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The general analytical solution for the two-dimensional steady planar extensional flow with wall-free
stagnation point is obtained for viscoelastic fluids described by the upper convected Maxwell model pro-
viding the stress and pressure fields. The two normal stress fields contain terms that are unbounded for
|a|De < ½, |a|De > ½ and even for any |a|De, where De denotes the Deborah number and |a|De denotes the
Weissenberg number, but the pressure field is only unbounded for |a|De < ½. Properties of the first invari-
ant of the stress tensor impose relations between the various stress and pressure coefficients and also
require that they are odd functions of |a|De. The solution is such that no stress singularities exist if the
stress boundary conditions are equal to the stress particular solutions. For |a|De < ½ the only way for
the pressure to be bounded is for the stresses to be constant in the whole extensional flow domain
and equal to those particular stresses, in which case the loss of stress smoothness, reported previously
in the literature, does not exist. For |a|De > ½, however, the pressure remains bounded even in the pres-
ence of stress singularities. In all flow cases studied, the stress and pressure fields are contained by the
general solution, but may require some coefficients to be null.

� 2015 Elsevier B.V. All rights reserved.
1. Introduction

The stagnation point flow is a canonical extensional flow useful
for a variety of purposes from extensional rheology [1] to the
extension and sequencing of macromolecules [2]. Its use in
micro-mixing devices operating with viscoelastic fluids at high
Weissenberg numbers is currently another topic of intensive
research [3,4] due to the presence of elastic instabilities. In spite
of its usefulness, a full mathematical solution to the 2D steady uni-
axial extensional flow for viscoelastic fluids verifying simultane-
ously the constitutive and momentum equations is still lacking,
even though there are useful analysis that provide some of its char-
acteristics, i.e., that satisfy both governing equations and are con-
tained within the full solution.

Rallison and Hinch [5] discussed problems faced in predicting
viscoelastic fluid flows with bead-spring models and showed that
for linear dumbbells, such as with the Upper Convected Maxwell
model (UCM), stress singularities can exist but remain integrable.
This was shown through the stress solution in a small constant
strain-rate flow region unperturbed by the polymer as can be
found in a four roll mill set-up, where they showed the dependence
of the principal normal stress on the transverse coordinate
(y) along the outgoing flow centerline suggesting also an
un-quantified dependence on the streamwise coordinate. The sin-
gularity observed as y! 0 depended on the flow Deborah number
(De). Renardy’s [6] solution showed the same dependence of the
normal stress on the transverse coordinate along the outgoing flow
centerline and he interpreted the dependence on De as meaning
that the stresses degrade in smoothness as a function of De.

The more general analytical solution of Thomases and Shelley
[7] for the planar extensional flow considers time-dependent stres-
ses and provides functional forms for the dependence of the stress
fields on both coordinates (x and y) and on time. Then, they con-
centrate on cases showing little dependence on the outgoing coor-
dinate (x) given the type of singular structures that appear in their
numerical simulations of an idealized four roll mill. In addition,
Thomases and Shelley [7] discuss how the strain rate is actually
achieved at the stagnation point region and how it feels the stress.
Nevertheless, as in Renardy [6] and in the subsequent investigation
of singular stress structures of several constitutive models by
Becherer et al. [8], their analytical solution for steady flow only
shows the dependence on the transverse coordinate of the outgo-
ing flow (y), and does not consider the effect of x, which plays
the role of the transverse coordinate of the incoming flow. As will
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be shown this second dependence can lead to a stress singularity
under a second range of flow conditions, so that the complete
stress field for steady flow could have singularities regardless of
the Deborah number. This will be discussed in depth to show that
our solution contains the previous cases and that flow symmetry
imposes restrictions to the solution and flow realizability may fur-
ther restrict the values of some solution parameters.

Earlier studies of stagnation point flows were concerned with
their practical implementation and rheological applications, as in
the four roll mill [9,10] or cross-slot devices [11]. Other attempts
at obtaining a general flow solution for extensional flows of vis-
coelastic fluids described by the Maxwell model includes the con-
tribution of Phan-Thien [12], who reported boundary-layer-like
velocity fields for the planar and axi-symmetric geometries for
flows with inertia, but did not provide the corresponding stress
profiles. More recently, Van Gorder [13] considered a general stag-
nation point flow, including both free and wall stagnation points,
and obtained first the stress profiles for the wall-free stagnation
point flow assuming also that they only depended on the transverse
coordinate of the outgoing flow, and subsequently showed that the
solution of the stress equations for the general velocity flow, which
they did not obtain, failed to satisfy the momentum equation.

