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Abstract. Measurements of the power consumption and the determination of the minimum speed and power dissipation for the
complete off-bottom suspension of solid particles in a stirred vessel powered by a low consumption hyperboloid agitator was
carried out. The particles had a density of 2500 kg/m3 and average diameters of 289 µm and 387 µm, and were suspended in a
Newtonian continuous phase. At high Reynolds number, and at weight concentrations of up to 1.28%,  the Newton number was
independent of concentration and equal to 0.8. The Zwietering parameter was found to be around 8 to which corresponded an
average power dissipation from 0.1 to 0.3 W/kg. Power consumption measurements were also carried out with a standard
Rushton impeller which showed results in agreement with literature.
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1. Introduction

Mechanically agitated vessels are an essential piece of hardware in waste water treatment plants (Höfken et al,
1994). In a global world where water is becoming a scarcer commodity, and environmental protection is gaining
momentum, recycling of water is becoming more important everyday. Waste water is basically a three-phase water
suspension containing solid particles, fibres and gas. These can either be present as a result of the action of
microorganisms or due to aeration during the treatment processes. Therefore, it is important that the agitation created by
the impeller is strong enough to increase mixing rates and heat transfer, whenever processes are to take place together
with heating or cooling, but gentle enough to avoid destruction of microorganisms that would stop the process of
waste. There is here a similarity of behaviour with mixing aimed at flocculation.

These constraints call for special agitating devices and aeration procedures, and the hyperboloid impeller is one such
agitator that was designed from considerations of potential flow theory by Höfken et al (1991), to ensure the complete
suspension of particles and a good dispersion of air bubbles. This new hyperboloid impeller was observed to possess a
low power consumption, but improvements in the mixing required the presence of shear and transport ribs on its lower
and upper surfaces, respectively, especially during aeration.

These features were already present in the first detailed works involving this agitator by Nouri and Whitelaw (1994)
and Ismailov et al (1997). Good mixing and overall flow within the vessel required the colocation of the impeller close
to the bottom of the vessel, and it was this configuration that was extensively investigated by Pinho et al (1997, 2000)
in both their mean and turbulent flow field characteristics, respectively.

To our knowledge, except for the work of Nouri and Whitelaw (1994), all the other investigations carried out so far
with the hyperboloid impeller have involved pure water only, and it is thus necessary to extend the research to two- and
three-phase fluids, as well as to the case of non-Newtonian fluids since waste water is known to have, at least, a shear-
thinning viscosity and yield stresses (Monteiro, 1996).

Before embarking on an extensive research programme on liquid-solid flow in the mixing vessel one should start
by assessing the regimes of flow and in particular to identify the conditions under which there is complete suspension
of particles (off-bottom suspension) and its relation to geometric and physical quantities, as this is the condition that
maximises surface area for chemical reactions in heat and mass transfer. This was done in the past with the Rushton and
other impellers by Nienow (1968), Baldi et al (1978) and Oldshue and Sharma (1992), to cite just a few past works.
The determination of the value of the velocity for off-bottom suspension allows the determination of the so-called
Zwietering parameter S. Nouri and Whitelaw (1994) arrived at S= 17 for an hyperboloid impeller of 50 mm of diameter
in a tank of diameter of 144 mm (T) and a clearance of C= T/10. Their particles had a relative density of 1.18, a
volumetric concentration of 2.2% and diameters ranging from 430 to 1000 µm. However, their impeller differs from the
present version in two aspects: it lacked the shear ribs on the bottom surface that are present here, which is so important
for bubble breakup during aeration, and their off-bottom clearance is still larger than used presently with the
hyperboloid.

In this paper, we aim to determine experimentally the power consumption, and especially the minimum agitation
speed for the complete suspension of solid particles, at low concentrations, in Newtonian liquids. The next section
describes the rig and instrumentation and is followed by the presentation of the results.
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2. Experimental set-up

2.1. Stirred vessel

The experimental rig is schematically represented in Fig. 1-a). It consisted of a 292 mm diameter T stirred vessel in
acrylic, which was mounted on a support standing directly on a 3-D milling table. The vessel allowed a maximum
height H of liquid of 600 mm, but the present measurements refer to H T = 1. The vessel was mounted inside a square
trough filled with water, that was part of a heating/ cooling circuit, to help maintain a constant temperature in the bath.
Within the tank, four 25 mm wide and 4 mm thick baffles were mounted at 90° intervals to avoid solid-body rotation
of the fluid. The baffles were attached to small triangular connectors which separated them by 6 mm from the vessel
wall, to eliminate the dead zones normally found behind the baffles. The bottom of the tank was flat and had a bearing
embedded in it to support the drive shaft, to minimize shaft wobbling.

