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Vortex shedding in cylinder flow of shear-thinning fluids. III
Pressure measurements
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Abstract

Measurements of pressure on the cylinder surface for the flow of Newtonian and non-Newtonian fluids around a circular cylinder were
carried out, from which several parameters were calculated: the form drag coefficient (CD), the pressure rise coefficient (Cpb − Cpm) and the
wake angle (θw). The non-Newtonian fluids were aqueous solutions of CMC and tylose with varying degrees of shear-thinning and elasticity,
at weight concentrations of 0.1–0.6% and the experiments encompassed the transition and shear-layer transition regimes. For low Reynolds
numbers flows elasticity on the shear layers was responsible for an increase in drag reduction with polymer concentration. Within the shear-layer
transition regime the increase of the wake angle and pressure rise coefficient for the more concentrated solutions reducedCD by narrowing
the near wake. For the tylose solutions a good correlation was found between the elasticity number and the mean pressure rise coefficient.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The experimental study of the flow of tylose and CMC
solutions around cylinders[1,2], is completed here with re-
sults from pressure measurements along the cylinder sur-
face. This is part of a wider research programme aimed at
investigating cylinder flows of non-Newtonian fluids at large
Reynolds numbers and was motivated by both the scarcity
of information in the literature and its discrepancy. Next,
we review the literature on what concerns pressure mea-
surements since other flow characteristics were reviewed in
detail previously[1].

Coelho and Pinho[1] identified and delimited various
vortex shedding regimes as a function of the Reynolds
and elasticity numbers; in particular the laminar, transition
and shear-layer transition regimes. The flow characteristics
within each of those flow regimes were then analysed in de-
tail [2], and, in particular, the increase of the Strouhal num-
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ber and the reduction of,Re∗lf
1 were explained and within

the shear-layer transition regime, the formation length and
Strouhal number data collapsed onto single curves when
plotted against a Reynolds number difference.

In the literature, comparatively very few experiments
on external flows of non-Newtonian fluids include pres-
sure measurements. Shah et al.[3] were among the first to
experimentally investigate cross flows of non-Newtonian
fluids around cylinders (up to Reynolds numbers of about
12,000) and they found that the variation of pressure along
the laminar boundary layer was independent of the con-
sistency (k) and power law (n) indices for shear-thinning,
elastic, aqueous solutions of CMC.

White [4] observed a reduction in drag and related it
with viscoelastic effects especially with non-negligible nor-
mal stress differences. The drag reduction seen in flows of
polyethylene oxide (PEO) was consistent with visualizations
made by other authors with PEO solutions, who observed a
delay in the boundary layer separation and a narrow wake.

1 Re∗lf is the critical Reynolds number marking the sudden decrease of
the formation length.
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Nomenclature

CD drag coefficient
Cp pressure coefficient
Cpb base pressure coefficient
Cpm minimum pressure coefficient
Cpb − Cpm pressure rise coefficient
D cylinder diameter (m)
lf formation length (m)
lfc critical formation length, corresponds

to the value oflf just prior to its
sudden drop (m)

Lu(x) longitudinal turbulence length scale
base onu (m)

n power law index
Re Reynolds number,Re≡ ρ U∞ D/ηch

u′ average value of the rms of the
instantaneous longitudinal velocity

U∞ free-stream velocity (m/s)
We Weissenberg number,We≡ λeU∞/D

Greek letters
η dynamic viscosity (Pa s)
γ̇ shear rate (s−1)
λe relaxation time (s)
ρ fluid density (kg/m3)
θ angle measured from the forward

stagnation point, see inset inFig. 2
θW wake angle,θW = (θW,1 + θW,2)/2

Subscripts
bbp end of the region where the power

spectra distribution shows a broad
basis at peak frequency

ch characteristic parameter
etr the end of transition regime
lf sudden drop in formation length
otr onset of transition regime
w wall
1 refers to angle comprised between

0 andπ

2 refers to angle comprised between
π and 2π

75 75◦ from forward stagnation point

Superscripts
′ refers to Reynolds number with

ηch at γ̇ch≡γ̇w,75◦
∗ refers to Reynolds number with

ηch at γ̇ch≡U∞/(2D)

Symbols used in figures
× water
+ glycerine and water mixture
� 0.4% CMC

� 0.2% CMC
� 0.6% tylose
� 0.4% tylose
� 0.3% tylose
� 0.2% tylose

According to Hoyt and Sellin[5] another early work on
drag in non-Newtonian cylinder flows was that of McClana-
han and Ridgely (1968). They found a drag increase for 104

< Re< 4 × 104 at low polymer concentrations and drag
reduction at higher polymer concentrations. The measure-
ments of hydrodynamic and heat transfer characteristics of
elastic fluids with constant shear viscosity, Boger fluids, by
James and Acosta[6] and James and Gupta[7] were limited
to lower maximum Reynolds numbers of 50 and 200, re-
spectively, and cylinder diameters lower than 0.36 mm cor-
responding to large aspect ratios (higher than 160). Above
a critical Reynolds number, the drag coefficient and Nus-
selt number were found to depend only on the Weissenberg
number.

