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a b s t r a c t

Direct numerical simulations (DNS) were carried out to investigate turbulent heat transfer in a channel
flow of homogenous polymer solutions described by the Finitely Extensible Nonlinear Elastic-Peterlin
(FENE-P) constitutive model at intermediate and high Prandtl numbers (Pr = 1.25 and 5). Time-
averaged statistics of temperature fluctuations, turbulent heat fluxes, thermal turbulent diffusivity, and
of budget terms of the temperature variance are reported and compared with those of the Newtonian
fluid cases at the same Prandtl and Reynolds numbers. Moreover, twenty one sets of DNS data of fluid
flow are utilized to improve existing k–e–v2–f models for FENE-P fluids to deal with turbulent flow of
dilute polymer solutions up to the high drag reduction regime; specifically the dependency of closures
on the wall friction velocity is removed. Furthermore, five sets of recent DNS data of fluid flow and heat
transfer of FENE-P fluids were used to develop the first RANS model capable of predicting the heat trans-
fer rates in viscoelastic turbulent flows. In this model, an existing closure for calculating the turbulent
Prandtl number for Newtonian fluids is extended to deal with heat transfer in turbulent viscoelastic
fluids. Predicted polymer stresses, velocity profiles, mean temperature profiles, and turbulent flow
characteristics are all in good agreement with the DNS data, and show improvement over previous
RANS models.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Drag reduction by addition of polymer molecules to the turbu-
lent flow has been extensively investigated both experimentally
and numerically over the last decades; comprehensive early
reviews on the subject are those of Hoyt [1], Lumley [2] and Virk
[3]. From the outset it was observed that the addition of small
amounts of high molecular weight linear polymers, such as poly-
ethylene oxide (PEO) or polyacrylamide among others, to low
viscosity Newtonian solvents flowing in turbulent pipe or channel
flow would reduce drag by up to 80%.

Recent comprehensive theories on the mechanisms of drag
reduction induced by polymer additives have been put forward
in the literature [4,5]. The mechanism is based on the fact that
polymer molecules undergo a coil-to-stretch transition, causing
an increase in the extensional viscosity of the solution that helps
suppress Reynolds stress-producing events.
Over the last two decades, the development of accurate and effi-
cient numerical and experimental methods for viscoelastic fluids
has made it possible to investigate in detail turbulent DR in dilute
polymer solutions [6–12]. Most of the numerical simulations used
constitutive equations based on the FENE-P (Finitely Extensible
Nonlinear Elastic with Peterlin closure) rheological constitutive
equation which allows one to probe the effects on the flow of the
polymer relaxation time, chain extensibility and of the ratio of
polymer to solution viscosities. In this constitutive equation, a
polymer chain is represented by a single dumbbell consisting of
two beads, representing the hydrodynamic resistance, connected
by a finitely extensible entropic spring.

Direct numerical simulations (DNS) of polymer induced drag
reduction in turbulent channel flows up to the maximum drag
reduction (MDR) limit were carried out using a fully spectral
method by Ptasinski et al. [7], Dubief et al. [8], Dimitropoulos
et al. [9], Thais et al. [10,11] and Li et al. [12]. They showed that
to obtain significant levels of drag reduction large polymer chain
extensibilities and high Weissenberg numbers are required. In
addition, they studied the influence of rheological parameters of
the FENE-P model on the amount of polymer-induced drag
reduction.
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Nomenclature

Symbol Description
C Conformation tensor
Cp Specific heat capacity
Ep Viscoelastic contribution of dissipation equation
f(Ckk) Peterlin function ðf ðckkÞ ¼ ðL2 � 3Þ=ðL2 � ckkÞÞ
f(L2) Peterlin function for the polymer maximum length

(f(L2) = 1)
f Redistribution function
h Half width of the channel (h = 1)
H⁄ Hookean dumbbell spring constant
j Isotropic artificial numerical diffusivity constant
k Turbulent kinetic energy
K Thermal conductivity
Lt Turbulence length scale
L2 Polymer maximum extension length
M Mean flow distortion term of conformation tensor
S Rate of strain tensor
Pk Turbulence production
Pet Turbulent Peclet number (Pet ¼ mTPr=m)
Pr Molecular Prandtl number
Prt Turbulent Prandtl number
Prt,extended Extended turbulent Prandtl number
q00 Wall heat flux
Res0 Reynolds number based on friction velocity

(Res0 ¼ hUs=m0)
ui Velocity vector
T Instantaneous temperature
T⁄ Friction temperature
Tt Turbulence time scale
Wis0 Weissenberg number based on friction velocity

(Wis0 ¼ kU2
s=m0)

Us Friction velocity
x, y, z Coordinates in streamwise, wall-normal and spanwise

directions, respectively

Greek symbols
at Turbulent thermal diffusivity (at ¼ mt=Prt)
b Ratio between the solvent viscosity and the viscosity of

the solution
e Dissipation rate of turbulence
ep Viscoelastic stress work
gp Polymer viscosity coefficient
gs Solvent viscosity coefficient
mT Turbulent viscosity
mT;P Viscoelastic turbulent viscosity
k Polymer relaxation time
hþ Normalized instantaneous temperature by friction tem-

perature
Hþ Reynolds averaged temperature normalized by friction

temperature
q Density
dij Kronecker delta

List of abbreviations
DR Drag reduction
HDR High drag reduction
IDR Intermediate drag reduction
LDR Low drag reduction
NLT Nonlinear term in time averaged conformation tensor
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Passive scalar transport in turbulent channel flow of viscoelastic
dilute polymer solutions has been much less studied using direct
numerical simulations, but nevertheless an investigation for DR
of up to 74% was carried out by Gupta et al. [13]. They showed that
DR is accompanied by increased coherence of the low-speed
streaks in the buffer layer and that they are responsible for the
streamwise heat transport, which is actually enhanced relative to
the corresponding flux for Newtonian flow. Simultaneously the
wall-normal and spanwise heat fluxes decrease with DR very much
as happens with the Reynolds shear stress and the root mean
square fluctuations in the wall-normal and spanwise directions.
The enhanced anisotropy of the scalar heat fluxes, and in particular
the enhancement of the streamwise heat flux, are rather unex-
pected results, whereas the reduced flow-normal heat flux was
somewhat expected.

