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ABSTRACT

The thermal boundary layer flow is a canonical flow with characteristics that are present in most natural
and industrial convection flows. An approximate self-similar solution is proposed for the first time for the
thermal boundary layer of steady laminar flow of viscoelastic fluids, described by the finitely extensible
nonlinear elastic constitutive equation with Peterlin’s closure (FENE-P model). This semi-analytical ther-
mal solution is obtained by performing an order of magnitude analysis and ensuing simplifications of the
governing equations by assuming that the fluid properties are independent of temperature therefore de-
coupling the flow governing equations from the energy equation. The effects of viscoelasticity quantified
with the Weissenberg number based on the streamwise coordinate (x) (Wiy) up to Wiy =1 and viscous
dissipation (results are presented for Brinkman numbers between -40 and +40) on thermal boundary
layer characteristics are investigated comprehensively for both constant wall temperature and constant
wall heat flux. At low elasticity levels (Wi, < 0.01) the solution exhibits a global self-similar behavior in
which flow and thermal quantities collapse on the corresponding Newtonian curves, and the polymer
characteristics show a unique behavior if adequately normalized. However, by increasing flow elasticity
the unique self-similar behavior of the approximate solution is lost, with the elasticity dependent results
exhibiting local variations. In addition, the effects of elasticity are intensified by viscous dissipation. For
the present study cases, it is observed that elasticity may change Nusselt numbers by more than 8%, and

the thermal boundary layer thickens by up to 10%.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

Heat transfer in viscoelastic flows is relevant for applications in
thermal science. Under turbulent flow conditions, where polymer
solutions exhibit intense drag reduction [1], the concomitant heat
transfer reduction can reduce the effectiveness of heat transfer, and
this has both disadvantages as well as advantages depending on
the application [2-7]. Turbulent flows, by the typical range of their
Reynolds numbers, lead to the formation of boundary layers. How-
ever, of concern to this work are high Reynolds number boundary
layer flows in the laminar regime, which are easily found because
the addition of polymers, or other additives like surfactants, that
impart viscoelastic behavior to the otherwise Newtonian solvent,
raises the viscosity of the solutions. Of interest are dilute or semi-
dilute polymer or surfactant solutions that are not excessively vis-
cous to allow sufficiently high Reynolds number flows, but since

* Corresponding author at: CEFT/FEUP, Universidade do Porto, Rua Dr. Roberto
Frias, Porto 4200-465, Portugal.
E-mail address: parvar@kth.se (S. Parvar).
T Present address : SeRC and FLOW, Engineering mechanics, KTH Royal Institute
of Technology, SE-10044 Stockholm, Sweden.

https://doi.org/10.1016/j.ijheatmasstransfer.2021.122248
0017-9310/© 2021 Elsevier Ltd. All rights reserved.

they are more viscous than the solvent there might still be some
effects of viscous dissipation [8]. However, if the range of tem-
peratures in the flow is not too large the assumption of tempera-
ture independent fluid properties provides sufficiently accurate so-
lutions while significantly simplifying the solution from a mathe-
matical perspective, as discussed in [9-11]. The available literature
concerning the thermal behavior of boundary layer flows of vis-
coelastic fluids is rather limited as reviewed next, hence the cur-
rent contribution.

Early studies on thermal boundary layer flows with non-
Newtonian fluids involve inelastic fluids as in Massoudi [12], who
studied the heat transfer of a power law fluid in the laminar
boundary layer flow over a wedge. Power law fluids were also con-
sidered by Khan et al. [13] who utilized the integral von Karman-
Pohlhausen approach to study the heat transfer in flows over cir-
cular cylinders, but restricted their analysis to sufficiently low
Reynolds numbers to allow laminar flow in the whole domain:
they reported drag reduction and heat transfer enhancement due
to shear-thinning. Shokouhmand and Soleimani [14] investigated
the heat transfer over a moving flat plate of power-law fluids
while considering arbitrary injection/suction and viscous dissipa-
tion. They showed the large impact of viscous dissipation in heat
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Nomenclature

Latin letter

Br Brinkman number (-)

G dimensionless coefficients (-)

Gj conformation tensor (-)

p specific heat (J-kg=1-K-1)

fCu) Peterlin function (-)

fe(L) second scalar function of L (-)

fa fy expansion/contraction factors of the mesh (-)
G similarity function of momentum (-)

hy local convection coefficient (W.m—2.K-1)
K similarity function of Peterlin function (-)
L dumbbell maximum extensibility (-)

L length of the flat plate (m), cf. Figure 1

nx.ny, n; number of grid points in the x, y, z directions (-)
Nu Nusselt number (-)

P pressure (Pa)

Pr Prandtl number (-)

qw constant wall heat flux (W.m~2)

Re Reynolds number (-)

S| norm of the strain rate tensor (s~1)

Sij strain rate tensor (s 1)

T temperature (K)

Tw constant wall temperature (K)

Teo temperature of free stream flow (K)

u,v,w velocity in streamwise, normal, and spanwise di-
rections (m.s~1)

U; velocity vector (m.s~1)

Uso free stream flow velocity (m.s~1)

Wi Weissenberg number (-)

X; the ith space coordinate (m)

X,y streamwise and transverse/cross-stream coordi-
nates (m)

Greek letter

a fluid thermal diffusivity (m2.s™1)

o* energy partitioning coefficient (-)

By ratio of kinematic viscosities (-)

8ij Kronecker delta

Su dynamic boundary-layer thickness (m)

St thermal boundary-layer thickness (m)

Ax,Ay, Az grid spacing in the x, y, z directions (m)

n dimensionless cross-stream coordinate (-)

0 dimensionless temperature (-)

A relaxation time of polymer (s)

0 fluid density (kg.m~3)

Tji total stress tensor (Pa)

ri’f. polymer stress tensor (Pa)

rg solvent stress tensor (Pa)

Vo the zero-shear rate kinematic viscosity (m2.s~1)

Up polymer kinematic viscosity (mZ.s~1)

Us solvent kinematic viscosity (m2.s~1)

v the stream function (m2.s~1)

Subscripts and superscripts

[s] refers to solvent

[p] refers to polymer

X refers to local value

L refers to whole plate

00 refers to free stream

transfer, especially when velocity gradients are large, which can
cause a reversal of the wall heat flux and substantial variations in
Nusselt number. Other additional analytical works on heat trans-
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fer in the presence of viscous dissipation, and showing its strong
impact in various different canonical flows, such as pipe [15], fixed
parallel plates [16], and Couette-Poiseuille flows [17] involve again
the power law fluid, i.e., a fluid model devoid of elastic effects. Re-
garding the thermal boundary layer flows of viscoelastic fluids over
flat surfaces, Olagunju [18] investigated the specific case of Falkner-
Skan flows with constant wall temperature and viscous dissipation
for the finitely extensible nonlinear elastic constitutive equation
with Peterlin’s closure (henceforth called FENE-P model). In his in-
vestigation, although he only used the fluid shear stress in the ap-
proximate momentum equation, the corresponding polymer con-
tribution was affected by his neglect of the full advection terms in
the simplified constitutive equation calculating the conformation
tensor. An increase in the elasticity level reduced the skin friction
and enhanced heat transfer.