A fairly detailed investigation with Boger fluids, was also
carried out by Sarpkaya et al.[8] who measured the sur-
face pressure distribution, drag force, vortex shedding fre-
quency, angle of separation and some effects of free-stream
turbulence. The presence of additives was found to advance
flow characteristics normally observed at higher Reynolds
numbers and to increase the cylinder base pressure thus de-
creasing the drag coefficient. Their Reynolds numbers were
rather restricted (5× 104 < Re< 3 × 105), but much higher
than in previous works.

Using a semicircular cylinder with the round side fac-
ing the approach stream, Kiya et al.[9] injected polyethy-
lene oxide and polyacrylamide (PAM) in the boundary layer,
at a Reynolds number of 2× 105. The base pressure in-
creased with polymer concentration until a saturation effect
took place and their explanation for this increase is quoted:
“Since the aqueous solutions of PEO and PAM exhibit the
viscoelastic property, the shear layers shed from the cylin-
der, which include the polymer solutions, will diminish the
interactions between fluid inside and outside the base region.
This will lead to an increase in the base pressure.” Simi-
lar conclusions were reached by Cadot and Lebey[10] and
Coelho and Pinho[2] to explain the increase in formation
length in the flow of non-Newtonian fluids around circular
cylinders.

Kato and Mizuno [11] measured the total drag in
non-Newtonian cylinder flows for Reynolds numbers up to
5 × 104. Their cylinder diameters ranged from 4 to 26 mm
and the aspect ratio varied from 1 to 500. For 0.2–0.5%
PEO solutions andRe< 100 the drag coefficient was found
to be only a function of the Reynolds number and was
independent of the elasticity and the power law index. For
the more dilute PEO solutions, from 30 to 300 ppm, the
Reynolds number ranged from 103 to 5 × 104 and drag
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reductions of up to 33% were measured for the more con-
centrated solutions. For 30 ppm PEO and pure water the
pressure distributions around the cylinder were found to be
identical, but for the 50 ppm PEO solution the base pressure
rose 30% and the boundary layer separation was delayed by
approximately 10◦. The main reason why James and Gupta
[7] have detected an increase in drag coefficient, contrary to
the results of Kato and Mizuno[11], lies in the fact that the
former used very small cylinder diameters, 0.15–0.36 mm.
According to Metzner and Astarita[12], very small cylin-
der diameters lead to high Deborah numbers which imply
a solid-like material response in the boundary layer. This
leads to a free-stream velocity independent behaviour and
an increase inCD.

These works, which represent most of the published lit-
erature on drag with polymer solutions, were carried out
with elastic, weakly shear-thinning fluids and investigated
the effects of rheology on the drag coefficient. In contrast,
moderately shear-thinning fluids are used here to investigate
effects of rheology on various quantities: the drag coeffi-
cient, the wake angle and the pressure rise coefficient. Be-
sides, this work continues our previous investigations[1,2],
where the various shedding flow regimes were identified
and partially characterized.

Flow characteristics depend not only on fluid rheology,
but in a strong manner on geometric issues such as the aspect
ratio and the existence of end plates, as well as on free-stream
turbulence. All these differ in all past works, as well as in
this work, therefore attempting to relate the various research
conclusions is often a very difficult task, touching on the
impossible.

In the next section, the experimental facility and the main
fluid characteristics are briefly described; more details are
presented in[1]. In Section 3, the dimensionless param-
eters that will be used in the data reduction analysis are
summarised and the variables that have more effect on the
cylinder drag coefficient (CD) are briefly review. Then, in
Section 4the new results are presented and discussed after
a brief summary of the flow identification is carried out[1].

2. Experimental facility and fluid characteristics

The flow measurements were carried out in a water tunnel
having a 6:1 contraction before a transparent test section
of 197 mm height and 120 mm width. Only one cylinder
was used in the pressure experiments: it had a diameter of
19.7 mm, leading to a blockage ratio of 10% and an aspect
ratio, L/D, of 6:1.

A diode fibre-optic laser-Doppler system from INVENT,
model DFLDA, was used to characterize the free stream.
This system was described in detail by Coelho and Pinho[1].

The pressure measurements were carried out with three
different P305D Validyne differential pressure transducers,
with different full scale values of 80, 200 and 880 mm H2O
respectively.