Yu et al. [14] carried out DNS of fully developed turbulent heat
transfer of a viscoelastic drag-reducing flow described by Giesekus
model at low Prandtl number (Pr = 0.71) and reported turbulent
thermal statistics such as temperature fluctuations, turbulent heat
fluxes and budget terms of the temperature variance and com-
pared with those of a Newtonian fluid flow.

DNS simulation of turbulent viscoelastic flow is significantly
more expensive than Newtonian DNS [12,15]. Hence, Reynolds-
Averaged Navier–Stokes (RANS) [15–19], and Large Eddy Simula-
tion (LES) models [21,22] have been developed over the years.

In the context of k–e turbulence models for viscoelastic fluids
Pinho et al. [16], and subsequently Resende et al. [17] proposed
closures for Reynolds stresses of viscoelastic fluids described by
the FENE-P model that relied on a priori analyses of DNS data. In
these works Reynolds averaged flow and conformation quantities
were predicted well, but both models were limited to applications
in the low DR regime (DR < 34%). In addition both models rely on
overly complex viscoelastic closures, they do not cover the whole
range of drag reduction and do not deal easily with simulations
in complex geometries, since they rely on the friction velocity
instead of relying exclusively on local quantities for generality.

More recently Takahiro et al. [18] proposed a low Reynolds
number k–emodel for viscoelastic fluids described by the Giesekus
constitutive equation. Their closure is valid up to the maximum
DR. In their proposal, an extra damping function was added to
the closure of eddy viscosity, while the treatment of the turbulent
kinetic energy (k) and its dissipation rate (e) is an extension of their
adopted base model for Newtonian fluids.

The first turbulence model of first order to be capable of pre-
dicting turbulent viscoelastic flows in the high drag reduction
regime was developed by Iaccarino et al. [19] in the context of
k–e–v2–f model. Their model is based on a simplified representa-
tion of the polymer conformation tensor; in particular, they only
consider the extension of the chains as characterized by the trace
of the conformation tensor. They used the concept of turbulent
polymer viscosity to account for the combined effects of turbu-
lence and viscoelasticity on the momentum and conformation
equations. Their closure for turbulent polymer viscosity depends
on the turbulent kinetic energy, the polymer relaxation time
and the trace of conformation tensor and the model of the nonlin-
ear terms in the conformation tensor equation relied on the tur-
bulent dissipation rate. However, although their model predicts
accurately the amount of drag reduction, their predictions of
the polymer shear stress, of the budget of the turbulent kinetic
energy and of the various contributions to the evolution equation
for the conformation tensor are not in agreement with DNS
results.
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Later, Masoudian et al. [15] using the a priori analyses of the
DNS data proposed a new turbulence model for FENE-P fluids in
the context of k–e–v2–f, which was also valid up to the maximum
amount of DR, and relying also on the concept of turbulent poly-
mer viscosity previously introduced by Iaccarino et al. [19]. Rela-
tive to Iaccarino’s model [19] they improved the predictions of
the viscoelastic stress and of the viscoelastic stress work, which
is the main viscoelastic contribution in the turbulent kinetic
energy transport equation. Instead of using the turbulent dissipa-
tion rate to model the non-linear term in the conformation equa-
tion, as previously done by Iaccarino et al. [19], by analyzing DNS
data Masoudian et al. [15] introduced a Boussinesq-like relation
to model the non-linear contribution (NLT) in the conformation
equation, and their model was validated over a wide range of rhe-
ological and flow parameters.

The single-point turbulence model developed here is based on
the time-averaged governing equations for viscoelastic fluids pre-
sented originally by Masoudian et al. [15] and Iaccarino et al.
[19]. An important contribution of the present work is the develop-
ment of a single closure for the nonlinear fluctuating terms appear-
ing in the FENE-P rheological constitutive equation by using a
Boussinesq like relation to model the non-linear term (NLT). In
addition, the dependency of the previously developed closure on
the wall friction velocity is eliminated, i.e. all closures are now
based on the local quantities, which give the model the capacity
to be used in complex geometries. Furthermore, as far as we are
aware of, there is no RANS model to deal with heat transfer in tur-
bulent flows of viscoelastic fluids, so in this work the closure of
Kays [20] is extended for the first time to cope with viscoelastic flu-
ids. Five sets of recent DNS data for channel flow of viscoelastic flu-
ids pertaining to low, intermediate and high drag reductions are
used to quantify the heat transfer in viscoelastic turbulent flows.

The paper is organized as follows: Section 2 introduces the gov-
erning equations and identifies the viscoelastic terms requiring
modeling, Section 3 introduces the numerical methods applied in
DNS and reports time averaged statistics, in Section 4 the turbulent
closures are developed and Section 5 presents model predictions.
Conclusions are offered in Section 6.

2. Governing equations

In what follows, upper-case letters or overbars denote
Reynolds-averaged quantities and lower-case letters or primes
denote fluctuating quantities. Since the work makes significant

improvements on an existing k–e–v2–f model, prior to presenting
the new closure for the Reynolds scalar fluxes the governing equa-
tions are presented first for isothermal flows and subsequently the
thermal energy equation and the required closure are presented.
Details on the Reynolds averaging procedure can be found else-
where [15,19].

2.1. Momentum equation

The instantaneous momentum equation appropriate for the
FENE-P fluids can be expressed as,

q
@ui

@t
þ quk

@ui

@xk
¼ � @p

@xi
þ @sik

@xk
ð1Þ

where sik is the fluid stress tensor, ui is the velocity, p is the pres-
sure, and q is the fluid density. The fluid extra stress tensor in
Eq. (1) is given in Eq. (2) as the sum of a Newtonian solvent contri-
bution of viscosity gs with a polymeric contribution sij;p described
by the FENE-P rheological constitutive model.

sij ¼ 2gsSij þ sij;p ð2Þ
Sij is the rate of strain tensor defined as

Sij ¼ 1
2

@ui

@xj
þ @uj

@xi

� �
ð3Þ

In the context of RANS, the instantaneous quantities are decom-
posed into mean and fluctuating components (Reynolds decompo-
sition). Using this process in the momentum equation and
subsequently averaging, the Reynolds averaged momentum equa-
tion is described by,

q
@Ui

@t
þ qUk

@Ui

@xk
¼ � @P

@xi
� @

@xk
qðuiukÞ þ @sik

@xk
ð4Þ

where quiuk is the Reynolds stress tensor. Note that overbars or
uppercase letters denote Reynolds-averaged quantities.