More recently, Benzi et al. [19,20] studied the thermal laminar
boundary layer flow of Oldroyd-B and FENE-P fluids, respectively,
again for a constant wall temperature but without considering vis-
cous dissipation effects, and for other forms of Peterlin’s functions
[21,22]. Their solution was also an approximate similarity solution
[23-28] that depended on local Reynolds and Weissenberg num-
bers. Benzi et al. [20] used the shear component of the confor-
mation tensor to compute a position-dependent effective viscos-
ity, but the advection term of the conformation tensor considered
by Benzi et al. [20] lead to some unphysical results of their effec-
tive viscosity near the free stream region. To fix that, they used an
elaborate mathematical simplification to obtain the physical solu-
tion. Although they could obtain the peak values of polymer stress,
they used different polymer characteristics in their simulations and
could not precisely calculate the polymer stresses near the wall,
which effectively prevents the use of their solution for validation
purposes. It is worth mentioning that neither Olagunju [18] nor
Benzi et al. [20] investigated in a complete form the effect of elas-
ticity on thermal layer thickness and in addition they did not in-
vestigate the thermal case with imposed wall heat flux. It is also
noteworthy that there are also some other analytical studies about
the effect of viscoelasticity and viscous dissipation on heat transfer
of viscoelastic fluid described, for instance by the simplified form
of the Phan-Thien-Tanner constitutive equation (PTT) as in fully-
developed pipe [29] or channel flow [30] for which a complete an-
alytical solution can be obtained without the need for simplifica-
tions on account of the simpler geometries. Such fully-developed
solutions can actually be adapted for some forms of the FENE-P
model following the idea of Oliveira [31], but their fully-developed
nature and ensuing simplicity makes them somehow out of scope
for the present study.

Since we are dealing with fluid flows in the liquid phase,
the momentum equation is uncoupled from the energy equation
through the assumption of temperature independent fluid prop-
erties, the main issue in the investigation of heat transfer of vis-
coelastic fluids is essentially the accurate solution of the flow
governing equations. To obtain the appropriate solution a large
Reynolds number (Re) is required and Re/Wi > 1 is also verified,
where Wi is the Weissenberg number defined as the ratio of elastic
over viscous forces. These conditions were reported by Rajagopal
et al. [32] in their investigation of Falkner-Skan flows of second or-
der fluids. In addition, Olagunju [18,33] found that the approximate
similarity solution of laminar boundary layer flow of FENE-P fluid
remains dependent on local coordinates, in contrast to the corre-
sponding approximate similarity solution for Newtonian fluids, ex-
cept in the limit of low elasticity behavior [34].

While studying boundary layer-type flows of viscoelastic fluids,
Parvar et al. [35-37] observed that Olagunju [18,33] had neglected
some non-negligible terms in his final simplified constitutive equa-
tion that distorted the prediction of some polymer stress compo-
nents and could affect velocity profiles at large elasticity, while
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Fig. 1. Schematics of the flat plate flow with definitions of dynamic and thermal boundary layer thicknesses and coordinate system.

reducing the range of validity of his solution. The more precise
simplifications of the constitutive equation by Parvar et al. [35-
37] for the planar jet and boundary layer flows allowed for im-
proved and more complete solutions that remained valid up to
larger Weissenberg numbers than in Olagunju [18] and form the
basis of the current contribution. In the present study, similar to
Olagunju [18,33] and Benzi et al. [19,20], again only the total fluid
shear stress is considered in the final simplified approximate mo-
mentum equation, but the more relevant advection terms of the
conformation tensor evolution equations are considered and the
equations derived are for general Peterlin functions. Nevertheless,
the numerical results presented pertain to a specific set of Peter-
lin functions for better understanding and to facilitate compari-
son with Olagunju’s solution [18,33]. In addition to a more accu-
rate thermal solution for the constant wall temperature condition,
the case for a constant wall heat flux is included here and in both
cases due account is taken of stress work effects on the thermal
energy equation. These are necessary because polymers solutions
are typically more viscous than the (single) Newtonian solvent so-
lutions.

The main aim of the present work is to obtain a semi-analytical
solution to study and improve our understanding of the ther-
mal boundary layer characteristics of viscoelastic polymer solu-
tion flows. In particular, this result will assist us to investigate the
combined effects of viscoelasticity and viscous dissipation on heat
transfer characteristics as for Newtonian fluids [40,41]. The semi-
analytical solution is also a useful tool for validation purposes and
to benchmark results when developing computational codes for
viscoelastic fluid flow and heat transfer.

This work starts with the planar laminar boundary layer flow
solution of Parvar et al. [37] for FENE-P fluids, which was also ver-
ified against predictions by the RheoFoam toolbox of the freeware
OpenFoam code [38,39] and proceeds to the corresponding ther-
mal boundary layer flow problem through the solution of the en-
ergy equation.

After presenting the flow setup and coordinate system in
Section 2, the full set of governing equations are presented in
Section 3, then the assumptions and corresponding simplifications
for each flow case are discussed in Section 4, leading to the final
set of simplified equations. The numerical methods used to solve
them are given in Section 5 and their results and discussion are
the subject of Section 6.

2. Flow setup
Fig. 1 shows the schematics of the two-dimensional laminar

thermal boundary layer flow over a flat plate under conditions
of zero pressure gradient. A free stream of uniform velocity (Us)

and temperature (T,,) flows over a thin motionless semi-infinite
flat plate of length £, which is either at a constant temperature
(Tw) or subject to a constant wall heat flux (qy ). The dynamic and
thermal boundary-layer thicknesses are §, and dr, respectively. The
origin of the coordinate system is located at the plate leading edge,
with x, y denoting the streamwise and transverse/cross-stream co-
ordinates, respectively. No-slip and no temperature jump bound-
ary conditions are imposed at the wall. The fluid velocity increases
with wall distance across the boundary layer and the tempera-
ture varies according to thermal conditions with both approach-
ing asymptotically the free-stream velocity and temperature values
[38,39].

The dynamic boundary-layer thickness (§,) is defined as the
transverse distance from the wall to a location where the local
streamwise velocity equals 99% of the free stream velocity. To de-
fine the thermal boundary layer thickness, it is necessary to intro-
duce first a dimensionless temperature 6 which depends on the
wall thermal boundary conditions as explained in Section 3.2. In
any case, the thermal boundary layer thickness (8t) is defined as
the transverse distance from the wall to the location of |60 (n)| =
0.01 (negative and positive values of & may exist for some cases
with viscous dissipation), where 7 is an adequate dimensionless
cross-stream coordinate yet to be defined.

3. Governing equations

To describe the rheology of the viscoelastic fluids the finitely
extensible nonlinear elastic model with Peterlin’s closure (FENE-
P) [9,42] was adopted. This kinetic theory based constitutive equa-
tion is used for dilute polymer solutions and provides the main in-
gredients of viscoelasticity such as memory effects, shear-thinning
behavior, shear-dependent normal stresses and bounded elastic
stresses. Although the original FENE-P model depends on tempera-
ture, it is assumed that temperature variations are small enough to
consider a simpler temperature independent version of the FENE-P
model [9-11].