One pressure tap of 0.3 mm diameter was drilled on the
surface of the cylinder which was rotated with 5◦ increments
to allow measurement of the full pressure profile relative
to the static pressure measured at the test section wall. The
small size of the pressure tap meant that for the more viscous
fluids (0.4% CMC and 0.6% tylose), the response time was
slow, of about two minutes, in spite of the fact that the
connecting tubes were filled with water.

The pressure transducers were connected to a 386 PC via
a data acquisition Metrabyte board DAS8 and a Metrabyte
ISO4 multiplexer board. For each angular location a sample
of 2000 readings was taken and the statistical quantities
were calculated by purpose-built software, with an estimated
overall uncertainty of 4.3, 0.8 and 1.2% for the three pressure
transducers. Based on the literature[13,14], the measured
pressure differences and rheological information for similar
fluids from [15], the hole pressure error was estimated not
to exceed 2% in the worst case (0.4% CMC solution at the
highest Reynolds number).

High and low molecular weight polymers were dissolved
in water to produce elastic and weakly elastic shear-thinning
fluids, respectively, and the results compared to those of two
Newtonian fluids of different viscosities. The weakly elas-
tic fluids were aqueous solutions of 0.2, 0.3, 0.4 and 0.6%
by weight concentration of a methyl hydroxyethyl cellulose,
brand name tylose, grade MH 10,000 K from Hoechst, with
a molecular weight of 6000 kg/kmol. The more elastic fluids
were aqueous solutions of carboxymethyl cellulose sodium
salt (CMC), grade 7H4C from Hercules, with a molecular
weight of 300,000 kg/kmol, at weight concentrations of 0.2
and 0.4%. To prevent bacteriological growth and degradation
0.02% w/w of a biocide, Kathon LXE 1.5% from Rohm &
Haas, was added to all solutions of CMC. Only two solutions
of CMC were used, because the CMC solutions degraded
much faster than the tylose solutions and the pressure mea-
surements were relatively long. The Newtonian fluid was a
mixture of w/w 40% water and 60% glycerine, having a vis-
cosity of 0.0073 Pa s at 25◦C, the temperature at which all
tests were carried out. The viscosity and other rheological
properties of these non-Newtonian fluids are presented in
detail elsewhere[1], but here they are briefly summarized.

All the solutions exhibited shear-thinning behaviour,
as can be seen in the viscosity–shear rate plot ofFig. 1,
with the CMC solutions being more shear-thinning than
the tylose solutions at equal polymer concentrations. The
Carreau–Yasuda viscosity model (Eq. (1)) was fitted to the
data (full lines inFig. 1) and their parameters are listed in
Table 1.

µ = µ∞ + (µ0 − µ∞)
[
1 + (λγ̇)a

]n−1/a (1)

The elasticity of the solutions was assessed from creep
and oscillatory shear flows. With the creep test a relaxation
time (λe) was determined for some of the solutions and they
are listed inTable 2along with the corresponding precision
(random) uncertainty at a 95% confidence level. Here the
relaxation time is determined as the ratio between the shear
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Fig. 1. Viscosity vs. shear rate at 25◦C. Full line: adjusted Carreau–Yasuda viscosity model. Symbols as in notation.

Table 1
Parameters of the Carreau–Yasuda viscosity model for tylose and CMC solutions

Solution η0 (Pa s) η∞ (Pa s) λ (s) a n γ̇ (s−1)

0.4% CMC 0.1598 0.0008 0.0681 0.991 0.513 1–4000
0.2% CMC 0.0358 0.0008 0.0271 1.043 0.581 30–4000
0.6% tylose 0.0705 0.0008 0.00720 1.006 0.558 5–4000
0.4% tylose 0.0227 0.0010 0.00304 0.741 0.608 10–4000
0.3% tylose 0.0107 0.0010 0.00095 0.653 0.594 10–4000
0.2% tylose 0.00614 0.0008 0.00011 0.290 0.631 20–4000

Table 2
Relaxation time of some solutions from creep tests at 25◦C and corresponding uncertainty

0.4% CMC 0.2% CMC 0.6% tylose 0.4% tylose 0.3% tylose 0.2% tylose

λe (s) 0.488 0.162 0.389 0.053 0.0212 0.0165
�λe/λe ±6% ±14% ±3% ±19% – –

deformation,γ0, and the shear rate,γ̇∞, at a limiting zero
shear stress (λe ≡ limτ→0 (γ0/γ̇∞)), following the proce-
dure outlined in Bird et al.[16]. The numerical values of
λe for the 0.3% and 0.2% tylose solutions were estimated
according to a procedure outlined by Coelho and Pinho[1]
and are also given inTable 2.

