [8.’00) f_> {Q’ 1} E’ ﬁ _p|de_ceW|se;1cont|_nuous tl(rge-
~i — ~; and the formation speed tracking errojs— v; varying binary unction which indicates the existence af ar
Vi, j € A converge to zero as— oo. i in the graphg at tlme t. Thereforg, given a svyltchlng
signal p(t), the dynamic communication gragh,, is the
pair (V,E,1)), where, ifi € £,y thenp;(t) = 1, otherwise
p;i(t) = 0. For examplep(t) = [1,0,...,0]" means that at

Definition 1: Coordination Consider a set of agents A
with dynamics (1), and a formation speed assignmeift).

A similar problem arises in the synchronization of net

works of Kuramoto oscillators. See [24], [26] for furthertimet only link number 1 is active. Denote Wy, the explicit

deta.lls' dependence of the graph Laplacian prand likewise for
With the set-up adopted, Graph Theory becomes the tofle degree matrisD, and adjacency matrix,. Further let

par excellence to model the constraints imposed by thﬁi,p(t) denote the set of the neighbors of vehitlat timet.

communication topology among the vehicles, as embodied\ye discard infinitely fast switchings. Formally, 18.c.
in the definition of setsV;; i € V. We now recall some key genote the class of piecewise constant switching signats su

concepts from algebraic graph theory [11] and agreemefs any consecutive discontinuities are separated bysm le
algorithms and derive some basic tools that will be used ifhan some fixed positive constant time, the dwell time.

the sequel. We assume thgi(t) € Squey. See [13] for more details.

2In [20] a digraph is defined as QSC if its opposite digraph hglobally
1See [9], [8] and [15] where coordinated path-following isleebsed. reachable node.



B. Switching topologies and connectedness Using (5), the dynamics of can be written as

We will consider switching topologies where the commu- A= _KL7A.
nication graph may fail to be connected at any instant of P
time; however, we assume there is a finite titie- 0 such  If the dynamic grapl, is UQSC, according to Theorem 1,
that over any interval of lengtli’ the union of the different 4; — 4; and¥; tend to zero as — oo, for all i,j € N.
graphs is somehow connected. This statement will be madéereforey; —~; and¥; —vy, converge to zero, exponentially
precise in the sequel. We now present some key results fiast.
time-varying communication graph and agreement problemsWe now consider the delayed version of (3). Let the

that borrow from [20], [21], [22]. coordination states, evolve according to
Let G;; i = 1,...,q be g graphs defined om nodes, and o
denote byL; their corresponding graph Laplacians. Define Y(t) = =K Dpyy(t) + KAppyy(t —7) (6)

the union graphg = U;G; as the graph whose arcs arewhere D,y and A, are the degree matrix and the adja-

obtained from the union of the ar¢§ of Gi; i = 1,..,¢.  cency matrix ofG, ), respectively. The following statement

Sincep € Saweu (only a finite number of switchings are can be derived from [22].

allowed over any bounded time interval), the union graph is Theorem 2:Agreement-delayed information Consider

defined over time intervals in the obvious manner. Formallysariables; with dynamics (6) and- > 0, and assume the

given two real number$) < {; < fy, the union graph switching communication grap,;, is UQSC. Then, the

G([t1,t2)) is the graph whose arcs are obtained from theesults of Theorem 1 are valid.

union of the arcst,;) of graphg,« for ¢ € [t1,t2). ) ) )
Definition 2: Uniformly Quasi Strongly Connected A The main results of the paper are sta_lted in the next section

switching communication grapig,,, is uniformly quasi where bothvy, (t) andr are nonzero. It will be shown that the

strongly connectegUQSC), if there existd” > 0 such that Pehavior of the closed-loop dynamics change significantly.

for everyt > 0 the union graptg([t,t + 7)) is QSC. We will also provide extra conditions needed to guarantee
- similar results, that is, coordination of the statgswhile
C. Agreement traveling at speed;,.