The governing equations are presented next in Einstein’s nota-
tion. The conservation of mass for incompressible fluids is

8uk
e 0, (1)
and the Cauchy equation is written as

Bui aui aP 81','](

et L 2
p( at +ukaxk> Bx,- + 8Xk’ ( )

where u; is the velocity vector, P is the pressure and p is the fluid
density. The fluid total extra stress t;; is given by

Tij =T + T, (3)
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the sum of the Newtonian solvent stress (r&) with the polymer
stress (ri']’.). The Newtonian solvent stress tensor is written as

ti?' = Z,OUSSij, (4)

where vs is its kinematic viscosity and Sij is the rate-of-strain ten-
sor defined by

1[0y du;
Si==| a2+ 52 ) 5
U 2 (8)(]' + Bxi> ( )
The polymer stress tensor is given by the FENE-P model, here
written as

T = %[f(ckk)cu — fe(D3;]. (©)

where v, is the zero shear rate polymer kinematic viscosity co-
efficient, A is the relaxation time, §;; is the identity tensor, G is
the dimensionless conformation tensor, f(Cy) is a scalar function
known as Peterlin’s function, that depends on the trace of the con-
formation tensor and on the square of the maximum normalized
dumbbell extensibility (I?) and f.(L) is a second scalar function of
L. Several variants of the FENE-P model are presented in the litera-
ture, however, by considering L2 >> 3 they essentially provide iden-
tical results. Three of those models are given by

2
F(G) = e and ful) =1, (7-2)
12 12
f(Cu) = Z—Cy and fe(l) = 5—. (7-b)
2_3
FGo) = - and fol) = 1. (7-0)

The first set of functions is considered as the original form, but
was modified by Bird et al. [42] who used Eq. (7-b) as discussed
in Beris and Edwards [8]. The third variant has also been used in
particular to study turbulent flows of polymer solutions such as in
direct numerical simulations [43-46], and in turbulence modeling
for large eddy simulations [47,48] and Reynolds-averaged Navier-
Stokes simulations [49-51]. In the present investigation the math-
ematical formulations are general and independent of the set of
functions, but the presented numerical results are for the third
variant (Eq. (7-c)).

In kinetic theory based constitutive equations the connector
force within the dumbbells depends on fluid temperature, but its
influence is null for isothermal flows and negligible if the temper-
ature variation is not too large. Also the relaxation time and vis-
cosity coefficients of the polymer may depend on temperature, es-
pecially for temperatures that are within 100 K of the glass tem-
perature, but all these are excluded from our analysis.

To close the polymer model, the conformation tensor is de-
scribed by the following evolution equation

8C,‘j 3C,-j ou; 8Uj 1
ot gy, = Cikg + gy — 71 GGi = fed] - (8)
Finally, the general form energy equation, is
aT aT ad aT au;
P%(at + ”"m) = <k8xk> + Tikakaa 9

in which T is the temperature, k is the thermal conductivity, cp
is the specific heat and p is density. The second term on the
right-hand side of Eq. (9) is the viscous dissipation term that par-
tially accounts for entropic elastic effects of the polymer and there-
fore contributes to temperature changes (Peters and Baaijens [52]).
Through the split of the total fluid stress into solvent and poly-
mer contributions on the last term on the right-hand-side, with
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the polymer stress contribution multiplied by the energy partition-
ing coefficient «*, and an additional term on the right-hand-side,
one could also consider the effects of the energy stored elastically
as internal energy. This elastically stored energy would not con-
tribute to temperature changes but could be released in other flow
locations, i.e., different from the locations where energy is stored.

Sarti and Esposito [53] have experimentally shown that for
some polymer melts (and naturally less so for dilute polymer solu-
tions), only the viscous dissipative term matters when we are well
above the glass temperature and therefore o* = 1. Peters and Baai-
jens’ [52] calculations showed the negligible impact of the need to
account for both elasticity effects unless the Weissenberg number
becomes very high and even then those effects are not very in-
tense. However, under very high Weissenberg number flow condi-
tions the approximate dynamic boundary layer flow solution, upon
which this thermal solution is based, breaks down. In conclusion,
the thermal energy Eq. (9) used here is adequate for the range of
validity of this work, to be discussed in the results section, which
does not extend to very high Weissenberg number flows. Never-
theless, note that this form of the energy equation was also uti-
lized by Wachs and Clermont [54] to study heat transfer in flows
at large Weissenberg numbers and Pimenta and Alves [11] in de-
veloping the RheoFoam toolbox of OpenFoam [40,41].

3.1. The simplified governing equations

The procedure of simplifying the governing equations for
isothermal boundary layer type flows of FENE-P fluids was car-
ried out in detail by Parvar et al. [35-37]. Therefore, in the fol-
lowing, those steps are briefly summarized and adapted to include
the simplification of the thermal energy equation.

The momentum equation in the streamwise direction (x) and
the energy equation are simplified considering that the stream-
wise gradients of stress and heat flux are negligible in comparison
to the transverse gradients, ie., dTg/0x << 375,/dy, th/0x <<
dt,/dy, and 92T/0x* << 92T/dy?. Furthermore, the analysis of
the y-momentum equation leads to negligible d p/dy, and since the
flow of interest to this work has a free stream with dp./dx =0,
there is no need to consider further the pressure gradients and to
solve the y-momentum equation.

The zero-shear rate kinematic viscosity (vg) of the solution is
the sum of the solvent and polymer kinematic viscosities defining
the following ratio of viscosities (8p) as

Vp Yp

Bo = = (10)

Vs+Vp Vo

At this stage it is beneficial to introduce the Reynolds number
(Re.) of the plate,
UL

Reﬁz TO, (1])

and the Weissenberg number (Wi,),

. AU
Wi, = T"“ (12)
where Uy, is the free stream velocity and £ is the length of the flat
plate. The local coordinate x will also be used later as a character-
istic length scale.

In the 2D planar boundary layer flow continuity is immediately
enforced by the introduction of the stream function ¥

oy oy

U= —, V= ———, 13

ay 0x (13)
which, upon substitution into the x-momentum balance and con-
sidering steady state flow conditions, leads to the following simpli-
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fied equation:

oY %y oy 0%y
9y J\oaxay ) \ox J\ ayz
3
=(1 —ﬁp)vo( 3;5) + ’3";0%‘;)%, (14)

where the solvent and polymer shear stresses have been substi-
tuted by their definitions in Eqs. (4) and (6). The variations of Cyy,
and f(Cy,) from the conformation tensor equation are required to
get a closed form solution.

The validity of the boundary layer approximation in the mo-
mentum equation requires large Reynolds number flows. Addition-
ally, since both shear stresses were kept in the equation, there is
no restriction on the Weissenberg number, as discussed in Parvar
et al. [37].

An order of magnitude analysis of the evolution equation for
the conformation tensor was also carried out by Parvar et al
[37] for this flow. As discussed there in detail, by considering the
velocities through the stream function, and assuming 0v/dx <<
dv/dy and further assuming the Weissenberg number to be suffi-
ciently low that the normal components of the conformation ten-
sor are much larger than the shear components (at rest Gyx = Cyy =
Gz =1 and G;j (;,j,=0 (to ensure null deviatoric stress)), the sim-
plified evolution equations for the components of the conformation
tensor for steady-state flow become

—2ACx g 25” —2ACy aazf + f(Cua)Cox = fe(L), (15)
21Gyy g 23” + f(Cu)Gy = fo(L), (16)
f(C)Cz = fe (L), (17)

—AGy %lep + f(Cu)Gy = (18)

So, a restriction on the Weissenberg number is imposed by the
constitutive equation through the quality of its predictions of G,
as discussed later. Further manipulation provides the following al-
gebraic equations for the components of C;; which depends on the
flow characteristics via the stream function, other G;; components
and the trace of the conformation tensor (Cy;) via the Peterlin func-
tion, which is obtained from Eq. (7-c).

fo(l) + 220Gy 2%
(f(Ckk) 2A g;g;)

XX =

f(Ckk)( )»gx;;by + f(Ckk)> + 2A2<i§—'/2’)2

= fe(L) ; (19)
f(Ckk)<f(Ckk)2 - ( Ag:g@) )
ny — fE(L) , (20)
(258 + £
_ fe)
= FCu) (21)
)‘C)’y ayz _ )"fe(L) 3y2
&= TG T : (22)

F(C) (f(ckk) +2X g;g’y)
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Summing the three normal components gives the trace of con-
formation tensor Cy

A 2
3f(Cu)® + 222 ( %Zylé/) — 45 ( dxay)

f G (f(ckkf -a2( ) )

For a steady state thermal boundary layer flow 02T/9x% <<
02T/0y? as in a Newtonian boundary layer flow. In addition, since
Txx gx << Ty 3” and further assuming a constant thermal conduc-
tivity fluid, the boundary layer approximations applied to the en-
ergy Eq. (9) reduce it to

AT AT\ k(97T 1 ([ ou oa)
ax Y Ay )~ pcy \ 9y? +,oc *yay

In reality fluid properties may depend on temperature, how-
ever the temperature variation is postulated to be small in the
present study, therefore thermodynamic and transport fluid prop-
erties such as k and ¢, are assumed to be constant. Here it is also
assumed that the effect of the viscous dissipation term is non-
negligible since polymer-based fluids are often reasonably viscous.