3. Pressure coefficient, related quantities and other
effects

The pressure distribution around a cylinder is charac-
terized by various quantities introduced in this section.
A discussion of the flow properties affecting the pressure
distribution is also presented.

Profiles of dimensionless pressure around a cylinder, in
the form of the pressure coefficientCp of Eq. (2), is shown in
Fig. 2for the 0.2% CMC solution at a Reynolds numberRe∗

of 565 and for the glycerine–water mixture atRe= 863. The
viscosity used to calculateRe∗ is based on a characteristic
shear rate ofU∞/(2D), for reasons explained in detail by
Coelho and Pinho[1]. The pressure coefficient is defined as:

Cp ≡ P − P∞
ρU2∞/2

, (2)

whereP, P∞, ρ andU∞ stand for the pressure on the cylin-
der surface, the free-stream static pressure, fluid density and
free-stream velocity, respectively.

Cp is equal to 1 in the forward stagnation point, then it
decreases to the minimum pressure coefficient,Cpm, some-
where at an angleθ of about 70–73◦ measured from the
forward stagnation point. With increasingθ, Cp rises again
to a constant value at the back of the cylinder called the
base pressure coefficient,Cpb. Its symmetric value,−Cpb,
is called the suction coefficient. The free-stream static
pressure,P∞, was calculated from the stagnation pressure,
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Fig. 2. Mean pressure distribution,Cp, around the cylinder for the solution of 0.2% CMC atRe∗ = 565, and the glycerine–water mixture atRe= 863.

measured at the cylinder forward stagnation point, and the
measured free-stream velocity.

Slight asymmetries in the mean pressure distribution were
detected at anglesθ ranging from 70◦ (290◦) to 100◦ (260◦),
but never exceeding 7 and 3% for the tylose and CMC so-
lutions, respectively.

The mean pressure distributions were processed to eval-
uate various quantities: the form drag coefficient,CD, was
obtained by integration of the pressure profile as inEq. (3)
and the base pressure coefficient,Cpb, was defined as the
averageCp in the wake region, seeEq. (4).

CD =
∫ 2π

0 cosθ · P · dθ

ρU2∞
, (3)

Cpb =
∫ θw,2
θw,1

(P − P∞)/(ρU2∞/2) · dθ

θw,2 − θw,1
=

∫ θw,2
θw,1

Cp · dθ

θw,2 − θw,1
.

(4)

Other relevant quantities are the minimum pressure coef-
ficient, Cpm, and an estimate of the separation angle of the
boundary layer also known as wake angle,θw. θw was de-
termined and defined as suggested by Niemann, following
Güven et al.[17]: the angle corresponding to the intercep-
tion of an horizontal line, representing the base pressure co-
efficient, with the slopping straight line fitted to theCp val-
ues in the adverse pressure gradient region (see sloping line
in Fig. 2). The two values of wake angle,θW,1 and θW,2,
were averaged to determineθW, as was the case for the two
minimum pressure coefficients,Cpm,1 andCpm,2.

Fig. 2 is representative of pressure distributions on the
cylinder surface in that profiles collapse within the±60◦
cylinder forward region, and show the effects of Reynolds
number and fluid rheology elsewhere.

The pressure rise coefficient,Cpb − Cpm, which is a mea-
sure of the pressure rise sustained by the boundary layer

prior to separation[18], was also calculated. This coefficient
and the various quantities just defined are affected by the
Reynolds number, the free-stream turbulence, blockage ra-
tio, aspect ratio and the presence of end plates as discussed
next.

According to Surry [19], who studied the effects of
free-stream turbulence on subcritical Newtonian cylinder
flows (at a Reynolds number of 40,000), a decrease in the
Taylor parameter can increase the drag coefficient. The
Taylor parameter,T, is given by:

T = u′

U∞

(
D

Lu(x)

)1/5

, (5)

whereu′, D andLu(x) stand for the average value of the rms
of the instantaneous longitudinal velocity, cylinder diameter
and longitudinal turbulence length scale based on the lon-
gitudinal component of the velocity. The free-stream turbu-
lence in this work varied between 6 and 3%, as presented
in detail by Coelho and Pinho[1]. Other works in the liter-
ature have values of turbulence intensity of the order of 2%
or less at values of Reynolds number similar to ours.

The effect of blockage on the drag coefficient has been
more thoroughly investigated[18,20–22]. For a 10% block-
age andRe> 104, West and Apelt[22] showed that any of
the drag coefficient correction methods presented in their
work resulted in poorer values than the original uncor-
rected data. Hence, considering also the unknown effects of
non-Newtonian rheology on blockage, it was decided not to
apply any corrections to the present data.