Considern agents with dynamics (1) with a supporting
communication network whose underlying communication
graph is modeled by, subjected to the switching signal
p(t). Assume that the communication network causes no Consider the coordination problem (Definition 1) for the
delays in delivering the information and let the controcase where the communication channels have homogenous

IV. SYNCHRONIZATION: DELAYED INFORMATION AND
SWITCHING TOPOLOGIES

signalsv,., be computed as time delaysr > 0. In this case, the neighboring control law
for the reference speed., becomes a function of delayed
v, ==k > yilt) = () (2 information, that is
JEN; p(t) % .
(the so-called neighboring rule), whekte > 0. Then the Ure = VL = R NZ %ilt) =5t = 7). ()
closed-loop system takes the form of linear switching dy- I€Nip®
namics Using (1) and (7), the closed-loop coordination system can
¥ =—KLpyy (3) be written as
wherey = [y;]nx1, K is a positive definite diagonal matrix J(t) = vl = KDy y(t) + KApypyy(t—71).  (8)

and L, is the Laplacian matrix of dynamic grag). It is ) ) . .
known, see for example [21], that We are now interested in determining conditions under

Theorem 1:Agreement Considen variablesy; with dy- which coordination is achieved, that is, in the existenca of

namics (3) and assume the switching communication gra@@ntinuous time signajy(t) € R such thaty = yo(t)1is a
G,1) is UQSC. Then the coordination erroys—;; Vi, j € solution of (8). If this is the case, then by substitutingsthi
/\? converge to zero and; — 0;Vi € N ast — oo “solution” in (8) and using the fact that, = D, — L,,, we

(exponentially fast). We say the agreement problem is solveobtain

To make the states; travel with a desired speed profile Yol = vzl — KDpyo(t)1 + K(Dp — Ly)yo(t — 7)1
vr,(t) while synchronized, modify (2) to which simplifies to
v, = vr(t) — ki NZ 7i(t) —7;(t) 4 (%0 —vr)1 = —(y0(t) —Y0(t — 7)) KD, 1. (9)

JEN p(t)
Here, we used the fact that, 1 = 0. Equality in (9) is valid

which in vector form yields iff all the rows of the right-hand side are equal for all time.

4 =wvrl— KLyy. (5) Two cases are possible.
To show that the states synchronize make the change ofP1  70(t) is either a constant or a periodic signal with
variables period 7. In this caseyy(t) — yo(t — 7) = 0 and

< 1 ¢ d the right-hand side of (9) equals zero. Thus (9)
T 0 vL(s)ds. holds with4y = v, where the formation speeg,



must be set to either zero or a periodic signal witldisturbed by a signal of amplitudg 7k = v, — v}, through
periodr. These are not of interest from a practicalthe channel (row).

standpoint. This problem arises from the fact that if agreement is
p2  Vt,KDpy = kI for somek > 0. This requires reached the formation traveling speed mustpeHowever,
that the out-degrees of the nodes of the switchinguring the interval whereN,,, = @, the corresponding

communication graphg, never vanish, that is, coordination state is governed by the dynamigs= vy.

|N;.p»| # 0, Vt, so that the degree matrix is alwaysThis contradiction can be resolved by applying different
nonsingular and we can set the control gains toeference speeds when a particular vehicle has no neighbors
K = kD, 1. Therefore, the control gains becometo communicate with. The solution is stated next.

p|eceW|se constant as functions jof . PégpolimontZ IC|20n3|dem agents with dynamics (1) and
eedback control law
Ngxt, we will add_ress casp2 and state the first result of o wn - ‘N ‘ ZJGN vi(t) =y (t—7), Nip#0
this section. To lift the constraintV;,| # 0 and have a v = ,x " Nip=0
coordination algorithm applicable to more general types of (15)

switching topologies, we will later modify control law (7). Then, if the underlying communication gragh is UQSC,
Proposition 1: Considern agents with dynamics (1) and |y; — ;| — 0 and4; — v} ast — oc.