In this work we present the complete analytical solution for the
stress field of the viscoelastic upper convected Maxwell fluid in the
wall-free steady 2D stagnation point inertialess flow and subse-
quently we rely on flow symmetry properties to determine the
final form of the general solution. The basic flow, coordinate sys-
tem and governing equations are introduced in Section 2, the gen-
eral stress field solution is determined in Section 3 and the
discussion of the general solution is carried out in Section 4, where
issues of flow symmetry first impose limits to the solution and the
subsequent analysis of numerical results for UCM fluids helps the
discussion of its realizability.

2. The flow and the governing equations

The steady planar wall-free stagnation point flow to be consid-
ered here is expressed by Eq. (1)

u ¼ ax ð1:aÞ

v ¼ �ay ð1:bÞ

where u, v denote the velocity vector components in the x, y dimen-
sionless coordinate directions of the normalized velocity vector u,
respectively and a is the normalized constant rate of strain. The
wall-free stagnation point is at the origin of the coordinate system
and the flow domain is a square of L � L size. For a > 0 the flow
enters from the top and bottom (along axis y) and exits to the left
and right (along axis x) and these flow directions are reversed for
a < 0, i.e., the flow now enters along axis x and exits along axis y.

This velocity field immediately satisfies continuity, and the gov-
erning equation that needs to be solved for the dimensionless
stress field (T) of the UCM constitutive model is given in Eq. (2).

Tþ De T
r
¼ 2D ð2Þ

The dimensional stress components are normalized by gU=L,
where g is the viscosity coefficient of the UCM model, U is an
appropriate velocity scale and the square size L is the characteristic
length scale. Tensor D is the dimensionless rate of deformation,
defined as D ¼ ðruþruTÞ=2, De is the Deborah number
(De � kU=L), where k is the relaxation time of the fluid and the nor-
malized rate of strain is defined from the dimensional rate of strain
(a) as a � a=ðU=LÞ. It is also useful to consider an alternative
dimensionless relaxation time, the Weissenberg number defined
as Wi � kjaj, that is given also as Wi ¼ jajDe.
In Eq. (2) the upper convected derivative of the stress (T
r

) is
defined by

T
r
� Ds

Dt
� T � ru�ruT � T ð3Þ

where D/Dt represents the material derivative.
The solution must also verify the momentum equation for

creeping flow

�$pþ $ � T ¼ 0 ð4Þ

where p denotes the dimensionless pressure (pressure is normal-
ized as the stresses). The momentum equation is used in this form
to determine the pressure field once the stress field is known, but to
help determine the stress field it is used in the form of Eq. (5) from
which the pressure has been eliminated by deriving the x-momen-
tum equation in order to y, deriving the y-momentum equation in
order to x and subtracting one ensuing equation from the other.

@2Txx

@y@x
þ @

2Txy

@y2 �
@2Tyy

@x@y
� @

2Txy

@x2 ¼ 0 ð5Þ
3. Analytical solution

In order to determine the stress field, the velocity field of Eq. (1)
is substituted onto the constitutive Eq. (3) resulting in the follow-
ing linear system of partial differential equations

Txx þ De ax
@Txx

@x
� ay

@Txx

@y
� 2Txxa

� �
¼ 2a ð6:aÞ

Txy þ De ax
@Txy

@x
� ay

@Txy

@y

� �
¼ 0 ð6:bÞ

Tyy þ De ax
@Tyy

@x
� ay

@Tyy

@y
þ 2Tyya

� �
¼ �2a ð6:cÞ

The solution of this linear system is of the form Tij ¼ TijP þ TijH ,
where TijP is a particular solution and TijH is the solution of the cor-
responding system of homogeneous differential equations.
Inspection of Eqs. (6) shows that TijP is a constant stress satisfying
the set of algebraic Eqs. (7).