2.2. Constitutive equation

In the FENE-P model the polymeric contribution to the total
extra stress, Eq. (2), is given as an explicit function of the confor-
mation tensor cij

sij;p ¼
gp

k
f ðckkÞcij � f ðLÞdij
� � ð5Þ

where k is the polymer relaxation time, gp is the zero shear rate
polymer viscosity, and f ðckkÞ is the Peterlin function, which takes
here the form used by Li et al. [12] and given by,

f ðckkÞ ¼ L2 � 3
L2 � ckk

together with f ðLÞ ¼ 1 ð6Þ

In this equation L2 is the dimensionless polymer dumbbell max-
imum extension length.

In Eq. (5) the conformation tensor components must be calcu-
lated using the FENE-P evolution equation for cij,
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ð7Þ

By Reynolds averaging the instantaneous equations of the
FENE-P model the following Reynolds-averaged conformation ten-
sor equation is obtained,
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sij;p=gp

ð8Þ

Here, the first term on the left hand side is the mean flow advec-
tive transport of Cij which vanishes for fully developed channel
flow, CTij is the contribution to the advective transport of the con-
formation tensor by the fluctuating velocity and conformation
fields, Mij is the mean flow distortion term of the Oldroyd deriva-
tive of Cij, and NLTij accounts for the interactions between the fluc-
tuating components of the conformation tensor and of the velocity
gradient tensor. This term also originates from the distortion term
of the Oldroyd derivative and is the fluctuating counterpart of Mij.

2.3. Reynolds stresses

To calculate the Reynolds stress tensor in Eq. (4) Boussinesq’s
turbulent stress–strain relationship was adopted:

�quiuj ¼ 2qmTSij �
2
3
qkdij ð9Þ
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where tT is the eddy viscosity and k is the turbulent kinetic energy,
uiui/2. In this work as in [15] the eddy viscosity is modeled accord-

ing to the k� e� v2 � f model of Durbin et al. [23,24]. This partic-
ular choice is because of the capability of this turbulence model in
calculating accurately the turbulence statistics in wall bounded
flows without introducing the wall-distance or low-Reynolds num-
ber damping functions. In this model the eddy viscosity is calcu-
lated as:

mT ¼ Clv2 Tt ð10Þ

where Cl is the constant coefficient, v2 is the wall normal Reynolds
stress, and Tt is the turbulent time scale defined as:

Tt ¼ max
k
e
; 6

ffiffiffi
t
e

r( )
ð11Þ

This model is an extension of the k–e model, and requires solv-
ing two extra equations for v2, and f along with the k and e equa-
tions. The extended transport equations for the turbulent kinetic
energy and its dissipation rate appropriate to deal with the
FENE-P fluids in the context of the k� e� v2 � f model were pre-
sented in [15] and are given by Eqs. (12) and (13). Note that both
the k and e equations contain additional terms in order to account
for viscoelasticity,
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þ @
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� �
@e
@xj

� �
� Ep ð13Þ

Here, all terms are conceptually identical to those for a Newto-
nian fluid except for the last two terms in the turbulent kinetic
energy equation, Eq. (12), and the term Ep in the dissipation equa-
tion. In the former equation they represent the viscoelastic turbu-

lent transport Qp � @ spijui

� 	� .
@xj
	
, and the viscoelastic stress

work ep � spij@ui=@xj
� 	

, whereas in the latter equation the new

term (Ep) accounts for the viscoelastic contribution to the transport
equation of e.

The other two equations required to compute the eddy viscosity
are the transport equation for the scalar v2, which is derived from
the transport equation for the wall normal turbulent fluctuations
according to [15], and the equation for the turbulence energy
redistribution process, f. As discussed in [15] the equations for v2

and f appropriate for the FENE-P fluids are given by:
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where Lt is a length scale accounting for turbulence and wall prox-
imity defined as:

L2t ¼ C2
L max

k3

e2
;C2

g

ffiffiffiffiffi
m3
e

r( )
ð16Þ

As reported in [24] the values of the coefficients appearing in
the above equations are listed in Table 3. Cl ¼ 0:19, rk ¼ 1,

re ¼ 1:3, Ce1 ¼ 1:4 1þ 0:05
ffiffiffiffiffiffiffiffiffiffiffi
k= �v2

q
 �
, Ce2 ¼ 1:9, C1 ¼ 1:4, C2 ¼ 0:3,

CL ¼ 0:23, Cg ¼ 70.
2.4. Energy equation

The instantaneous thermal energy equation for incompressible
flow can be written as,

@T
@t

þ uj
@T
@xj

¼ K
qCp

@2T
@x2j

ð17Þ

The thermal boundary condition of uniform heat flux at both
walls is considered in this study to which corresponds a linear vari-
ation of the wall temperature in thermally fully-developed flow
[25]. To impose the periodic boundary condition for temperature,
the temperature is made dimensionless as following,

hþ ¼ hTwi � T
T� ; T� ¼ q00

qCpUm
ð18Þ

Using the normalized temperature (temperature is normalized
by the friction temperature), the non-dimensional governing equa-
tion (Eq. (19)) becomes the same as in Kasagi et al. [26].

@hþ

@t
þ uj

@hþ

@xj
� u1

Um
¼ 1

ResPr
@2hþ

@x2j
ð19Þ

In Eq. (19) Um represents the bulk mean velocity; Pr denotes the
molecular Prandtl number, defined as the ratio of kinematic viscos-
ity to thermal diffusivity. By Reynolds averaging Eq. (19) the ther-
mal field is obtained by,

DHþ

Dt
� u1

Um
¼ 1

ResPr
@2Hþ

@x2j
� @ujh

0þ

@xj
ð20Þ

In this equation ujh
0þ is the thermal flux, which is non-linear

and requires a closure.

3. DNS of heat transfer of viscoelastic dilute polymer solutions

3.1. Computational and physical parameters

The fully developed channel flow of FENE-P fluids over a wide
range of rheological and flow properties is investigated and the
DNS cases studied are summarized in Table 1. A semi-implicit
method is used for time-integration of the governing equations.
In space, a spectral method is used with Fourier representations
in the streamwise and spanwise directions, and Chebyshev expan-
sion in the wall-normal direction. To achieve stable numerical inte-
gration a stress diffusion term is introduced. As in earlier studies
[12,15], the dimensionless artificial numerical diffusivity is taken
to be Oð10�2Þ. Periodic boundary conditions are applied in the
streamwise (x) and spanwise (z) directions, and the no-slip bound-
ary condition is imposed on velocity at the solid walls. Details of
the numerical approaches used in this work can be found in [12].