neighboring feedback control law (7). Assume that, ;) # Proof: The closed-loop coordination dynamics in vector

() (the empty set) for all, and let the control gains big(t) = form is given by

k/IN; p |- Then, if the underlying communication gragh v — vk

is UQSC, |y — ;] — 0 and#; — 4 ast — oo, whereyy, ¥ = —KDpy(t) + KAyy(t —7) + —% KDpl+ vp 1.

is a solution of the delay differential equation
y q where K = diag[k;] and

Yo = —k(0(t) —v0(t — 7)) + L. (10) k }
g = o Nip#0
Moreover, ifvy, is constanty; — 174-; Vi € NV, 1, Nip=10
Proof: As explained above, with the control law (7), N . L
the coordination sSstem takes the form (8). Let ) Lett|r_19 7(t) = (t) - vie1 simplifies the closed-loop
dynamics to
Y(t) = y(t) — t)1 11 < ~ -
() = ~(t) — () (11) § = —KDy(t) + KA (t — 7).
and substitutey from (11) in (8) to get From Theorem 2, agreement is achieved and the results
Aot) 1 +7 = follow. ]
vpl — K()DyiyA(t) + K(0) Ay 7t — 1)+ (12) Notice that to implement the control law (15), the agents
—90(t)K (t) Dyl + y0(t — 7)K (t) Ay 1 need to know the delay to computev;. This raises the
) o guestion of estimatingj . This issue will not be addressed
which simplifies to in the paper.
A= kA1) + kDT A,F(t — 1) (13) We showed that an agreement protocol based on a simple
p

neighboring rule over a switching network with delayed

if 10(t) is the solution of (10) and<(t) = kD,"'. From information leads to undesirable results. We then provetl th
Theorem 2, the error statég — 7, and¥; vanish exponen- this problem can be avoided if the time delay is known.
tially. Consequentlyy; —v; = 4; —4; — 0 and4; — 50 as We now study the case where the time-delays are nonho-
t — oo. mogeneous, that is, each communication link may exhibit a

For the particular case of constam one solution to (10) different time-delay. As in the previous case, we assume the
is yo(t) = vt wherev; = 72—, and the result followsm time delays can be measured. Let the communication links
Notice that due to the transmission delaythere is a finite exhibit m distinct time delays{r, > 0;r = 1,...,m} and
error in the speed tracking, that i%, converges ta; and let N/, denote the neighbors of agentvhose information
not tovy,. arrives withr,. delay.

Consider now the case where there are instants of time Let the control signal for ageritc A be given by

t for which N; ,;) = 0 for somei € N. We will present

this part only for the case wherey, is constant, that is, ¥ =vy —k; Z Z ~i(t 7)) — LT, (16)
Yo(t) = vitandvy = 4 r=1jeN]

in terms of4 defined in (11) as oP

. ) ) 5 It is easily shown that (16) compensates for delays. Define
7= K@) Dpy¥(t)+ K () Apyy(t—7) +vrm(kI - K()Dp)1. g state transformation ag(t) = ~;(t) — vzt and substitute

. ; in (16) to obtain
Clearly, whent = 0 or vy, = 0 agreement is achieved (16)

for any choice of positive definitd{, due to Theorem 2.

However, this is not the case when# 0 and vy, # 0. For = ki Z Z — 3t =)l (17)
example, assume that the agreement dynamics (14) are at r=LIENT,

rest, that is;5; = 0, and¥; = 7; Vi,j € N. Then, at the In general, proving that the statés governed by the
time that|N; )| = 0 for somei, the dynamics (14) are above equations agree asymptotically is not an easy task. We



conjecture that this is true if the dynamic graph is UQSCwere applied. A communication network periodically switch
This property has been shown for similar discrete dynamidsetween neighboring sef$; = {1,2}, No = 0, N3 = () and
in [2] and [29]. In what follows we address the case wheré/'; = (), N, = {1}, N3 = {1}, with period10[s] and duty
the graphs are fixed. cycle 50%. In Figures 1-4, the coordination errofs — 7,