Expressing the total shear stress on the basis of solvent and
polymer quantities, and introducing the stream function and the
expression for Cyy, we arrive at the following form of the energy

G = fe(L) (23)

equation
3y oy AT\ _ (BT, w0y’
dy ax  ox dy ) T\ 9y2 +cp 9y2

(1= B F(Cu) + 241 = Bp) S + By fe(L)
(f(ckk) +2) g;g”y)

where « is the fluid thermal diffusivity (o = k/(pcp)).

3.2. Transformed governing equations

Inspired by the self-similarity of the corresponding approximate
solution for Newtonian fluids [38,39], which only depends on the
similarity variable (), the above governing equations can be fur-
ther manipulated to facilitate their numerical solution as originally
done by Olangunju [18,33]. However, as discussed in detail there
and in Parvar et al. [35-37], the FENE-P solution depends not only
on 71 but also on x. Hence the similarity variables to be used are n
and function G(n, x) defined as

¥ , (26)

Uy
7= 2v, 6010 = i
PR) /22U vox /2

The flow streamwise and normal velocities are obtained from
their definitions, as

u=U,G(1,x), (27)
v= l"’U°°( G (1, %) — G(1,x)) (28)
=\ "5 (nG'(n. n.%)),

where the derivatives of G(n,x) with respect to 1 are shown with
primes. Even though G(n,x) depends on both 7 and x, to avoid an
excessively complicated solution and since its streamwise deriva-
tive is smaller than its cross-stream derivative, the former is here
assumed negligible (==~ G(" X) ~0), to allow a simpler differential
equation that is more easﬂy solved numerically, as previously done
by Olagunju [18,33] and Parvar et al. [35-37,55].

Regarding the constitutive equation, the transformed Peterlin
function becomes also dependent on both 7 and x when using the
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similarity variables, as explained by Olagunju [18,33] and Parvar
et al. [35-37,55], and is here redefined as

K(n,%) = f(Ca) (29)

in order to emphasize the local nature of the solution. Using any
of the Peterlin functions in Eq. (7-c) leads to the following third
order algebraic equation for K(7, x)

K + CoK? — Wi (nG")*K + €16 + G (nG")* = 0 (30)

with dimensionless coefficients

G- (31—3fe(L)—L2>’

LZ
MU . fe(L)RexWiy?
Cl = - X = — ,
VolL2 [2
A (L2 + fe(l) = 31U’ 12 + fo(L) — 3I)Wiy?
G = ( feiz) ) X2 = ( Je( 22 ) u (31)

where [ =1 for the Peterlin function of Eq. (7-c), and I = 0 for (7-
a) and (7-b).

With further mathematical manipulation (see [37] for details),
the following final form of the momentum equation is obtained

GG + By o (L)G LA 26 (G WEL))

G/// — (K*Wixflc”)zQ (32)
(CaK+26"* (G472 (G-WiEK)))
((1 - ﬂp) + ,Bpfe (L) (K—WanG”)ZQ
with
Cy = nG?,Cy = (31<2 426K — Wi,%(nc”)z) (33)

The numerical solution of Egs. (30) and (32) is explained in the
next Section.

Regarding the heat transfer equation, its normalization depends
on the imposed wall thermal boundary condition. Here we study
two popular boundary conditions in heat transfer, the constant
wall temperature (T,y) and constant wall heat flux (qy), leading to
different definitions for the dimensionless temperature. For the for-
mer case, the constant wall temperature case, the dimensionless
temperature is defined as

T(Xny) - Toc
Tw—Tso

where Ty, is the temperature of the free stream flow over the thin
motionless semi-infinite flat plate kept at a constant temperature
(Tw). Substituting Eqgs. (26)-(29) and Eq. (34) into Eq. (25) the final
transformed energy equation becomes

0(n) = (34)

” , (1 - Bp)K— (1 = Bp)WixnG” + Bpfe(L) \ n
0" + PrGo +Br< (K= WiG) G”*=0

(35)

where Pr is the Prandtl number (Pr = vg/a) and Br is the global
Brinkman number defined as

_ PiU?
" cp(Tw —T)

For the latter case of the thermal flow problem with a constant
wall heat flux (qw) the dimensionless temperature is defined dif-
ferently as

Ty -Tow Txy)-Tw TEY) -Ts
AT (x - - wXv/2
(%) e /lejix ?«;RTX

Br (36)

0(n) = (37)
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and by substituting Eqs. (26)-(29) and Eq. (37) into Eq. (25) the
final transformed energy equation becomes
0" - Pr(6G — Go'")

(1= Bp)K — (1 = Bp)WixnG" + Bpfe(L)
+Brx< p (K—\/\I/Jian”) D

)G”2 =0 (38)

which also depends on a local Brinkman number based on the lo-
cal temperature difference (AT (x)) and here defined as

PrU*  PrUs®  PrU’kyRe,

Bry = = =
* T AT (x) Cpkﬁf;%( CpV/2qux

(39)

To summarize, for the same flow condition (steady boundary
layer flow over a flat plate with zero pressure gradient of viscoelas-
tic FENE-P fluids) we are solving two different and independent
thermal cases, the constant wall temperature case Eqs. (34)-(36)
and the constant wall heat flux case Eqs. (37)-(39), for both prob-
lems always considering constant thermal fluid properties. Each
thermal case has its own definition of the dimensionless tempera-
ture and Brinkman number leading to a specific form of the sim-
plified thermal energy equation, which are more complex than
for the corresponding Newtonian fluid cases (cf. [38,39,56]) on ac-
count of the fluid viscoelasticity. As mentioned in the introduction,
a more accurate version of the simplified constitutive equation is
used in this work than originally by Olagunju [18,33] leading to
improved predictions of the stress tensor and this has implications
both on the velocity profile, but especially upon the stress work
term in the thermal energy equation, which differs from that in
Olagunju [18].

4. Numerical solution of the governing equations

The simplified governing equations for the dynamic problem
are a third-order differential equation on G(n,x) and an alge-
braic cubic equation for K(n,x), the same equations as in Par-
var et al. [37]. Consequently, they are solved numerically follow-
ing the same procedure namely, the third-order differential equa-
tion is converted to a system of first-order differential equations by

considering the following transformations, G; = 3275, Gy = g—g and
G3 = G(x, n), alternatively written as

(fj% =G", (40)
=G (41)
=G (42)

since dG/dx = 0. First, the Cardan-Tartaglia formula [57,58] pro-
vides the real solution of the cubic algebraic equation. This solu-
tion must be physically correct, i.e., the normal components of the
conformation tensor must be positive, and its trace should lie be-
tween 3 (the value at rest) and the square of the maximum dumb-
bell extensibility (L2). Then, the system of differential equations
is numerically solved with a fourth-order Runge-Kutta procedure
coupled with a shooting method to apply the boundary conditions
[59,60].