It is known that the smallest scales of the instantaneous tem-
perature field decrease with the Prandtl number, in inverse propor-
tion to Pr1/2, [26]. Therefore, for the simulation of the thermal field
with high Prandtl number fluids, the mesh should be finer than the
requirement for the velocity field only. To solve the energy equa-
tion, Eq. (19) is discretized in time with second-order temporal
accuracy. Details of the numerical methods for solving thermal
field in this work can be found in [13]. Table 2 lists the simulations
of heat transfer of FENE-P fluid flows for all cases studied here.

3.2. Time-averaged statistics

The mean temperature profiles for the viscoelastic and Newto-
nian cases corresponding to Res = 180, Pr = 1.25 and Res = 125,
Pr = 5 are plotted in Figs. 1 and 2, respectively. As expected, the fig-
ures show that near the wall all the mean temperature profiles col-
lapse on the linear distribution: y+ = PrH+, regardless of the



Table 1
Summary of the physical and computational parameters for the DNS of fluid flow.

Case Res0 Domain size Lx � Ly � Lz Nodes Nx � Ny � Nz L2 Wis0 b

(1) 125 6.283 h � 2 h � 3.141 h 96 � 97 � 96 0 0 0
(2) 180 6.283 h � 2 h � 3.141 h 128 � 129 � 128 0 0 0
(3) 395 14.136 h � 2 h � 4.5 h 384 � 257 � 192 0 0 0
(4) 590 14.136 h � 2 h � 4.5 h 512 � 257 � 256 0 0 0
(5) 125 6.944 h � 2 h � 4.19 h 96 � 97 � 96 900 25 0.9
(6) 125 6.944 h � 2 h � 4.19 h 96 � 97 � 96 900 50 0.9
(7) 125 6.944 h � 2 h � 4.19 h 96 � 97 � 96 900 100 0.9
(8) 125 6.944 h � 2 h � 4.19 h 96 � 97 � 96 3600 25 0.9
(9) 125 6.944 h � 2 h � 4.19 h 96 � 97 � 96 3600 50 0.9
(10) 125 6.944 h � 2 h � 4.19 h 96 � 97 � 96 3600 100 0.9
(11) 125 6.944 h � 2 h � 4.19 h 96 � 97 � 96 14,400 25 0.9
(12) 125 6.944 h � 2 h � 4.19 h 96 � 97 � 96 14,400 50 0.9
(13) 180 6.944 h � 2 h � 4.19 h 128 � 129 � 128 900 25 0.9
(14) 180 13.888 h � 2 h � 4.19 h 128 � 129 � 128 900 50 0.9
(15) 180 13.888 h � 2 h � 4.19 h 128 � 129 � 128 900 100 0.9
(16) 180 13.888 h � 2 h � 4.19 h 128 � 129 � 128 3600 50 0.9
(17) 180 13.888 h � 2 h � 4.19 h 128 � 129 � 128 3600 100 0.9
(18) 395 14.136 h � 2 h � 4.5 h 384 � 129 � 128 900 25 0.9
(19) 395 14.136 h � 2 h � 4.5 h 384 � 257 � 192 900 100 0.9
(20) 395 14.136 h � 2 h � 4.5 h 384 � 257 � 192 3600 75 0.9
(21) 395 14.136 h � 2 h � 4.5 h 384 � 257 � 192 14,400 75 0.9
(22) 395 14.136 h � 2 h � 4.5 h 384 � 257 � 192 3600 100 0.9
(23) 395 14.136 h � 2 h � 4.5 h 384 � 257 � 192 3600 50 0.9
(24) 590 25.136 h � 2 h � 4.5 h 512 � 257 � 256 3600 50 0.9
(25) 590 25.136 h � 2 h � 4.5 h 512 � 257 � 256 10,000 100 0.9

Table 2
Summary of the physical and computational parameters for the DNS of fluid flow with heat transfer.

Case Res0 Domain size Lx � Ly � Lz Nodes Nx � Ny � Nz L2 Wis0 b Pr Dr. (%)

(H0) 125 10 h � 2 h � 5 h 128 � 97 � 257 0 0 0 5.0 0
(H1) 180 10 h � 2 h � 5 h 128 � 129 � 128 0 0 0 1.25 0
(H2) 180 10 h � 2 h � 5 h 128 � 129 � 128 900 25 0.9 1.25 18.5
(H3) 180 10 h � 2 h � 5 h 128 � 129 � 128 3600 75 0.9 1.25 50
(H4) 125 10 h � 2 h � 5 h 128 � 97 � 257 900 25 0.9 5.0 18.5
(H5) 125 10 h � 2 h � 5 h 128 � 97 � 257 900 100 0.9 5.0 37
(H6) 125 10 h � 2 h � 5 h 128 � 97 � 257 3600 100 0.9 5.0 56.5

Fig. 1. Profiles of mean temperature in wall coordinates calculated by DNS for
Newtonian (New: H1) and viscoelastic (LDR: H2, HDR: H3) fluid flows. Flow and
rheological parameters are described in Table 2.

Fig. 2. Profiles of mean temperature in wall coordinates calculated by DNS for
Newtonian (New: H0) and viscoelastic (LDR: H4, IDR: H5, HDR: H6) fluid flows.
Flow and rheological parameters are described in Table 2.
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amount of Res, Pr, L2, andWis. Further away from the wall the mean
temperature profiles of the drag reduced flows increases as com-
pared to that of Newtonian flows regardless of the amount of
Res, and Pr numbers, in essence as expected the temperature
profiles bear a qualitative similarity to the corresponding velocity
profiles in wall coordinates. These figures further indicate that
the conduction region penetrates more deeply into the core region
with increase of amount of drag reduction.
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Figs. 3 and 4 show that although the overall shape of the tem-
perature fluctuation intensity for the viscoelastic flows remains
the same as for the Newtonian case, the maximum temperature
fluctuation intensity increases and shifts toward the bulk flow
region as DR increases. For instance, the maximum temperature
fluctuation intensity for the high drag reduction case correspond-
ing to Res = 125, Pr = 5, is around 14.6, whereas for the Newtonian
case is around 8.2.