West and Apelt[22] also studied the effect of aspect ratio
on the drag coefficient and observed an increase inCD with
a decrease in the aspect ratio, forRe> 104. ForRe∈ [200, 2
× 104] Norberg[23] investigated the influence of the aspect
ratio on the suction coefficient, which has a similar behaviour
to that of CD. At high Reynolds numbers he noticed the
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same pattern as that reported by West and Apelt[22], i.e. an
increase in suction coefficient with a decrease in the aspect
ratio, but forRe< 8 × 103 the opposite was found.

From these findings and given the different flow condi-
tions of our experiments and those in the literature, different
values ofL/D, blockage ratio and free-stream turbulence,
the meaningful comparisons are those between Newtonian
and non-Newtonian fluids under similar flow conditions, i.e.
with similar levels of free-stream turbulence and with the
same geometry. Therefore, the data from the glycerine–water
mixture obtained in this work will be used henceforth as a
reference for comparisons with the data for non-Newtonian
fluids.

4. Results and discussion

Three flow regimes were clearly identified and delimited
for each fluid by Coelho and Pinho[1]: the laminar vortex
shedding regime; the transition regime, which includes the
A- and B-modes of shedding; and the shear-layer transition
regime, where the laminar-turbulent transition takes place in
the shear layers.Table 3summarises these findings by listing
the various critical Reynolds numbers and their uncertainties
for the 20 mm cylinder diameter.Re∗otr and Re∗etr represent

Table 3
Critical Reynolds numbers marking the onset or the end of flow regimes (20 mm cylinder). From Coelho and Pinho[1]

Fluid Re∗otr Re∗etr Re∗lf ; lf /D Re∗bbp

0.4% CMC 165 (±9.0%) 316 (±12.1%) 275 (±7.0%); 4.4 416 (±26.4%)
0.2% CMC 178 (±8.9%) 525 (±9.2%) 356 (±6.3%); 4.5 1160 (±10.4%)
0.6% tylose Not detected Not detected 175 (±3.7%); 3.8 415 (±11.9%)
0.4% tylose 143 (±13.3%) 555 (±9.9%) 1090 (±2.5%); 2.7 1490 (±11.3%)
0.3% tylose Hard to detect 1160 (±11.5%) 1850 (±3.9%); 2.9 2370 (±8.8%)
0.2% tylose Hard to detect 2060 (±9.6%) 1950 (±8.3%); 2.3 4100 (±12.4%)
Glycerin + water 717 (±12.5%) 1890 (±11.8%) 2000 (±7.1%); 3.4 5270 (±10.6%)

Fig. 3. Variation of form drag,CD, with Re∗. Symbols as in notation, full line: Wieselsberger[20]; ( , ) uncertainties in the values ofCD and Re∗.

the onset and end of the transition regime,Re∗lf marks the
sudden drop in formation length and consequently indicates
the onset of the shear-layer transition regime wheneverRe∗lf
> Re∗etr. The corresponding value oflf /D is listed in the
same column. Finally,Re∗bbp designates the end of the region
where the power spectrum distribution shows a broad basis
at peak frequency.

Next, the variations of drag coefficient, pressure rise coef-
ficient and wake angle with Reynolds number are presented
and the relationships between those parameters and the crit-
ical Reynolds numbers are sought. A more detailed analysis
is carried out later for data pertaining to the shear-layer tran-
sition regime and, at the end, the variations in the pressure
rise coefficient are tentatively related with fluid elasticity.

4.1. Form drag coefficient

TheCD variation with the Reynolds number is presented
in Fig. 3 for all fluids. The full line represents the Wiesels-
berger data for Newtonian fluids, taken from Roshko[20],
under quasi-ideal conditions of low free-stream turbulence,
low blockage ratio and high aspect ratio.

As is know from the literature[11,22,23]for Re > 2 ×
104 there is an increase ofCD as blockage ratio increases
and the aspect ratio decreases, and this also occurs in our
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facility. At low Reynolds numbers (20< Re< 104) Kato
and Mizuno[11] and Norberg[23] noticed a reduction of
CD whenL/D decreased. The opposing effects of blockage
and aspect ratios at low Reynolds numbers tend to cancel
since the experimental data follow the line of Wieselsberger
pertaining to low blockage and high aspect ratio.