The boundary conditions for the momentum equation of lami-
nar flat plate boundary layer flow are [38,39]:

G (x, 00) = 1,G(x.0) = G'(x,0) = 0. (43)

For the thermal problem, the second-order differential equa-
tions on O(x,n) (each thermal problem has its own equation) are
also solved with the fourth order Runge-Kutta method and the
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same shooting method is used to apply the following two sets of
thermal boundary conditions:
(i) for the constant wall temperature

O0(x,0)=1, (x,00) =0; (44)
(ii) for the constant wall heat flux

0'(x,0) = -1, 6(x,0) =0. (45)
5. Results and discussion
5.1. Verification: Newtonian fluids

The governing equations for the boundary layer flow of the
viscoelastic fluid reduce to those for a Newtonian flat plate flow
[38,39] for B, = 0 and this was used to verify the dynamic solution
in Parvar et al. [37], therefore only the energy equation is verified
next. In this work, similar to Parvar et al. [37] in terms of dynam-
ics, the length of the computational domain was set to n = 10 fol-
lowing White [38], who showed that at n = 10 the flow character-
istics approach the boundary conditions at infinity in his asymp-
totic analysis. The number of grid points used in our simulations
was 2000 leading to a cell size An = 0.005, and the corresponding
numerical uncertainty is estimated to be below 0.001%. This was
assessed in a comparison of G and 6 obtained in our mesh with
the corresponding values in a simulation with 4000 grids points
and cell size An =0.0025, where the relative difference was of
about 1 x 1076,

Fig. 2 (a) shows excellent agreement in the comparisons be-
tween the numerical values of dimensionless temperature from the
current solution and the literature for the constant wall tempera-
ture case and for Prandtl numbers (Pr) of interest in the context of
viscoelastic liquids [38].

The corresponding Nusselt number (Nu) variation, is defined as

Nuy = (hxkx> (46)

where hy is the local convection coefficient plotted in Fig. 2 (b).
The local convection coefficient is defined by Newton’s cooling law,

hy = (qu_‘”’Too ), and the wall heat flux is given by Fourier’s law at the

wall, gy = —k(‘%)y:o. Further manipulation provides the following
expression for the local Nusselt number of the constant wall tem-

perature case

Nue = (-6/(0)),/ 2. (47)

The comparisons in Fig. 2 (b) include the effect of Prandtl num-
ber Pr and show excellent agreement with the literature [39].

For the constant wall heat flux (qw) the wall temperature varies
with x and is part of the solution. Manipulation involving Newton'’s
law of cooling and Fourier’s law at the wall leads to the local Nus-
selt number of

_ 1 [ke,
T oY 2
The comparison with the literature is again excellent, but is not

shown for conciseness. As expected, for the Newtonian fluid case,
the final solution is independent of the location (Xx).

Nu (48)

5.2. FENE-P fluids

In this section, we present results for the thermal solutions for
the FENE-P fluid defined with the third set of Peterlin functions,
Eq. (7-c).
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5.2.1. Validation: FENE-P fluids

We start with a comparison between the approximate local so-
lution and the results of a numerical solution of the full set of
governing equations using the RheoFoam toolbox of OpenFoam
[40,41], which is based on a finite volume method. The full numer-
ical solution relies on the high-order resolution scheme CUBISTA
[61] for the advective terms of the momentum, energy and confor-
mation equations and central differences for the diffusive terms.
The computational domain had a length 1.2£, divided into two
blocks: block I upstream the plate leading edge was 0.2£ long,
block II along the plate had a length of £ and the width of both
blocks was larger and set at 2.0£. In each block the non-uniform
computational grid had Ny x Ny x N, cells in the x, y, z direc-
tions, respectively as given in Table 1 together with the expan-
sion/contraction factors fy = AL™'/Al and fy = AJf1/AL and ratios
of mesh size over boundary layer thickness at some locations. As
reported by Parvar [37] the mesh with Ny x N, =200x600 cells in
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Table 1
Characteristics of the meshes used in the RheoFoam calculations for verification.
The values of Ax and Ay listed pertain to the cells nearest the wall.

Block Ny N, N, fx 5y §X7£v % %
I 20 600 1  0.886 1.0088 - -
11 200 600 1 1.0116  1.0088  0.0443,0.0051  0.443
Pr=1
127 ' ' ' ' nl
® Present Work
1 ® Olagunju
RheoFoam
08¢
« 067
04r
0.2¢
O =
0 0.2 0.4 0.6 0.8 1
'W{)T

Fig. 3. Normalized transverse temperature profiles at % =0.2 for g, =0.1, [* =

900, Rey=2x10* and Wi,=1.0. Comparison between the present work (circles), Ola-
gunju (squares), and RheoFoam (triangles) for the constant wall temperature prob-
lem with Pr=1 and Br=0 (closed symbols), Br=4 (open symbols).

the second block was selected after an assessment of mesh in-
dependence using four grids 50 x 100, 100 x 300, 200 x 600,
and 400 x 1200. The discrepancy between the results of the nor-
malized transverse u/Uyvelocity profiles of grids 200 x 600 and
400 x 1200 is below 0.05% (the number of cells in block I and
the expansion/contraction factors were consistently changed when
refining/ coarsening grids).

A uniform velocity was imposed at the inlet boundary and a
zero gradient condition was set for all quantities at the outlet
boundary, while no slip conditions were considered at the flat wall.
At the boundary immediately upstream the wall, within block I,
symmetry conditions were set. Finally, for the far-field boundary
condition, i.e. the boundary opposite the wall, free stream velocity
conditions were imposed, both in blocks I and II.

The simulations were carried out for the Peterlin function of
Eq. (7-c) with B, = 0.1 and L? = 900 and the results shown pertain
to x/L£ = 0.2, where the local Reynolds and Weissenberg numbers
(Rex and Wiy) defined as per Eqgs. (11) and (12), are Rex= 2 x 10*
and Wiy= 1.0, respectively. Fig. 3 compares the normalized trans-
verse temperature profiles of the constant wall temperature prob-
lem with Pr=1 and shows the excellent agreement between the
current solution and RheoFoam simulations in the absence (Br=0)
and with viscous dissipation effects (Br=4). The comparison with
Olagunju’s work shows some discrepancy which tends to increase
with viscous dissipation (Br=4) especially in regions where such
effects are stronger, as near the wall, leading to 3% relative error
compared with Rheofoam results. For higher elasticity (not shown
for conciseness), these differences will tend to increase.