Txx � Deð2aTxxÞ ¼ 2a! TxxP ¼
2a

1� 2aDe
ð7:aÞ

Txy ¼ 0! TxyP
¼ 0 ð7:bÞ

Tyy þ Deð2aTyyÞ ¼ �2a! TyyP
¼ � 2a

1þ 2aDe
ð7:cÞ

The homogeneous solution satisfies the following system of lin-
ear homogeneous PDEs

Txx þ De ax
@Txx

@x
� ay

@Txx

@y
� 2aTxx

� �
¼ 0 ð8:aÞ

Txy þ De ax
@Txy

@x
� ay

@Txy

@y

� �
¼ 0 ð8:bÞ

Tyy þ De ax
@Tyy

@x
� ay

@Tyy

@y
þ 2aTyy

� �
¼ 0 ð8:cÞ

Using the method of characteristics to solve the
corresponding time-dependent constitutive equation, Thomases
and Shelley [7] have obtained a solution for the stress field of the
form

Tijðx; y; tÞ ¼ TijP þ EijðtÞHijðxe�aDet; yeaDetÞ ð9Þ
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where for each stress component there is a specific time-dependent
function EijðtÞ and an arbitrary function Hijð Þ. This solution includes
the simplified steady flow cases of other investigations [5,6,8] for
undetermined strain rates (a), which can be found assuming that
Hijð Þ only depends on y and imposing time-independence as
t !1. Hence, according to Eq. (9) the general steady flow solution
will be any combination of powers of x and y including cross prod-
ucts, but simultaneous satisfaction of the momentum equation will
narrow this range, as will be shown. In particular, cross terms on x
and y do not satisfy simultaneously the constitutive equation and
the momentum Eq. (5).

The linear PDEs of Eq. (8) can be transformed into a system of
ordinary differential equations (ODEs) and solved if we assume
that the stress components depend nonlinearly on the space coor-
dinates as:

Tijðx; yÞ ¼ FijðxÞ þ GijðyÞ þ LijðxÞMijðyÞ ð10Þ

Since each of the PDEs is linear, its solution is the sum of the
solutions for each of the terms on the right-hand-side of Eq. (10).
This represents a variation of the well-established separation vari-
ables technique.

The sum of the first two functions FijðxÞ þ GijðyÞ is a solution of
the constitutive equation of the form

Tijðx; yÞ ¼ kijxpij þ tijyqij ðno sum over repeated indicesÞ ð11Þ

where the scalar exponents pij and qij are given by

pxx ¼ 2� 1
aDe

; qxx ¼ �2þ 1
aDe

pyy ¼ �2� 1
aDe

; qyy ¼ 2þ 1
aDe

pxy ¼ �
1

aDe
; qxy ¼

1
aDe

ð12a-cÞ

and the coefficients kij and tij take the form in Eq. (13), with those
associated with normal stresses depending on aDe.

kxx ¼
v1ðaDeÞ

2aDe� 1
; txx ¼

v2ðaDeÞ
1� 2aDe

kyy ¼
v3ðaDeÞ
�1� 2aDe

; tyy ¼
v4ðaDeÞ

1þ 2aDe

kxy ¼ v5; txy ¼ v6 ð13a-cÞ

However, Eq. (11) only satisfies the momentum equation pro-
vided the shear stress component is null, hence v5 ¼ v6 ¼ 0 for
simultaneous satisfaction of the momentum and rheological equa-
tions. The coefficients v1ðaDeÞ to v4ðaDeÞ are functions of aDe as
further discussed in Section 4.

Regarding the cross product LijðxÞMijðyÞ in Eq. (10), it satisfies
the rheological constitutive equation with a solution of the form

Tijðx; yÞ ¼ eijxrij ysij ðno sum over repeated indicesÞ ð14Þ

with different exponents rij and sij for each stress. However, these
contributions do not satisfy simultaneously the momentum equa-
tion unless the exponents of x and y are identical for all stress com-
ponents, respectively. This contradiction is removed only by
discarding the contribution of Eq. (14) from the complete solution,
by assuming eij ¼ 0.

In conclusion, the final stress field solution results from
adding the particular solution TijP with the homogeneous
solution TijH associated with the two first functions in Eq. (10) lead-
ing to

Txx ¼
2a

1� 2aDe
þ v1ðaDeÞ

2aDe� 1
jxj2�

1
aDe

h i
þ v2ðaDeÞ

1� 2aDe
jyj

1
aDe�2

h i
ð15:aÞ
Tyy ¼
�2a

1þ 2aDe
þ v3ðaDeÞ
�1� 2aDe

jxj�
1

aDe�2
h i

þ v4ðaDeÞ
2aDeþ 1

jyj2þ
1

aDe

h i
ð15:bÞ

Txy ¼ 0 ð15:cÞ

Once the stress field is known, the pressure field can be deter-
mined from the momentum Eq. (5) and is given in Eq. (16), where
pref is a reference pressure.