For Reynolds numbers below 800 there is a reduction of
the drag coefficient relative to the Newtonian values, and
this is quite clear in the lowerCD values for the more con-
centrated polymer solutions, a finding also made by Kato
and Mizuno[11]. The main reason for this difference in
CD is fluid elasticity. As shown in references[2,10], elastic-
ity reduces the turbulent shear stress in the shear layer, but
it can also reduce the effect of Kelvin–Helmoltz instabili-
ties, which are present forRe> 180, according to Persillon
and Braza[24] and Prasad and Williamson[29]. Generally
speaking, the interaction between the shear layer and the re-
circulating bubble decreases with elasticity, consequently the
entrainment of fluid from the formation region is reduced,
and the formation length increases. To maintain the equilib-
rium of forces within the recirculating bubble the base pres-
sure has to increase in order to compensate for the lower
shear stresses, thus reducing the drag coefficient. More de-
tails about the balance of forces acting within the recircu-
lating bubble are explained by Balachandar et al.[25]. For
a semicircular cylinder Kiya et al.[9] have also observed
that a reduction of the interaction between the free shear
layers and the recirculating bubble decreased the drag co-
efficient. Larger reductions ofCD by fluid elasticity than
by shear-thinning was also observed for the flow around a
sphere by Acharya et al.[26,27].

For Reynolds numbers above 800 the analysis ofFig. 3, is
complicated by differences in flow regime (seeTable 3): the
critical Reynolds number for the beginning of the shear-layer
transition regime, usuallyRe∗lf , is not the same for all solu-
tions and is a strong function of fluid elasticity[2]. As is
known from[28,29] this flow regime has a significant im-
pact on the drag coefficient; basically,CD increases when
the laminar-turbulent transition takes place in the free shear
layers and moves upstream towards the cylinder. The vari-
ation ofCD for high Reynolds number flows is analysed in
Section 4.4, where a more detailed study of the shear-layer
transition regime is presented.

Fig. 4shows the relationship between the drag coefficient,
the formation length,lf , and the critical Reynolds numbers
in Table 3. Generally speaking, the drag coefficient starts
to increase in the vicinity of the Reynolds number where
there is a sudden decrease in the formation length,Re∗lf ,
in agreement with findings from[28,29]. The variation of
formation length is opposite to that of the drag coefficient as
explained by Bearman2. Apart from that, there is no apparent
relation between the other critical Reynolds numbers and
the variations ofCD.

2 According to Woo et al.[30].

4.2. Pressure rise coefficient, Cpb − Cpm

In this section the variation of the pressure rise coefficient
with the Reynolds number is analysed. According to[17,18],
the blockage and the aspect ratio do not significantly affect
this coefficient in the supercritical and transcritical regimes.

Fig. 5 shows the variation ofCpb − Cpm with Reynolds
number for all the solutions used. The pressure rise coeffi-
cient decreases with Reynolds number, but the variation is
not very intense. For the tylose solutions there is a clear in-
crease inCpb − Cpm with the polymer concentration, which
is not observed for the CMC solutions.

For a better insight onto the relationship between these
various quantities, the sameCpb − Cpm data were plotted
for each fluid individually, together with data on the critical
Reynolds numbers and formation length, but no significant
influence was found.

4.3. Wake angle,θw

The variation of wake angle with Reynolds numberRe∗ is
represented inFig. 6 for all fluids. The full lines delimit the
range of values that can be found in the literature, as com-
piled by Son and Hanratty[31], and pertains to Newtonian
fluids. All the data lie on the lower limit of this range but,
according to Güven et al.[17], the wake angle is an estimate
of the true boundary layer separation angle which takes on
lower values than the real separation angle, at least in the
supercritical and transcritical regimes. The same occurs at
these low Reynolds numbers where the wake angle,θw, can
still be considered a fairly good estimate of the separation
angle.

As with the pressure rise coefficient, the wake angle
data were reproduced individually to investigate possible
relations with the critical Reynolds numbers and formation
length, but no visible correlations were found. However,
there is a common characteristic to all solutions in that as
the formation length decreases with the Reynolds number
the same happens with the wake angle, i.e. the bound-
ary layer separation point moves upstream on the cylinder
surface aslf decreases.

4.4. The shear-layer transition regime

Woo et al. [30] quoted Bearman’s finding that there is
a good correlation between the formation length and the
pressure base coefficient. Since the variations ofCpb andCD
are opposite,CD is represented as a function ofD/lf in Fig. 7
for the data pertaining to the shear-layer transition regime;
the plot shows a good correlation between the two quantities.
This is also in agreement with another of Bearman’s findings
quoted in[30]: that there is an increase inCD with a decrease
in lf .

To assist in analysing data,Fig. 8 plots the ratiolf /lfc
as a function ofRe∗ − Re∗lf (these data were taken from
[2]). The critical formation lengthlfc corresponds to the
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Fig. 4. Comparison between the form drag,CD, and the critical Reynolds numbers and formation length,lf /D taken from[1]. Symbols as in notation
for CD; ( ) lf /D; vertical lines: (�) Re∗otr, (�) Re∗etr, (�) Re∗lf , (�) Re∗bbp. ( ) Uncertainties in the values ofCD.

value of lf just prior to its sudden drop, atRe∗ = Re∗lf . The
more elastic solutions of CMC and 0.6% tylose show the
highest relative reduction in the formation length, whereas
the smallest variations are those of the Newtonian fluid.