Two different impellers of 100 mm diameter D were investigated: the hyperboloid, that constitutes the main focus
of interest in this paper, and a standard Rushton impeller that was used for some comparison purposes. The geometric
details of the hyperboloid agitator are presented in Fig. 1-b) and Table I and the coordinate system used in is defined in
the figure. The transport ribs on the upper surface are 7 x 3.6 mm and the shear ribs at the bottom are 5 by 3.6 mm.
More details can be found in Höfken and Bischof (1993). The hyperboloid was mounted on a 12 mm shaft, which had a
small length with 8 mm diameter to fit the hyperboloid, and was positioned with an off-bottom clearance to vessel
diameter ratio of 1.3/30. The six-bladed Rushton impeller is drawn in Fig. 1-c) which was mounted at the standard
configuration of 1/3 off-bottom clearance (C H ).
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Figure 1. Geometric representation of the stirred vessel and agitators: a) the stirred vessel; b) the hyperboloid impeller
(see Table 1 for coordinates); c) the Rushton impeller.



Table 1- Coordinates of the impeller surface of the 100 mm diameter hyperboloid impeller.

x [mm] 6 6 7 8 10 12 14 16 18
y [mm] 38.4 32.4 27 24.2 21 18.5 16.5 14.5 12.7
x [mm] 20 22 26 30 34 38 42 46 50
y [mm] 11.1 9.6 7.2 5.3 3.6 2.2 1.4 1.0 0.6

2.2. Measuring equipment

On top of the structure standed a 600 W DC servomotor controlled by a variable power supply unit, and the
velocity could be monitored on a proper display. A tachogenerator gave an electrical impulse proportional to the speed
and controlled it together with an amplifier. The analog output, from 0 to 10 V, corresponded to a speed in the range 0
to 3000 rpm. The speed could be kept constant with an uncertainty of around ±1 rpm and it never exceeded 600 rpm,
except for very short periods of time, to avoid damage to the baffles.
The torquemeter, model T34FN/1 from HBM, had a full range torque of 1Nm and was free from friction losses because
it consisted of two distinct components: a rotor (T34r40/1), where the strain gauge bridge was attached, was fixed to the
shaft, and a stator (T34ST) which comunicated in frequency with the rotor. The output from the torquemeter fed an
MGC amplifier from HBM, and its output, as well as that from the tachogenerator, was fed to a computer via an A/D
converter. Purpose-built software gave all the results, namely, the rotational speed, the torque and the power.

The measured torque included the torque transmitted to the fluid and the torque loss absorved in the bearings. The
torque loss was subtracted from the total torque to yield the net torque, after measurements were carried out with the
tank having water above the bottom bearing, without touching the impeller. The uncertainty of the torque measurements
is not constant and typically varied from about 7.5% to 0.3% when the impeller rotated from 100 rpm to 550 rpm,
which corresponded to the minimum and maximum rotational speeds used for each fluid.

3. Fluid characteristics

Glass particles from S. Lindner (Silibeads, Type S, Art 4500) were separated prior to being suspended in the
continuous phase. The separation was performed with a set of sieves from Retsch, calibrated according to DIN-ISO
3310/1, and yielded three classes of particles: class A had diameters from 250 to 315 µm, class B particles had
diameters between 315 and 400 µm and class C for particles had diameters in the range 400 to 500 µm. The work to be
reported here was carried out with particles of classes A and B. After sieving, small amounts of particles were
suspended in water and used in a laser sizer, Malvern 2600 to determine particle distribution and the average diameter.
To the distribution of particles was fitted a polynomial equation which yielded average diameters of 289 µm and 387
µm for class A and B particles. A Coulter counter model LS 230 was also used as a check and here the results were of
286 µm and 350 µm, respectively. The density of the particles was measured with a picnometer to be 2,470 ± 124

kg/m3 in both classes (the value quoted by the manufacturer was 2,500 kg/m3).
As continuous phase, water, a glicerin-water mixture and pure glicerin were used, which have the properties listed

in Table 2. The viscosities were measured in a Rheometer Rheolab UM/MC100 implementing a double concentric
cylinder.