p ¼ pref þ
v1ðaDeÞ

2aDe� 1
jxj2�

1
aDe þ v4ðaDeÞ

2aDeþ 1
jyj2þ

1
aDe ð16Þ
4. Discussion

4.1. Restrictions and characteristics of the general solution

The pressure and stress fields for the steady planar extensional
flow of Eq. (1) of an UCM fluid are general and consequently they
must also provide the solution if the flow is reversed by changing
the sign of a. For instance, if a = �1 instead of a = 1, the dependence
of the stresses on x and y must be reversed and this requires that
v4ða ¼ �1Þ ¼ �v1ða ¼ �1Þ and v3ða ¼ �1Þ ¼ �v2ða ¼ �1Þ (i.e., for
symmetric values of a). This also means that each of the vjðaDeÞ
is an odd function of aDe and the first invariant of the stress tensor
is independent of the sign of a.

The determination of the coefficient functions v1ðaDeÞ and
v2ðaDeÞ requires boundary conditions for the stresses, which can
either be two conditions for one stress component or one each
for each component. The stress boundary conditions must comply
with the form of the solution and the easiest way for this to be the
case is to provide values of the stresses at specific points, as for
instance at the corners of the square box surrounding the stagna-
tion point as

TxxðL; LÞ ¼ b and TyyðL; LÞ ¼ u ð17Þ

In order for the solution to remain general those boundary con-
ditions must necessarily comply with the form of the coefficient
functions v1ðaDeÞ and v2ðaDeÞ, which we have seen to be odd func-
tions of aDe, i.e., for the sake of generality they must incorporate
the effect of the dimensionless strain rate a.

The stress field of Eq. (15) is the general mathematical solution
of the governing equations and for non-zero coefficients it leads to
bands of unbounded normal stresses, as follows:

(1) for a > 0: unbounded Txx as y! 0 for De > 1/|2a|; unbounded
Txx as x! 0 for De < 1/|2a|; unbounded Tyy as x! 0 for any
De;

(2) for a < 0: unbounded Tyy as x! 0 for De > 1/|2a|; unbounded
Tyy as y! 0 for De < 1/|2a|; unbounded Txx as y! 0 for any
De;

(3) in addition Txx and Tyy become unbounded at De ¼ 1=j2aj for
a > 0 and a < 0, respectively.

Inspection of Eq. (16) also shows the pressure to be singular for
De < 1/|2a| as x! 0 for a > 0 and as y! 0 for a < 0. However, for
De > 1/|2a| the pressure is well-behaved.

4.2. An interpretation of the singularities

Before discussing the mathematical solution it is worthwhile to
briefly summarize the type of singularities found by prior works in
the literature.

Renardy [6] and Becherer et al. [8] only investigated the effect
of the transverse coordinate y on the outgoing flow along the x-axis
(a > 0 in Eq. (1)) and consequently had shown mathematically the
ensuing stress singularity for aDe > ½, which is also contained in
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our more general solution. Renardy [6] also referred to the loss of
stress smoothness (unbounded nth derivative of the stress) for
1/(n + 2)<aDe < ½, and that this was found to occur even with rhe-
ological equations with bounded extensional stresses, such as the
Giesekus model (depending on the value of the extra rheological
parameter of the Giesekus equation). The observed loss of stress
smoothness also involved the stress dependence upon the trans-
verse coordinate y in their outflow, so although this is also con-
tained in our general mathematical solution, it is a different type
of singularity to the one reported in the previous section since in
our case (cf. case 1 in Section 4.1 with a > 0) the stress singularities
at aDe < ½ and at any aDe involve the x coordinate. Later, Becherer
et al. [8] restated all the findings of Renardy [6] for the UCM fluid
and subsequently investigated the behavior of the FENE-P fluids,
concluding that as for the Giesekus model, the FENE-P model can
have unbounded stress gradients, even if aDe < 1/2, depending on
the extra rheological parameters of the model.

Our complete mathematical solution for the 2D steady planar
extensional flow of UCM fluids has stress field singularities around
x = 0 or y = 0 for all values of the Deborah number and through
three different terms of the solution. In addition, the simultaneous
satisfaction of the constitutive and momentum equations requires
the shear stress to be null and the normal stresses to not depend on
cross products of x and y. Neglecting the effect of the outlet stream-
wise coordinate is only valid along the outlet centerline, as pointed
out by Becherer et al. [8], but by considering the general solution,
i.e., the dependence on x and y and the two possible flow orienta-
tions (both signs of a), shows other new singularities.