As discussed by Coelho and Pinho[2], these observations
are consistent with and extend the findings of Cadot and
Kumar [32] that fluid elasticity stabilise the shear layers.
In fact, as the shear layers become turbulent it is expected
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Fig. 5. Variation of the pressure rise coefficient,Cpb −Cpm, with Re∗. Symbols as in notation. () Uncertainties in the values ofCpb −Cpm.

that those that are more stable will be more extensively
modified.

In Fig. 8, the behaviour of the 0.6% tylose solution is
completely different from that of the others fluids. This fluid
was the only solution for which the transition regime was
suppressed[1] and arguably delayed the upstream progress
of the shear-layer transition. Such a delay impairs the pro-
gressive decrease in formation length so typical of this flow
regime and leads to higher Strouhal numbers[2], because
the shear layers are thinner, in this way promoting vortex
shedding.

Since the critical Reynolds number for the onset of the
shear-layer transition regime (Re∗lf ) is not the same for all
solutions[1], significant differences inCD, Cpb − Cpm and
θw are artificially induced in the data comparison by the
fact that the shear layers for different fluids are at different
stages of development at identical Reynolds numbers. These

Fig. 6. Variation of the wake angle,θw, with Re∗. Symbols as in notation. Full lines, Son and Hanratty[31].

differences can therefore be removed by plotting the data
as a function ofRe∗ − Re∗lf as suggested by Coelho and
Pinho[2]. This abscissa will also emphasise elastic effects
because, in principle, at the sameRe∗ − Re∗lf the shear layers
should be similar unless rheological characteristics, other
than viscous effects, are important. The data onCD, Cpb −
Cpm andθw are then presented as a function ofRe∗ − Re∗lf
in Figs. 9–11respectively.

The similarity between the relative positions of theCD
curves inFigs. 7 and 9is not totally unexpected given the
good collapse of all the formation length curves when rep-
resented againstRe∗ − Re∗lf (seeFig. 12in [2]).

Generally speaking, the intense reduction oflf /lfc with
polymer concentration seen inFig. 8does not lead to an in-
crease in drag coefficient; quite the opposite, fluids exhibit-
ing the strongest reduction oflf /lfc have the lowest values of
the drag coefficient seen inFig. 9, with the exception of the
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Fig. 7. Variation of form drag,CD, with the inverse of the formation length,D/lf , in the shear-layer transition regime. Symbols as in notation.

Fig. 8. Ratio of formation lengthlf /lfc as a function ofRe∗ − Re∗lf in the shear-layer transition regime. Symbols as in notation.

Fig. 9. Variation of form drag,CD, with Re∗ − Re∗lf in the shear-layer transition regime. Symbols as in notation.
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Fig. 10. Variation of the pressure rise coefficient,Cpb −Cpm, with Re∗ − Re∗lf in the shear-layer transition regime. Symbols as in notation.

Newtonian fluids. This is due to the simultaneous increase
of the pressure rise coefficient and wake angle with polymer
concentration (cf.Figs. 10 and 11), both of which concur to
reduceCD by narrowing the wake.

Analysing the behaviour of the CMC solutions in
Figs. 7–11, we do not see any remarkable differences with
polymer concentration. A homogenisation of the Strouhal
number behaviour was also detected for these same so-
lutions by Coelho and Pinho[2] and this was related to
particular end effects seen with these fluids. Although the
CMC solutions exhibit the lowest values oflf /lfc, they also
have the highest pressure rise coefficient and wake angle;
these two quantities determine the lowest drag coefficients
because the wake is very narrow.

The tylose solutions show an initial increase inCD,
when the polymer concentration raises from 0% (New-

Fig. 11. Variation of the wake angle,θw, with Re∗ − Re∗lf in the shear-layer transition regime. Symbols as in notation.

tonian) to 0.2% and then to 0.3% (cf.Figs. 7 and 9).
This is consistent with thelf /lfc reduction inFig. 8, and
with the corresponding low values ofCpb − Cpm and
θw, in Figs. 10 and 11, respectively. The increase in
turbulent shear-layer stress, responsible for the reduc-
tion of formation length, increases the drag coefficient
[25,29].