The streamwise turbulent heat flux for all cases are plotted in
Figs. 5 and 6, and we observe an enhancement of this flux with
drag reduction, as previously reported by Gupta et al. [13], Yu
and Kawaguchi [14]. In addition, by increasing the Pr number
streamwise heat flux is enhanced for both Newtonian and vis-
coelastic cases.

The wall normal turbulent heat flux and the conductive heat
flux for the Newtonian and high drag reduction flow cases are
compared in Fig. 7. As can be observed, unlike the streamwise
Fig. 3. Profiles of root mean square of temperature fluctuation in wall coordinates
for Newtonian (New: H1) and viscoelastic (LDR: H2, HDR: H3) fluid flows. Flow and
rheological parameters are described in Table 2.

Fig. 4. Profiles of root mean square of temperature fluctuation in wall coordinates
for Newtonian (New: H0) and viscoelastic (LDR: H4, IDR: H5, HDR: H6) flows. Flow
and rheological parameters are described in Table 2.
turbulent heat flux, the wall normal heat flux for viscoelastic fluids
is decreasing, comparing with Newtonian case. For the viscoelastic
flow a shift in the peak location toward the bulk flow can also be
observed. Moreover, the figure shows that the conductive heat flux
compensates for the decrease of wall-normal heat flux, meaning
the importance of conduction in viscoelastic fluids, particularly at
high drag reduction regimes.

It is well known that the thermal structures closely resemble
the velocity fields structures, i.e. high and low temperature struc-
tures are associated with high and low velocity regions, respec-
tively. In Fig. 8 the iso-surfaces of the instantaneous temperature
field for Newtonian, low and high drag reduction cases are
depicted. As can be observed from the figure the thermal structures
become elongated and highly organized by increasing the amount
of drag reduction, typical characteristics of polymer dilute solu-
tions. Note that for all cases in Fig. 8 the threshold of iso-surfaces
is 75% of the mean centerline temperature.
Fig. 5. Transverse profiles of streamwise turbulent heat flux for Newtonian (New:
H1) and viscoelastic (LDR: H2, HDR: H3) fluid flows. Flow and rheological
parameters are described in Table 2.

Fig. 6. Transverse profiles of streamwise turbulent heat flux for Newtonian (New:
H0) and viscoelastic (LDR: H4, IDR: H5, HDR: H6) fluid flows. Flow and rheological
parameters are described in Table 2.



Fig. 7. Transverse profiles of the budget of heat flux for Newtonian (New: H0) and
viscoelastic (HDR: H6) cases. Flow and rheological parameters are described in
Table 2.
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The budget of the transport equation of the temperature vari-
ance for Newtonian, low and high drag reduction cases are plotted
in Fig. 9. By adding polymer to the flow although the overall shape
and behavior of the different terms remains the same as for the
Newtonian case, the magnitude and location of the peak values
are influenced by the additives and the amount of drag reduction.
Fig. 8. Iso-surfaces of the instantaneous temperature field for (a): Newtonian flow (case
that the same threshold (75% of mean centerline temperature) was utilized for visualiza
In particular, by increasing the amount of drag reduction the peak
location of all terms shifts toward the bulk flow region. This shift of
the peak location can be interpreted as a thickening of the buffer
layer.

4. Development of the closures

First, we discuss the improvements in the model for predicting
the isothermal flow and subsequently, in Section 4.3, we discuss
the closures required for the heat transfer Reynolds flux.

4.1. Improvement of conformation tensor closures

The first term that needs closure is the time-averaged polymer
stress, Eq. (4). The expanded form of the time-averaged polymer
stress is given by,

sij;p ¼
gp

k
f ðCkkÞCij � f ðLÞdij
� �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

term1

þgp

k

� f ðCkk þ ckkÞðCij þ cijÞ � f ðCkkÞCij

h i
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

term2

ð21Þ

Both terms on the right-hand-side of Eq. (21) were evaluated in
[15,19] by using a priori DNS data at different values ofWis0 and L2,
and it was shown that the first term, which is exact, is nearly 20
times larger than the second term regardless of the rheological
parameters. Consequently, here as in [15,19], sij;p is approximated
as the first term on the right hand side of Eq. (21), and the second
term is neglected, hence the Reynolds-averaged polymer stress
will be calculated by:
H1), (b): low drag reduction flow (H2) and (c): high drag reduction flow (H3). Note
tion of all cases.



Fig. 9. Budget terms of temperature variance. (a) Newtonian fluid (H0), (b) low drag reduction case (H4) (c) high drag reduction case (H6).
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sij;p ¼
gp

k
f ðCkkÞCij � f ðLÞdij
� � ð22Þ

To compute the polymer stress using Eq. (22) we need the com-
ponents of the conformation tensor, Cij, and these can be computed
directly via the corresponding Reynolds-averaged equation, Eq. (8).
In Eq. (8) all terms are exact except for NLTij, which is the fluctuat-
ing counterpart of Mij, and CTij, which is discarded for being negli-
gible as shown in [27].

Previous attempts at developing closures for NLTij in the context

of k� e� v2 � f [15] were based on a simplified representation of
the polymer conformation tensor. In particular, they only consid-
ered the extension of the chains as characterized by the trace of
the Cij tensor, and a separate closure was proposed for the shear
component of NLTij based on the concept of viscoelastic turbulent
viscosity to account for the polymer shear stress, the only stress
component relevant in fully-developed turbulent channel flow.
The complete form of the Reynolds-averaged FENE-P constitutive
equation and its exact solution appears in the Appendix A of [16].