To write the above equations in compact vector form, leand~; — 3 are shown.
the associated arcs with the time delaydefine a subgraph  Fig. 1 shows the coordination errors generated by control
G, with corresponding degree matrik,. and adjacency signals of the form (4) withv;, = 1[s™!]. The switching
matrix A,.. Since to each arc there is only one delayopology reduces the convergence rate, but the states agree
associated, the subgraphs are disjoint dhd= """, D,  exponentially in both cases.
andA ="  A,, whereD and A are the degree matrix  Fig. 2 illustrates the effect of a homogeneous time delay
and adjacency of the main (or union) graph, respectively. = 2[s] with the control law of the form (7) and; =

Then (17) yields 1[s~']. Clearly, the states do not reach agreement.
m Fig. 3 shows the evolution of the coordination errors for
= —KDy(t) + KZ At —10), (18) nonhomogeneous time delays. Links 2), (2,1), and links

(1,3), (3,1) have time delays; = 2[s] and » = 1[s],

r=1
T . . . - . respectively. The control law of the form (7) withy, =
where K = diag[k;],xn IS @ positive definite matrix. We 1[s-1] is applied. Again, no agreement is obtained.

assume the underlying communication graph is symmetric, Fig. 4(a) depicts a similar situation but with, = 0. As

1 — T. —
that 'S’.A’” = A7 Vr =1, ..., m. We are now ready to state shown beforecontraryto the previous case the states reach
the main result of the paper. agreement

Proposition 3: Considern agents with a fixed symmetric From the above simulations, one can conclude that the

(lzommunl_:_:ﬁtlon trrl1et\N0rktthf1tl exhibits t|r8e dleelsaysnl;r :th agreement fails in cases where both the desired spged
, - m. Then, the control law given by (16) solves €and the time delays are nonzero.

coorQin?tion prog"?m (g(egfir:ition :tl') ifl thet#nderly:jr?g (ipm- Fig. 4(b) shows how the control signal (16) can com-
munication graph is QSC. In particular, the coordination pensate for the time delays. The simulations were done for

errorsy; —; and the speed tracking errojs—vr; Vi, j € N nonzerav;,, switching topologies, and nonhomogeneous time
converge asymptotically to zero as— oc.

) . . delays.
Proof: Consider the Lyapunov-Krasovskii functional y
m 0 VI. CONCLUSION
V="K 15+ Z/ 3(v)" DA (v)dy We studied the synchronization problemofigents with
r=17-7r continuous time linear dynamics that are required to travel

whose time derivative along the solutions of (18) yields at & desired speed. ) o )
. We considered asymmetric networks, switching topologies

V =23"(=Dy+ 3, AAr,) + 3. (3" Dy — 4% DrA7,) - with homogenous time delays, and provided the connectiv-

= =2 "Dy = 27" Ay, + A7, Di, ity conditions under which the synchronization problem is
- - : ; Ived.
whered, = 3(t — 7,.). Using Gersgorin theorem [14] and S ,
the fact thatl, = D, — A, < 0, it is easily shown that We showed that when both the desired speed and the
communication delay are non-zero, the application of a
L, = D, -A, <0.Vr=1,..,m. (19) simple ngigh_boring control rule does not yield asymptotic
-A, D, synchronization.

Assuming that the time delays are known, we derived syn-
chronization laws that compensate for the effect of nonzero
speed and time delays. Several simulations illustrate the
performance obtained for the synchronization of three &gen
in the presence of switching communication networks and
r(]jelayed information.

Therefore,V < 0. Let Q := {col(¥, %+, ..., 7, ) : V = 0}.
Using (18) and the fact thab,5 = A,4,,. on 2, clearly
5 = 00onQ. Thatis,Q is an invariant set. Sinceis constant,
Y-, =7, thenD, 5 = A7, L4 = 0, and Ly = 0. Because
the graph is QSCy € span{1} on 2. The result follows by
using LaSalle invariance principle. See [12] for details o
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