Figs. 4 and 5 compare the streamwise variations of the normal-
ized thermal boundary layer thickness (§y/x) and of the Nusselt
number (Nuy), respectively obtained from the present study and
from RheoFoam for the same cases (B, = 0.1, [> = 900, Re;=10°
and Wi;= 0.2, Pr=1 for Br=0 and 4). The comparisons of the
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Fig. 4. Streamwise variation of the normalized thermal boundary layer thickness
(8r/x) for Bp = 0.1, [? = 900, Re,=10x10* and Wi,= 0.2. Comparison between the
present work (circles), Olagunju (squares), and RheoFoam (triangles) for the con-
stant wall temperature problem with Pr=1 and Br=0 (closed symbols), Br=4 (open
symbols). The inset plots profiles for 5 x 104 < Rey < 7 x 10%.

present work with RheoFoam are good for these cases in which the
wall temperature is higher than the free stream temperature. As
shown, the present semi-analytical results can predict the normal-
ized thermal boundary layer thickness more accurately than Ola-
gunju’s, but this difference is small in terms of this physical quan-
tity, maximum 1% relative error for the presented results, tending
to increase with viscous dissipation and flow elasticity. For the case
with Br=4 viscous dissipation is sufficiently strong to make the
fluid near the wall warmer than the wall itself, therefore this thin
near wall layer of fluid is cooled simultaneously by the wall and
by the free stream. Hence, and in relation to the negligible viscous
dissipation flow, there is an inversion in the direction of the wall
heat flux from positive to negative (cf. coordinate system in Fig. 1)
and consequently the Nusselt number definition leads to negative
values of Nuy (Fig. 5 (b)). In the absence of viscous dissipation (cf.
Fig. 5 (a)), the disagreement in Nuy between Olagunju’s work on
one side and RheoFoam and the present semi-analytical solution
on the other, is slight but it significantly increases with the mag-
nitude of the Brinkman number, leading to maximum 10% relative
error for Br = 4, as shown in Fig. 5 (b).

Before proceeding, it is important to discuss the characteristic
length scale used to define the Reynolds and Weissenberg num-
bers. As explained by Parvar et al. [37] the boundary layer thick-
ness (§y) is a more adequate characteristic length scale than x, but
8y is part of the solution making it more difficult to quantify a-
priori, hence the use of Rex and Wiy instead of Res, and Wi, . Since
the numerical values of Wiy are lower than the corresponding lo-
cal values of Wis, one may be misled into thinking that the limit
of validity of the approximate solution corresponds to conditions
of low elasticity flow, which is not the case. Indeed, for an appro-
priate assessment of the magnitudes of Wiy and Wi, Fig. 6 plots
the variations of both quantities for the present flows showing that
Wi, is at least one order of magnitude higher than Wiy: for the
cases in Fig. 6 where 0.2 < Wix<1.0, one gets 13< Wiz <29 hence
corresponding to significant elastic effects.

The previous work [37] observed that above Wiy=0.2 to 0.3
the semi-analytical solution starts to be unable to describe the
complex variations of the conformation tensor components within
the boundary layer, but nevertheless it is still possible to predict
the dynamic boundary layer thickness, the velocity profiles and
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Fig. 5. Comparison between streamwise variation of the Nusselt number (Nuy) for B, = 0.1, L? = 900, Re;=10°> and Wi,= 0.2 from the present work (circles), Olagunju
(squares), and RheoFoam (triangles) for the constant wall temperature problem with: (a) Pr=1 and Br=0 (closed symbols), (b) Pr=1 and Br=4 (open symbols). The inset in

(a) plots profiles for 5 x 10 < Rey < 7 x 104,
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Fig. 6. Streamwise variation of Wiy (triangles and solid lines) and local Wis (circles
and dashed line) for B, = 0.1, [2 = 900. and Re; =10°. Lines are a guide to the eye.

the friction coefficient to within 5% for Wiy of up to 5. Similarly,
for the thermal boundary layer, the semi-analytical solution is in
good agreement with the RheoFoam simulations in terms of di-
mensionless temperature profile, thermal boundary layer thickness
and Nusselt number for Wiy<5.

Finally, it is noteworthy to compare the computational cost of
the present approximate thermal solutions and of the correspond-
ing RheoFoam simulations. The latter were carried out by a com-
puter equipped with an Intel Xeon E5 processor with 12 MB L3
cache and Turbo Boost up to 3.9 GHz, with parallel processing us-
ing its 6 computer cores, which took approximately 5.0 hours to
complete. In contrast, the computational cost of the semi-analytical
solutions was about one second using a single core in the same
machine.

5.2.2. Thermal boundary layer flow of FENE-P fluids with constant
wall temperature

Without the presence of viscous dissipation the normalized
thermal behavior is the same regardless the fluid is heating or
cooling, but since the current solution includes the stress work
contribution this section deals first with wall heating followed by
wall cooling (designation based on the case with viscous dissipa-

tion). In both cases results are compared with data without viscous
dissipation (Br = 0).

(a) Ty > T, (wall heating)

Transverse profiles of normalized temperature (6) at two differ-
ent locations are shown in Fig. 7 (a),(b). By using the dimension-
less transverse coordinate 1, quasi-unique profiles are obtained at
low elasticity levels for each value of Br, which coincide with the
corresponding Newtonian profiles. However, by enhancing the elas-
ticity level, small deviations from the low elasticity asymptote are
observed, associated with the simultaneous dependence of the so-
lution on x which is proportional to flow elasticity.

Since the wall is warmer than the free stream fluid, viscous
dissipation corresponds to a positive Brinkman number (Br > 0)
which increases the dimensionless temperature. For weak viscous
dissipation the maximum temperature is still at the flat plate, but
the fluid near the wall becomes warmer than for Br = 0. At a suf-
ficiently high value of Br a local peak temperature within the fluid
exceeds the wall temperature leading to an inversion of the wall
heat flux and a thin layer of near wall warm fluid is now simul-
taneously cooled by the wall and by the free stream. The critical
value of Br marking this transition (Br¢) corresponds to a zero-wall
heat flux and, as shown in Fig. 7-(a) for a Newtonian fluid at Pr = 1
we have Brc= 2. Br¢ increases with Pr, so that at Pr = 10 Br. = 6.79.
Increasing elasticity levels slightly increase the value of Bre, so that
at the maximum elasticity level in Fig. 7 (a) and (b) (Wiz=0.,
Bp =0.5, L=30) the values of the critical Br number are 2.1 and
7.05 for Pr = 1 and 10, representing increases of 4.5% and 3.5%
relative to the corresponding Newtonian values, respectively. As Br
further increases beyond Br. the peak temperature progressively
rises and its location moves away from the wall as the amount
of internally heated fluid grows. The deviation of the dimension-
less temperature for the highest elasticity condition from the cor-
responding Newtonian curve is 6% pertaining to Br, = 40. In addi-
tion, as elasticity is increased in the presence of viscous dissipation
the location of maximum 6 slightly moves toward the wall.

Fig. 8 shows the streamwise variation of the compensated lo-
cal Nusselt number (Nux/\/RT:X) displayed as a function of flow
and fluid characteristics. As expected, this quantity is constant for
flows with vanishing elasticity, but as Wi, and B, increase and L
decreases, the ratio Nux/\/RTzX increases and varies quasi-linearly
along the plate (the ordinate is zoomed), but always tending to
the Newtonian value as Rey increases because simultaneously Wiy
decreases on going downstream. It is also observed that as viscous
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Fig. 7. Normalized transverse temperature profiles at Rey =2 x 10* and 8 x 10* as a function of local Reynolds and Weissenberg
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extensibility for constant wall temperature with (a) Pr=1, (b) Pr = 10. The inset plots profiles for 1< n < 1.5.

dissipation increases, the dependence of the ratio Nux/\/ITex on Rey
weakens. For these cases, the compensated Nusselt number can be
increased by elasticity by up to 6%.

The interaction between viscous dissipation and elasticity de-
pends on whether Br is below or above Br¢, as shown in Fig. 8: for
Br < Br¢ enhancing elastic effects increases Nuy whereas for Br >
Brc increasing flow elasticity reduces the absolute value of Nuy, i.e,
not only there is a reversal in the heat flux direction but its magni-
tude also decreases. We also see that these variations increase with
Pr but in inverse proportion to Br, meaning that by increasing Br
beyond its critical number Brc, increasing elasticity decreases the
magnitude of Nuy.