Since NLTkk accounts for the interactions between the fluctuat-
ing components of the conformation tensor and of the velocity gra-
dient tensor, and it is the fluctuating counterpart of Mij, Masoudian
et al. [15] developed a model for the trace of NLTij as a function of
its mean value (Mkk) and the eddy viscosity given by:
NLTkk ¼ aNLTMkk
mT
mo

; aNLT ¼ 0:16 ð23Þ

In this work a general form of closure developed in [15] is pro-
posed by using a Boussinesq like relationship to account for the
influence of NLTij upon polymer chain extension and orientation
via:

NLTij ¼ aNLT

ffiffiffiffiffi
L2

p
Mij

mT
mo

; aNLT ¼ 0:04 ð24Þ

As it can be seen only the square root of the dimensionless poly-
mer maximum extension coefficient is added here to the closure of
[15]. This particular change in the closure for NLTij was based on a
numerical optimization procedure using our DNS database listed in
Table 1 with the objective function defined as a minimum error in
the prediction of drag reduction. In Fig. 10(a) this optimized clo-
sure is evaluated and compared with the DNS results and with
the predictions by the previous closure of [15]. As it can be
observed from Fig. 10(a) the new closure is in good agreement with
the DNS results and performs better than the previous closure.
Furthermore, in order to examine the performance of the optimized
closure, two sets of DNS data with different rheological properties
were used. These two sets have not been used in the optimization
process of closure development and their characteristics are: case



Fig. 10. Comparison between predicted and DNS data for NLTkk (a) case (19), (b) cases T1 and T2.
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T1 Res0 ¼ 395; Wis0 ¼ 75; L2 ¼ 900, and case T2 Res0 ¼ 395;
Wis0 ¼ 25; L2 ¼ 3600. In Fig. 10(b) this closure is evaluated and
compared with DNS data for cases T1 and T2.

The prediction of the mean polymer extension using the new
closure is assessed against DNS data in Fig. 11, showing again a
good agreement with DNS results. It is worth mentioning that,
since the polymer stress work in the turbulent kinetic energy equa-
tion, as described in [15], is a direct function of NLTkk, the current
improvement in the prediction of NLTkk will benefit the prediction
of turbulent kinetic energy.

The extensive analysis of the performance of the closure will be
presented in the results section, and comparison with the DNS data
for a wide range of the rheological and flow parameters will be
shown. It is worth mentioning that using this model the Reynolds
averaged conformation tensor can be calculated now only by using
one single constant coefficient which shows the robustness of the
present model compared to the previous attempts in this context,
all of which need more than one constant coefficient and ad hoc
damping functions.
Fig. 11. Comparison between mean polymer extension and DNS data for case (19).
4.2. Improvements of closures needed by the V2F model

As emphasized, the turbulent kinetic energy and dissipation
transport equations contain viscoelastic nonlinear terms, which
require modeling. The viscoelastic terms appearing in the turbu-
lent kinetic energy and dissipation equations were modeled using
their exact definitions in [15] and the closures tested for a wide
range of rheological and flow parameters. There, it was demon-
strated that those closures are robust enough to accurately account
for the influence of viscoelasticity upon kinetic energy and its dis-
sipation rate, hence they are used here unmodified.

However, the closure of the term accounting for the polymer
influence in the transport equation of v2, is optimized to improve
predictions of the wall normal Reynolds stress. Comparing with
the corresponding closure developed in [15] only the constant
coefficient and the power exponent of the Peterlin function, which
accounts for the influence of the polymer chain extension, are
changed. The updated closure is given by,

ep;v2 ¼ av2L½f ðCkkÞ�2kf ; with av2 ¼ 0:002 ð25Þ
The predictions of k and v2 are plotted and compared with DNS

and with the previous closures in Fig. 12 for the intermediate drag
reduction case (IDR). The new predictions of k and v2 are in good
agreement with DNS data and compare better than those of the
previous model of [15]. The predictions of Reynolds shear stress
and mean streamwise velocity for the same IDR case are assessed
in Figs. 13 and 14, respectively. Both figures show that the model
is capable of predicting well both the Reynolds shear stress and
the mean velocity. This particular modification in the closure of

the viscoelastic term in the v2 equation was performed because
of the failure of the previously developed closure [15] in predicting
high drag reduction flows at very low Reynolds numbers, namely
at Res0 ¼ 125, for which the wall normal Reynolds stress is very
small. In fact the calculation of high drag reduction flows at low
Reynolds numbers using the closure of [15] leads to a complete
laminarization of the flow. Extensive analyses of the performance
of the closure will be presented in the result section.

4.3. Reynolds scalar flux model for viscoelastic fluids

The turbulent thermal energy flux term, ujh
0þ, appearing in the

time-averaged energy equation is non-linear and requires a closure



Fig. 12. Comparison between predicted and DNS data of k+, v2 for case (19).

Fig. 13. Comparison between predicted and DNS data of Reynolds shear stress for
case (19).

Fig. 14. Comparison between predicted and DNS data of mean streamwise velocity
profile for case (19).
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to allow computations of heat transfer. A common and simple way
to model the thermal flux within the RANS approach is by using
the concept of turbulent thermal diffusivity leading to,

ujh
0 ¼ at

dH
dxj

ð26Þ

where the turbulent thermal diffusivity, at , is expressed as a func-
tion of the eddy viscosity and a turbulent Prandtl number,

at ¼ mt
Prt

ð27Þ

In this relation the eddy viscosity is available from the flow tur-
bulence model, so the only unknown quantity is the turbulent
Prandtl number. In order to have an idea about how at is influ-
enced by the presence of polymer additives, in Fig. 15(a) the ratios
aviscoelastic=aNewtonian and mT;viscoelastic=mT;Newtonian are plotted for Pr = 1.25
using DNS data for low and high drag reduction cases. The figure
shows that, as expected, the turbulent thermal diffusivity and tur-
bulent viscosity are decreased by addition of polymers to the flow.
Moreover, it is interesting to note that the ratio of turbulent ther-
mal diffusivities nearly collapse on the ratio of turbulent viscosi-
ties, regardless of the amount of drag reduction, indicating that
the closures developed for turbulent Prandtl number in the context
of Newtonian fluids can be extended to viscoelastic fluids. These
ratios plotted for high Prandtl number cases in Fig. 15(b), show
the same trend as at low Prandtl numbers. In this work we adapted
one of the commonest closures for the turbulent Prandtl number
introduced by Kays [20], which is based only on the local quantities
as a function of the turbulent Peclet number,

Prt ¼ 0:85þ 0:7
Pet

; where Pet ¼ mT
m
Pr ð28Þ

Using this closure the energy equation was solved and the mean
temperature profiles are plotted in Fig. 16 for cases H2 and H3, cf.
Table 2. As shown, the original model of Kays [20] under-predicts
the mean temperature for the FENE-P fluids, and shows that the
approximation of Eq. (28) is no longer valid. As discussed above
the thermal turbulent diffusivity, at , decreases by increasing DR,
and to capture the variation of at for viscoelastic fluids based on
the a priori DNS data analyses, the following equation extending
Kays’ closure [20] for the turbulent Prandtl number is proposed,

Prt;extended ¼ Prt;Kays 1þ apmT;viscoelastic
mT

� �
ð29Þ

In this equation mT;viscoelastic is the viscoelastic turbulent viscosity
defined as: mT;viscoelastic ¼ sxy;p

2qSxy
, and the coefficient ap is equal to 2.6

(this was quantified based on an iterative numerical optimization
in order to achieve minimum error in predicting the mean temper-
ature in comparison with DNS data).