Table 2- Newtonian fluids and its properties at 20°C

Fluid ρl  [kg/m3] µ [Pa.s]

Water 1,000 0.00102
Glicerin-Water 1,140 0.0117
Pure glicerin 1,200 0.669

The suspensions had thus a density ratio of 2.1, 2.2 and 2.5, depending on the solvent, and suspensions having
mass concentrations from 0.1% to 1.28% were prepared.

4. Results and discussion

4.1. Single-phase Newtonian flow

The power consumption in a stirred vessel depends of fluid properties, geometrical parameters and flow quantities
and the functional relationship amongst these quantities can be normalised for single-phase fluids as,
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where Ne is the Newton number (often called also the Power number) and the first and second numbers on the right-
hand-side are the Reynolds number and the square of the Froude number, respectively. The Froude number appears here



due to the free-surface, but its influence is eliminated by the presence of the baffles. These, and the low flow velocities
at the surface, keep it flat and without vortices.

As a check on the power measuring system we have carried out measurements of the Newton number as a function
of the Reynolds number with the Rushton and the hyperboloid impellers, and the results are presented in Fig. 2.
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Figure 2- Newton number as a function of Reynolds number for Rushton and hyperboloid impellers with H T = 1 and
D T = 1 3.

For the Rushton impeller the present values are in agreement with data in the literature and in particular with the
values reported by Hockey (1990) as well as with those obtained by Pinho et al (1997) in the same rig. However, note
that the present measurements were obtained with a more accurate torquemeter: whereas here the full scale of the

torquemeter is 1 Nm, the instrument used by Pinho et al (1997) could measure up to 50 Nm with an accuracy of 10-2

Nm. The accuracy in Pinho et al was of the order of the present system full scale reading and the consequence is that the
present data is far more accurate and data is smoother than the previous data.

The hyperboloid is a low power agitator, with a consumption more than five times lower than that of the Rushton
at high Reynolds numbers and this has been confirmed here again. In Fig. 2 we compare the present data with Eq. (7a)
of Pinho et al (1997) which was fitted to the extensive set of data for the hyperboloid. The present data is below that of
the correlation of Pinho et al (1997) by about 10%, tending to Ne = 0.8, whereas the previous data tended to 0.88 at
high Reynolds number. As mentioned above, the higher accuracy of the present system and the lower uncertainties
associated with the corrections to the net torque lead us to conclude that the present values are to be preferred to those of
Pinho et al (1997) and, as a consequence, we fitted to the new data an expression of the same type and obtained

Ne = 0.81 +
86.6

Re
+

87. 9

Re2 (2)

which is represent as a full line in Fig. 2.

4.2. Two-phase flow

Here, we first show the effects of particle size and particle loading upon the Newton number- Reynolds number
relation, after which the suspension criteria will be discussed.

4.2.1. Power number

For the suspensions, the Newton number dependency becomes more complicated as we now have the effect of
particles. These are under the action of buoyancy forces and the dimensional analysis brings us the following result
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Relative to Eq. (1) there are three extra numbers: the third to fifth numbers on the right-hand-side. The third
number is the square of the densimetric Froude number which takes into account the role of buoyancy forces acting
upon the particles; the fourth independent parameter is the ratio between the particle and impeller diameters (d and D)
and finally, the particle loading is here represented by the mass concentration x.

Again, the free-surface has a negligible effect, i.e., the standard Froude number effect (second term on the right-
hand-side) can be dropped. However, there is an alternative representation of Eq. (3), which is not so physically
accurate, but is often more convenient, where the densimetric Froude number is substituted by the standard Froude
number and the ratio of densities.
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Thus, acording to Eq. (4), for the same geometry the Newton number will depend only on the Reynolds number,
the density ratio, the particle concentration and particle diameter, which in this case is accounted for in the class of
particles.

For the Rushton turbine the power was measured for both class of particles (A and B) and the results are presented
in Figs. 3 and 4, respectively. At high Reynolds numbers, Fig. 3 shows that the power number is not affected by the
particle concentration in the tested range, even considering the difference in density. As the Reynolds number decreases,
and especially for the low Reynolds number range, a decrease in power number is observed with particle concentration:
for a concentration of 1.28% the Newton number at a Reynolds number of 20 is 15% lower than for the pure glicerin,
and the difference rises to 20% at lower Reynolds number. As we will see later, at these low Reynolds numbers most of
the particles are not suspended. With the larger particles B the same pattern of behaviour was observed, and Fig. 4
shows the corresponding Newton number versus Reynolds number plot when the suspending medium is water.
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Figure 3- Power number variation for a Rushton turbine with class A particle suspensions. Each set corresponds to a
different Newtonian solvent.