The streamwise variation of the thermal boundary layer thick-
ness (81/x) is plotted in Fig. 9 as a function of Wi,, B, and L, re-
spectively. At low Weissenberg numbers 87 /x collapse to the New-
tonian flow curve, but by increasing Wi,, B, or decreasing L, at
the same value of Br, the boundary layer thickness decreases (un-
der the conditions of this analysis 6, does not depend on Br). Nev-
ertheless, by increasing Br more heat is generated inside the ther-
mal boundary layer, hence thickening it. Here, the maximum re-
duction of the thermal boundary layer thickness by elasticity is 4%.

(b) Tw < T (wall cooling)

In this section, the effects of elasticity and viscous dissipation
are studied for a flow over a cold flat plate surface. In all cases the
fluid will be warmer than the wall and there will be cooling at the
surface.

Considering the temperature normalization of Eq. (34), the di-
mensionless temperature will vary from 1 at the wall to 0 out-
side the thermal boundary layer, as shown in the plots of Fig. 10.
For this thermal condition, viscous dissipation means a negative
Brinkman number and as Br progressively increases in magnitude
the profiles of dimensionless temperature shift downward (become
more negative) as shown in Fig. 10 (a) and (b). For Pr=1 in
the range of —2 < Br < 0 for Newtonian fluids, the loci of max-
imum and minimum dimensionless temperatures do not change,
but when the magnitude of Br exceeds a critical value, Br. = -2
for Newtonian fluids with Pr = 1, viscous dissipation becomes so
intense near the wall region that a local dimensionless tempera-

10

ture minimum develops inside the thermal boundary layer (6 < 0)
and progressively moves towards the plate as Br becomes increas-
ingly negative. This corresponds to a dimensional temperature in-
side the thermal boundary layer exceeding the free-stream temper-
ature, therefore there is an inversion in the heat flux far from the
wall, i.e. this near wall fluid layer is simultaneously cooled by the
wall and by the free stream flow. This critical Brinkman number
decreases significantly in magnitude with Pr so that, for example,
for Newtonian fluids with Pr =10, Br. = —0.1. Regarding the ef-
fect of flow elasticity, i.e., increasing Wiz, Bp, or decreasing L, a
slight weakening of the effects of viscous dissipation is seen, and
moves the location of the minimum temperature slightly towards
the wall. We also notice that for the highest viscous dissipation
tested (Br; =40), the elasticity reduces by 10% the magnitude of
dimensionless temperature.

Fig. 11 (a),(b) show the corresponding effects of Pr, elasticity
and viscous dissipation on the Nusselt number, bearing in mind
that for Br = 0 the behavior is independent of whether the wall is
cooling or heating. As displayed, increasing elasticity levels and the
magnitude of the negative Br enhance heat transfer, regardless of
Pr and of whether Br is below or above Br, which contrasts with
findings for the fluid heating case. Here, the maximum deviation
from the Newtonian curves is 2%

Fig. 12 (a),(b) shows the effect of elasticity and viscous dis-
sipation on thermal boundary layer thickness. As defined in
Section 2 the threshold for the end of the thermal boundary layer
is the location where |0(n)| =0.01. When viscous dissipation is
weak 0 varies monotonically and there is a single location which
satisfies the criterion. In contrast, for Br > Br. the temperature
6 changes sign and consequently there are now three locations
which match the threshold value as shown in Fig. 10 (a) and (b). In
this circumstance the location which is consistent with the physi-
cal concept of thermal boundary layer thickness is the one closest
to the free stream thermal condition.

Therefore, in this set-up and according to the strength of vis-
cous dissipation we observed two different behaviors for variation
of thermal boundary layer thickness. At subcritical Brinkman num-
bers (-2 < Br < 0) and for Pr=1 enhancing elasticity increases
the thermal boundary layer thickness. For Pr > 1 there is synergy
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between elasticity and viscous dissipation, so that increasing both
enhances heat transfer (the shear-thinning nature of viscosity leads
to sharper velocity variations near the wall). At larger Prandtl num-
bers, say Pr =10, elasticity reduces the thickness of the thermal
boundary layer in comparison with the corresponding Newtonian
variation, both below and above Br.. As discussed earlier the value
of Br. for Pr =10 is rather low (Brc = —0.1). The variation of the
normalized thermal boundary layer thickness due to elasticity is of
up to 10%.

5.2.3. Thermal boundary layer flow of FENE-P fluids with constant
wall heat flux
(2) qw > O (Fluid heating at the wall)

In this section the flow is heated by a constant wall heat flux.
For constant wall heat flux cases the Brinkman number becomes
a local quantity (Bry) rather than global as for the constant wall
temperature cases.
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As shown in Fig. 13(a) and (b), when setting Bry = 0 and elas-
tic effects are weak, all solutions collapse onto the classical New-
tonian solution. As viscous dissipation is increased, the dimension-
less temperature profiles shift upward, because the fluid is warmer
across the boundary layer. For this case of fluid heating at the
wall the maximum dimensionless (and dimensional) temperature
is always at the flat plate surface and the minimum temperature
is in the free stream flow, regardless of the value of Bry and all
the heat has to be removed from the boundary layer by the free-
stream. Increasing Bry, with all other quantities fixed, increases the
maximum value of the dimensionless temperature (at the wall).
The temperature profiles at different levels of elasticity (but con-
stant Br.) exhibit more separation from each other, i.e., the effect
of elasticity is enhanced by viscous dissipation, but with elastic-
ity reducing the values of 6. Viscous effects are always attenuated
along the plate because of the way Bry varies with x for a con-
stant wall heat flux, according to Eq. (39), meaning that on going
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downstream the viscous dissipation generates less heat, and con-
sequently the maximum dimensionless temperature 6 (x,0), hap-
pening on the flat plate surface, is gradually reduced. To study the
interplay of both elasticity and viscous dissipation, it is more en-
lightening to compare the normalized temperature curves at two
different locations. For Br, =2 and 20, the local Brinkman num-
bers are Bry=4.5 and 45 at % =0.2 with Wi, =0.5, and also
Bry =2.24 and 22.4 at % = 0.8 with Wiy = 0.125, as shown in the
upper and lower set curves in Fig. 13 (a),(b), respectively. As seen,
by weakening both the viscous dissipation and elasticity effects in
the streamwise direction the maximum deviation of 6 between the
largest elasticity level and the Newtonian curves is reduced from
5% to 2%, and from 3% to 1.5% for Br; = 2 and 20 respectively.

Fig. 14 (a),(b) show the effects of elasticity and viscous dissi-
pation on the Nusselt number. In the absence of viscous dissipa-
tion, elasticity enhances heat transfer, with the effect decreasing
along the plate because elastic effects decrease on going down-
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stream. In the presence of viscous dissipation (Br; > 0) the Nusselt
number is reduced in comparison with Br; = 0, because the wall
heat flux and by implication the wall temperature gradient, remain
fixed therefore the temperature difference between the wall and
the free stream has to increase. Since there is an intense varia-
tion of the wall temperature along the plate, essentially due to the
varying Bry, the streamwise variation of Nu,(/\/RTz)c becomes quite
different and changes in slope relative to the case with negligi-
ble dissipation. As seen, elasticity increased the compensated Nus-
selt number by up to 5% and this deviation is further enhanced for
larger Wi numbers.