The predictions of the mean temperature profiles using the
extended closure are plotted in Fig. 16, and compared with DNS
and predictions using Kays’ [20] original closure for low and high
drag reduction flows at Pr = 1.25. The figure clearly shows that
the predictions using the extended closure are in good agreement
with DNS results. Note that the modifications in Kays’ turbulent
Prandtl number closure were made based on the analysis of the
low drag reduction and low Prandtl number case H2, Table 2. Its
robustness is examined in the results section against DNS data
for high Prandtl number cases from low to high drag reduction
regimes.

4.4. Summary of the model and numerical method

Utilizing the closures developed in the previous section, the
model equations are given below.



Fig. 15. Influence of viscoelasticity on turbulent thermal diffusivity, (a) low Pr number: (LDR: H2, HDR: H3), (b) high Pr number: (LDR: H4, HDR: H6).
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Fig. 16. Comparison between predicted and DNS data of mean temperature profile
using the original and extended closure of Kays [20] for case (LDR: H2, HDR: H3).
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Coefficients arising from the Newtonian part of the model take
on the same numerical values as reported in [24] and listed in
Table 3.

The computer code used for the present model calculations is
based on a finite-volume method using a second-order central dif-
ference scheme on a staggered mesh. The Tri-Diagonal Matrix
Algorithm (TDMA) solver is used to calculate the solution of the
discretized algebraic governing equations. The non-uniform mesh
used in all simulations has 99 cells across the channel and it pro-
vides mesh independent results with 0.1% uncertainty in the
amount of drag reduction prediction. The grid independency anal-
yses for low and high drag reduction cases reported in Table 4 used
consistently refined non-uniform meshes with 79 and 199 cells
across the channel.

As mentioned above, in channel flow simulations we only need
the trace and shear component of the conformation tensor, so only
these components are solved. In order to stabilize the numerical
simulation of the conformation tensor the quantity Mkk is calcu-
lated using the model of Iaccarino et al. [19]. The boundary condi-
tions are those of no slip for the velocity, k and v2, whereas for the
dissipation by the solvent and f we use the standard conditions for
Newtonian fluids described in [24]. The Dirichlet boundary condi-
tion introduced by Iaccarino et al. [19] is also utilized in this work
to solve the conformation tensor equation.
Table 3
Coefficients of the developed RANS model.

Coefficient Value

Cl 0.19
rk 1.0
re 1.3
Ce1 1:4 1þ 0:05

ffiffiffiffiffiffiffiffiffiffiffi
k= �v2

q
 �
Ce2 1.9
C1 1.4
C2 0.3
CL 0.23
Cg 70.0



Table 4
Mesh independency analyses.

Case Grid points
across the channel

Predicted drag
reduction (%)

DNS (%)

LDR 79 15.1 19
LDR 99 20 19
LDR 111 20 19
LDR 199 20 19
HDR 79 38 56
HDR 99 51 56
HDR 111 51 56
HDR 199 51 56
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5. Results and discussions

In this section, predictions of fully-developed channel flow
using this turbulence model are presented and assessed against
DNS data for FENE-P fluids. All viscoelastic flow calculations were
Fig. 18. Comparison between predicted and DNS data of k+, v2 for (a) LDR: case 14

Fig. 17. Comparison between predicted and DNS data of mean streamwise velocity
profile for low and high drag reduction cases, LDR (case 14) and HDR (case 18)
respectively. Flow and rheological parameters are described in Table 1.
carried out using the same flow dimensionless numbers as for the
DNS.

The predicted transverse profiles of the mean streamwise veloc-
ity for cases corresponding to low and high drag reductions (LDR,
and HDR) are plotted in Fig. 17. The wall Reynolds number for all
cases is 395, and the rheological parameters are listed in Table 1.
All profiles in the viscous sublayer collapse on the linear distribu-
tion U+ = y+. Further away from the wall the mean velocity of the
drag reduced flows increases as compared to that in Newtonian
flows. Specifically in the LDR regime, the logarithmic profile is
shifted upwards but remains parallel to that of the Newtonian flow
as is also found in the DNS results. The upward shift of the logarith-
mic profile can be interpreted as a thickening of the buffer layer. As
it can be observed the predictions and DNS are consistent regard-
less of the amount of drag reduction. Predictions by the previous
closure of [15] are also included in Fig. 17, and as it can be seen
the current model performs better.

The predicted profiles of k and �v2 are compared with the DNS
data and with the predictions of the previous model of [15] for
LDR and HDR flows in Fig. 18(a) and (b), respectively. It is well
known [12] that the turbulent kinetic energy monotonically
increases with drag reduction and its peak location moves away
from the wall as drag reduction increases, which is consistent
with the upward shift of the logarithmic region in the mean
velocity profile. This is observed when comparing Fig. 18
(a) and (b) and the current predictions improve significantly on
the previous predictions approaching the DNS data, with the
current model capturing both physical characteristics of
turbulent channel flow of dilute polymer solutions in terms of
an increase in k and the shift of its peak location with drag
reduction. Nevertheless and in spite of the noticeable improve-
ment on the prediction of k at high drag reduction, the current
model still under-predicts its peak.

In contrast, by increasing drag reduction the Reynolds shear
stress is significantly reduced in turbulent polymer dilute solu-
tion flows. The predicted Reynolds shear stress profiles are plot-
ted in Fig. 19, normalized by the wall shear stress for low and
high drag reductions and are in good agreement with the corre-
sponding DNS data regardless of the amount of DR. The corre-
sponding predictions of the mean polymer extension (Ckk/L2)
are compared with DNS data in Fig. 20 for LDR and HDR and
again the agreement is good.
, (b) HDR: case 18. Flow and rheological parameters are described in Table 1.