Similar measurements were carried out when the fluid was being pumped by the hyperboloid impeller, the results
of which are shown in Fig. 5. Again, no effect of particle concentration within the tested range.

It is not unusual that the power drawn remains unaffected by the solids concentration. Nienow (1997) reports such
finding for heavier than the liquid particles at weight concentrations of up to 10%.
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4.2.2. Suspension criteria

The second objective of this work was the determination of the minimum rotation speed for the complete
suspension of particles. This is not a completely objective measurement as it is performed visually and its
determination is also difficult because, even at high velocities, there are always some particles at the bottom.

Between the incomplete and complete suspension of particles, there is a range of angular speeds where some
particles settle temporarily at the bottom of the vessel for a small period of time. Taking these observations into
account, our criteria for defining complete suspension was that of Zwietering (1958), who considered that particles
should not stay at the bottom for more than 2 seconds, otherwise suspension was to be considered incomplete. In order
to observe the suspension, our visual observation concentrated at the bottom of the stirred vessel which was well-



iluminated by an incandescent 100 W lamp. This observation was not difficult to carry out, because the last particles to
be suspended were coming, consistently, from directly beneath the impeller, so our attention was concentrated in a very
restricted region. Although subjective, this procedure can yield values with ±5% reproducibility as mentioned by
Nienow (1997).

The minimum rotation speed for off-bottom suspension of particles is usually quantified by the so-called Zwietering
parameter S (Zwietering, 1958), defined by Eq. (5)

S ≡
NsD0.85
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or, alternatively, by the similar nondimensional number of Eq. (6) derived by Chapman et al (1983)
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In both equations Ns  is the rotation speed in rps, x is the mass concentration in percentage and ν  the kinematic
viscosity. All the other quantities are in SI units and both equations were obtained by dimensional analysis arguments.

These measurements were carried out only for the hyperboloid impeller and complete off-bottom suspension was
attained only when the suspending medium was water. The main results are listed in Table 3.

Table 3- Zwietering parameter and off-bottom speed for suspension of class A particles in a vessel powered by an
hyperboloid impeller.

Re x [%] Ns  [rpm] (rps) S SCh ε s  [W/kg]

65,700 0.1 400 (6.67) 7.7 7.0 0.12
73,900 0.26 450 (7.5) 7.7 7.1 0.17
82,100 0.51 500 (8.33) 7.8 7.2 0.24
90,300 0.77 550 (9.17) 8.1 7.6 0.32

Equally relevant is the power drawn by the system for the complete suspension of particles. This is determined
under the assumption of homogeneous dissipation of power in the vessel using Eq. (7)

ε s =
4NeN3D5

πT3 (7)

and the values are also listed in Table III.
The Zwietering parameter varies less with particle concentration than the parameter of Chapman et al. Zwietering

(1958) has performed tests with several impellers and different conditions and the present values are not too different:
for the same ratio T D = 3 he found S to be around 7.5 for a Rushton impeller very similar to ours in the range
T C = 1 to 7, against our value of T C = 30 1.3  for the hyperboloid. However, the Rushton impeller of Zwietering had
a Newton number of 6.2 whereas the hyperboloid agitator has Ne = 0.8 (for our Rushton Ne ≈ 5 ). Relative to other
impellers measured by Zwietering we also see that for his vaned disk with T C = 6 , S was again around 7.5.

Our measurements are consistent with those of Nouri and Whitelaw (1994) for the hyperboloid impeller. Since this
impeller is responsible for a low velocity flow, except in the vicinity of the base of the stirrer (Pinho et al, 1997) there
is a strong dependence of S on the off-bottom clearance. With higher clearances of C T = 1/3 to 1/10, Nouri and
Whitelaw saw the parameter S to decrease from 19 to 12, with the latter value still rather high and in spite of their use
of lighter particles (ρ p ρl = 1.18). It is necessary to have very low clearances (of the order of 1.3/30) in order to have a

jet of fluid at the base of the vessel that is capable of lifting the particles, thus reducing the Zwietering parameter to
values similar to those encountered with classical agitators.

Although the energy input required by the hyperboloid impeller, for complete suspension of particles, is lower than
that of the Rushton turbine, it nevertheless increases rather quickly to values typical of severe agitation as is typical
with other impellers. For off-bottom suspension in systems powered by the Rushton disc turbine, Nienow (1997)
mentions values of the order of 1 W/kg.
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