The variations of the dimensionless thermal boundary layer
thickness with flow elasticity, Brinkman and Reynolds numbers are
shown in Fig. 15 (a),(b). As for the constant wall temperature cases,
the thermal boundary layer thickens with Br and thins with elas-
ticity regardless of the Prandtl number. Here, elasticity effect re-
duces §7/x by up to 5%.



S. Parvar, C.B. da Silva and F. Pinho

Pr= I,Br£=—2.
2.2 ‘ —
2.1 74\ Mip 5 L
A — Newtonian
28\ > 2E-3 0.1 30|
% © 2E3 05 30
1.9 * * |E-1 0.1 201
: * 1E-1 0.1 30
187 N + 1E-1 0.1 50|
) N :
= o A 1E-1 0.5 30
R ]
:—<
= 161
15+
1471
1371
1.2 . ‘ . : e
2 3 4 5 6 7 8 9 10
RL"\A %104

International Journal of Heat and Mass Transfer 185 (2022) 122248

Pr= 10,Br£=-20.

2 3 4 5 6 7 8 9 10
Re x10*
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inset plots profiles for 4x10* < Rey < 5 x 10%.
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(b) gw < 0 (Fluid cooling at the wall)

Cooling the thermal boundary layer at the wall with a con-
stant heat flux is discussed here considering viscous dissipation
and elastic effects. As for wall heating under constant wall temper-
ature conditions, in the absence of viscous dissipation there is no
difference between fluid cooling and heating at the wall in terms
of dimensionless quantities. Similarly, viscous dissipation leads to
a local definition of the Brinkman number (Bry) as per Eq. (39).

However, and in contrast with the fluid wall heating case, as
viscous dissipation becomes stronger than a critical value, a layer
of fluid half way between the wall and the free stream becomes
warmer than the free stream fluid so that such region starts to
be cooled both by the wall and by the free stream flow. This is
seen in the dimensionless temperature profiles of Fig. 16 (a) and
(b) through the development of negative values of 6 with the
corresponding lower peak approaching the wall as Br increases
in magnitude (Br < 0 for wall cooling, cf. Eq. (39)). At Br; =0,
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i.e.,, no viscous dissipation, the maximum non-dimensional tem-
perature is at the wall, and its minimum is outside the thermal
boundary layer. However, by increasing the magnitude of the neg-
ative Brinkman number in the range of —2 < Bry <0 and gener-
ating more heat by viscous dissipation, the fluid warms and the
maximum dimensionless temperature gradually reduces. For more
negative Brinkman numbers the location of the maximum dimen-
sionless temperature changes and takes place at the free stream
region. In this situation, the minimum dimensionless temperature
happens close to wall and its value decreases by decreasing Br,, in-
dicating that the fluid is simultaneously being cooled by the wall
and by the free stream flow. It is also observed that the elasticity
causes the location of minimum dimensionless temperature shift
slightly toward the wall. As shown, viscous dissipation increases
the impact of elasticity upon the temperature profiles, i.e., for the
same value of Br, the curves of O show a wider spread than at
larger values of |Bry|. The interaction of elasticity and viscous dis-
sipation effects on normalized temperature is shown at two dif-
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ferent locations. For Br; = —2 and — 20 cases, the local Brinkman
numbers are Bry = —4.5 and -45 at %: 0.2 with Wiy =0.5, and
also Bry = —2.24 and -22.4 at % = 0.8 with Wiy = 0.125, as shown
by upper and lower set curves, respectively in Fig. 16 (a),(b). As
shown, the effects of elasticity and of viscous dissipation are atten-
uated by increasing the distance from the leading edge of the flat
plate, therefore the maximum variation of 6 for the largest elastic-
ity level and relative to the Newtonian curves decrease from 10%
to 3%, and from 20% to 7% for Br, = —2 and — 20, respectively.

Fig. 17 (a),(b) confirm that the effect of elasticity on Nusselt
number depends also on the viscous dissipation magnitude. As
displayed for Pr=1 and Br; = —2 in Fig. 17 (a), the Nusselt num-
ber decreases in the streamwise direction and increases with flow
elasticity in this range. However, by enhancing viscous dissipation,
as measured by Br; = —20, the Nusselt number changes sign (cf.
its definition in Eq. (48)) and its absolute value now increases in
the streamwise direction. Increasing flow elasticity also slightly in-
creases the absolute value of Nu, as shown in Fig. 17 (b) for Pr=10.
Looking at the variation of the absolute value of the compensated
Nusselt number, it is observed that increasing elasticity always en-
hances heat transfer: this is seen as an increment in |Nux/\/RTex| of
up to 8% and 3% for Brp = —2 and - 20, respectively.

Fig. 18 (a),(b) displays the corresponding effects on the thermal
boundary layer thickness variation. As shown, the thermal bound-
ary layer thickens with viscous dissipation, whereas flow elasticity
has the opposite effect. Here, the elasticity effect leads up to 10 %
decrement of (8y/x).

6. Conclusions

Using boundary layer arguments an order of magnitude anal-
ysis of the governing equations for the steady, two-dimensional,
laminar boundary layer flow of FENE-P fluids with temperature-
independent properties is carried out for two independent thermal
conditions, namely for a constant wall temperature and for a con-
stant wall heat flux. Each thermal case leads to a semi-analytical
solution of the thermal energy equation which is mathematically
an approximate self-similar solution with a local nature, i.e., ex-
hibiting a dependence on the local streamwise coordinate. How-
ever, under conditions of low elasticity, the normalized flow char-
acteristics show a global-like self-similar behavior with kinematic
quantities collapsing on the corresponding Newtonian self-similar
result and with polymer-based quantities collapsing also onto sin-
gle self-similar curves. As elasticity levels increase, by taking on
larger values of Wiy and B, and/or low values of L, there is a pro-
gressive deviation from the low elasticity asymptotic profiles.

The comparisons showed that the present solution predicts
the normalized transverse temperature profiles, thermal boundary
layer thickness, and Nusselt number with an excellent agreement
with RheoFoam simulations in the absence and with viscous dis-
sipation effects (e.g. Br=4). In addition, the comparison between
the present solution with Olagunju’s work for Wi ~ 1 (Wix= 1.0)
and Br = 4 also revealed that Olagunju’s solution accuracy is lower
than that of our solution for predicting flow properties. Through
a comparison with the numerical solution of the full set of gov-
erning equations, performed by RheoFoam, it was found that the
semi-analytical solution is valid up to local Weissenberg numbers
(Wiy) of Wix= 5.0, beyond which differences exceed 5%.

The effects of viscous dissipation and elasticity on Nusselt num-
bers for various heating and cooling conditions with constant wall
temperature and constant heat flux conditions are comprehen-
sively studied and reported. For both conditions, it is observed that
at low elasticity levels the local Nusselt number (Nuy) is similar to
the Newtonian value. However, the Nusselt number increases with
elasticity and for a given set of flow and thermal conditions, the
compensated Nusselt number (Nux/\/ITex) ceases to be constant
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and decreases non-linearly along the plate towards the Newtonian
constant value. In any case it is worth noting that for all cases
studied, larger viscous dissipation strengthens the elasticity effect.

The effects of viscous dissipation and elasticity on the variations
of the thermal boundary layer thickness (é7/x) are also presented.
At low elasticity é7/x follows the corresponding Newtonian behav-
ior, but on increasing elasticity levels the thermal boundary layer
thins by up to 10% for the cases studied. In contrast, the enhance-
ment of viscous dissipation thickens the thermal boundary layer,
especially for Brinkman numbers above the critical value at which
the temperature inside the boundary layer exceeds the wall tem-
perature or the free-stream temperature.
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