Table 5
Comparison of drag reduction prediction levels using current model.

Case Reference Flow and rheological
properties

Drag
reduction
predictions

Res ¼ Ush
m0 Wis ¼ U2

s k
m0

L2 DNS
(%)

Model
(%)

(1) Li et al. [12] 125 25 900 20 19
(2) Li et al. [12] 125 25 3600 22 22
(3) Li et al. [12] 125 25 14,400 24 26
(4) Li et al. [12] 125 50 900 31 31
(5) Li et al. [12] 125 50 3600 43 39
(6) Li et al. [12] 125 50 14,400 51 46
(7) Li et al. [12] 125 100 900 37 37
(8) Li et al. [12] 125 100 3600 56 51
(9) Li et al. [12] 180 25 900 19 19
(10) Li et al. [12] 180 50 900 31 30
(11) Li et al. [12] 180 100 900 39 39
(12) Li et al. [12] 180 100 3600 54 50
(13) Iaccarino et al. [19] 300 36 10,000 35 34
(14) Current DNS data 395 25 900 19 20
(15) Current DNS data 395 50 900 30 29
(16) Current DNS data 395 50 3600 38 38
(17) Current DNS data 395 100 900 37 36
(18) Current DNS data 395 100 3600 48 46
(19) Current DNS data 395 100 14,400 61 58
(20) Current DNS data 590 50 3600 39 38
(21) Thais et al. [11] 1000 50 900 30 30

Fig. 19. Comparison between predicted and DNS data of Reynolds shear stresses for
low (LDR: case 14) and high (HDR: case 18) drag reductions cases. Flow and
rheological parameters are described in Table 1.
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The present turbulence model compares well with DNS data in
terms of overall drag reduction; a collection of representative cal-
culations is reported in Table 5. In total 21 cases including current
DNS data and independent DNS data are gathered and the perfor-
mance of the model investigated. As it can be seen the wide range
of Reynolds number (125 < Re < 1000) with different amount of
drag reduction are tested to examine the robustness of the model.
For the sake of comparison for three cases at different Reynolds
numbers (cases 8, 9, 20) the predictions of the U+, k+ and �v2 profiles
are plotted in Figs. 21 and 22, respectively, and compared with the
corresponding DNS data.

The predicted profiles of the mean temperature using the
extended model of Kays [20] for cases H4, H5, and H6, correspond-
ing to low, intermediate and high drag reductions (LDR, IDR, and
HDR), are plotted in Fig. 23. The wall Reynolds number for all cases
Fig. 20. Comparison between predicted and DNS data for the mean polymer
extension at low (LDR) and high (HDR) drag reduction cases. Flow and rheological
parameters are described in Table 1.
is 125, molecular Prandtl number is 5, and the rheological
parameters are listed in Table 2. For all cases the fully-developed
temperature profiles are in good agreement with the DNS data
both close and far from the wall. As can be seen for all cases the
model has an excellent performance close to the wall, and far from
the wall, near the centerline its predictions differ by around 7% for
high drag reduction case, H6. Although this difference is acceptable
in the context of RANS, the main reason for this under prediction is
related to the fact that near the channel center the assumption
invoked in Section 4.3 has an error of around 10% (the ratio of
turbulent thermal diffusivities differs from the ratio of turbulent
viscosities by around 10%, as shown in Fig. 15(a) and (b)).
Fig. 21. Prediction of mean streamwise velocity profile for cases 8, 9, and 20. Flow
and rheological parameters are described in Table 5.



Fig. 23. Comparison between predicted and DNS data of mean temperature profile
using extended closure of Kays [20] for cases, LDR (H4) IDR (H5), and HDR (H6).
Flow and rheological parameters are described in Table 2.

Fig. 22. Predictions of k+ and v2 (a) case (20), (b) case (9), and (c) case (8). Flow and rheological parameters are described in Table 5.
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6. Conclusions

In this work, the k–e– �v2–f model developed by Masoudian et al.
[15], for turbulent flow of homogenous polymer solutions
described by the FENE-P constitutive model, was improved. In
addition, an appropriate closure was developed to compute the
scalar Reynolds flux required by the thermal energy equation for
the same fluids.

All previous attempts of RANS modeling of turbulent FENE-P
fluid flows in a channel, which are valid up to the maximum drag
reduction limit [15,19], contain two separate closures for the non-
linear term (NLTij) in the conformation tensor evolution equation:
one closure for the NLTkk and another for NLTxy. This feature,
together with the reliance on the wall friction for some closures
which was here removed, makes the model unattractive to be used
in complex geometries. Instead, in this work a single Boussinesq-
like relation is proposed for modeling the NLTij term, from which
its trace can also be obtained thus making the model fully
consistent.

Furthermore, since the closures are based on the a priori analy-
sis of DNS data, a more extensive set of direct numerical simula-
tions with different rheological parameters at different Reynolds
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numbers was used to optimize the closures initially developed in
[15]. As a consequence of this optimization process the closure
for the wall normal polymer stress work was updated, which gives
the current version of the model the capability of good prediction
at very low Reynolds number flows. As referred above, the depen-
dency of the previous model [15] on the wall friction velocity was
removed to make the model more suitable to deal with complex
geometries.

The performance of the proposed model is here assessed against
21 sets of DNS data for Res0 ¼ 128;180;300;395;590; and 1000
over a wide range of Weissenberg numbers for different values of
L2 as summarized in Table 5, thus confirming the robustness of
the current model.

Regarding the Reynolds scalar fluxes, to the best of our knowl-
edge this is the first ever closure used to deal with the heat transfer
of viscoelastic fluids under turbulent flow conditions. The com-
monly used turbulent Prandtl number closure, originally devel-
oped by Kays [20] for Newtonian fluids, was extended to deal
with viscoelastic turbulent flows after an extensive a priori analysis
of DNS data. The model for the turbulent Prandtl number of FENE-P
fluids was developed here for low drag reduction case at
Res0 ¼ 180, but its performance was assessed against sets of DNS
data from low to high drag reduction and higher Prandtl numbers
(Pr = 5), a value closer to that of polymer solutions. In this assess-
ment, the Reynolds scalar flux model compared well with DNS.
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