When the tylose concentration goes from 0.3 to 0.4%
and then to 0.6%,CD is reduced and this is consistent with
the higher values of the pressure rise coefficient and wake
angle. So, it seems that the ability of the boundary layer
to sustain a higher pressure rise prior to separation (higher
values ofCpb − Cpm), thus reducing the drag coefficient by
narrowing the wake, more than compensates the opposite
effect onCD of the transition taking place in the free shear
layers.
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Fig. 12. Variation of elastic numberRe∗/We with the average pressure rise coefficient,Cpb − Cpm Symbols as in notation.

4.5. Pressure rise coefficient and elasticity

It is evident inFig. 10 that the pressure rise coefficient
grows with polymer concentration. In the region comprised
by the minimum and base pressure coefficients (Cpm and
Cpb, respectively cf.Fig. 2) the polymer molecules are
subjected to compression and it is known that elastic flu-
ids exhibit greater resistance to normal deformations than
inelastic fluids [16]. This is translated as higher exten-
sional viscosities. In adverse pressure gradient regions the
longitudinal velocity gradient du/dx is negative, i.e. since
normal strains are resisted more intensively by elastic fluids
there is consequently a retardation of the velocity profile
and in particular of the boundary layer separation point
which moves downstream. In this way, upstream of the
boundary layer separation point, the elastic fluids are able
to sustain a larger pressure increase than the inelastic flu-
ids. By these arguments, and fromFig. 10, even the more
dilute tylose solutions seem to have extensional viscosities
above those for Newtonian fluids. In fact, Pereira and Pinho
[33] also found drag reduction in turbulent fully-developed
pipe flow for these tylose solutions and in spite of their
small molecular weight. This is an indirect indication of
an enhanced extensional viscosity, if we assume that drag
reduction in turbulent pipe flows is caused by high exten-
sional viscosities. The DNS calculations of Dimitropoulos
et al. [34] and Ptasinski et al.[35], amongst others, do cor-
roborate the fundamental link between an enhanced Trou-
ton ratio and significant drag reduction in turbulent pipe
flow.

Given the apparent relation between elastic effects and
the pressure rise coefficient, and taking advantage of the
approximately constant values ofCpb − Cpm for a given
fluid and for each flow condition, we decided to rep-
resent in Fig. 12 the average pressure rise coefficient
Cpb − Cpm defined inEq. (6) as a function of the elastic

numberRe∗/We≡D·Re∗/(U∞·λe) [1]. Cpb − Cpm was cal-
culated by numerical integration andλe is the relaxation
time.

Cpb − Cpm =
∫ Re2

Re1
(Cpb − Cpm) dRe/(Re2 − Re1) (6)

There is a good correlation betweenRe∗/We and
Cpb − Cpm, and the same happens regardless of the defini-
tion of characteristic shear rate used to quantify the viscos-
ity used in the Reynolds number. The differences between
tylose and CMC solutions seen inFig. 12are probably due
to the characteristic end effects of the CMC solutions (cf.
reference[1]).

5. Conclusions

For Reynolds numbers below 800 a reduction of the
drag coefficient with the polymer concentration was ob-
served and the main reason for this behaviour was fluid
elasticity. By reducing the turbulent shear stress in the
shear layers, the entrainment of fluid by the shear layers
from the formation region decreased and both the forma-
tion length [2,10] and the base pressure increased. The
latter compensated the reduction in the turbulent shear
stress to maintain the equilibrium of forces within the re-
circulating bubble, in this way reducing the drag coeffi-
cient.

The pressure rise coefficient did not change appreciably
with the Reynolds number, and for the tylose solutions there
was a clear increase inCpb − Cpm with polymer concentra-
tion. Globally, the effects of the critical Reynolds numbers
and formation length on the pressure rise coefficient were
weak.

The perturbations observed by Coelho and Pinho[2] at
the edges of the cylinder with CMC solutions could be
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responsible for the higher scatter of pressure related data
and could also account for the differences between tylose
and CMC solutions: the apparent independence ofCD on the
polymer concentration for the CMC solutions in contrast to
results for the tylose solutions.

Within the shear-layer transition regime, there was a re-
duction oflf /lfc with the polymer concentration, but this did
not rise the drag coefficient, in fact quite the opposite: fluids
showing the highest reduction oflf /lfc had the lowest drag
coefficient. This was due to the simultaneous increase of the
wake angle and the pressure rise coefficient with polymer
concentration, both of which concur to reduceCD by nar-
rowing the wake.

Apparently, the ability of the boundary layer to sustain an
higher pressure rise prior to separation, i.e. higher values of
Cpb − Cpm, that reduce the drag coefficient by narrowing the
wake, overshadows the opposite effect onCD of transition
taking place in the free shear layers.

A good correlation between the elastic numberRe∗/We
and the pressure rise coefficientCpb − Cpm was found and
this was fairly insensitive to the characteristic shear rate used
to quantify the characteristic viscosity.
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