For positive or negative dimensionless strain rate (a)
unbounded terms of this solution appear always in three of the
four terms of both normal stresses, not to mention the singularity
at |a|De = 1/2: the expected singular behavior for |a|De > 1/2 (term
multiplying v2 or v3, for a > 0 and a < 0, respectively), and the
unexpected singular behavior for |a|De < 1/2 coming from the term
multiplying either v1 or v4 and for all values of |a|De via the term
multiplying either v3 or v2. At |a|De < 1/2 the pressure is also sin-
gular, but it is always bounded for |a|De > 1/2.

These are the characteristics of the general mathematical solu-
tion of the UCM constitutive equation for the imposed 2D steady
extensional flow conditions and it is now necessary to see whether
the solution is physically realistic. Prior to that it is instructive to
better understand the flow and stress fields by looking simultane-
ously to the Eulerian and Lagrangian solutions of a simplified ver-
sion of the extensional flow. The flow is steady and extensional
anytime and anywhere in the flow domain, even far from the stag-
nation point, and the three unbounded stresses actually corre-
spond to two different moments in the flow.

Let us consider the following steady flow field along the sym-
metry line y0 = 0, downstream of the stagnation point
(@u0=@x0 ¼ �@v 0=@y0 ¼ a, where a is the positive rate of strain; the
prime is used to denote dimensional coordinate and velocity).
Under these conditions v 0 ¼ 0 and @=@y0 ¼ 0 and the dimensional
normal stresses (sij) of the UCM fluid are given by

sxx þ k u0
@sxx

@x0
� 2asxx

� �
¼ 2ga ð18:aÞ

syy þ k u0
@syy

@x0
þ 2asyy

� �
¼ �2ga ð18:bÞ

To obtain the time dependent solution of the stress fields the

definitions of the total derivatives dsxx
dt0
¼ u0 @sxx

@x0 and dsyy

dt0
¼ u0 @syy

@x0 are
used leading to the ODEs

sxx þ k
dsxx

dt0
� 2kasxx ¼ 2ga ð19:aÞ
syy þ k
dsyy

dt0
þ 2kasyy ¼ �2ga ð19:bÞ

The general solutions of these two first order ODEs are given by

sxx ¼
c1x

1� 2ka
e�ð1�2kaÞt0=k þ 2ag

1� 2ka
ð20:aÞ
syy ¼ �
2ag

1þ 2ka
þ c1y

1þ 2ka
e�ð1þ2kaÞt0=k ð20:bÞ

For generality, imposing that both stresses are non-zero
(sxx ¼ sxx;0; syy ¼ syy;0) at t0 = 0 and considering t ¼ t0=k;Wi ¼ ka
and Tij ¼ sij=ðgaÞ, both normalized stresses are now given by

Txx ¼ Txx;0 �
2

1� 2Wi

� �
e�ð1�2WiÞt þ 2

1� 2Wi
ð21:aÞ
Tyy ¼ Tyy;0 þ
2

1þ 2Wi

� �
e�ð1þ2WiÞt � 2

1þ 2Wi
ð21:bÞ

Eqs. (21.a,b) show that the stresses become unbounded as
t !1 if Wi > 1=2, but remain bounded for Wi < 1=2, the expected
classical result. This is shown in Fig. 1(a) in the form of the dimen-
sionless Trouton ratio. For the reverse flow (a < 0), the solution of
sxx becomes that of syy and vice-versa.

Now, instead of the time solution, the corresponding spatial
solution of Eqs. (18.a,b) is the following sum of a particular solu-
tion with the solution of the corresponding homogeneous equation

sxx ¼
2ga

1� 2Wi
þ Cxxx2�1=Wi ð22:aÞ
syy ¼
�2ga

1þ 2Wi
þ Cyyx�2�1=Wi ð22:bÞ

Eq. (22.a) shows that sxx is singular for Wi < 1=2 and syy is singular
for any Wi very much as was observed in Eq. (15) regarding the
dependence on x for a > 0. From these singularities it appears that
the Eulerian solutions of Eqs. (22) do not correspond to the
Lagrangian solutions in Eqs. (20).

Integrating the velocity field u0 � dx0=dt0 ¼ ax0 one obtains
ln x0 ¼ at0 þ co or t0 ¼ lnð~c0x0Þ=a, showing that x0 2 R and x0 > 0 cor-
responds to t0 2 R with �1 < t0 < þ1. Substituting t0 ¼ lnð~c0x0Þ=a
into the general time-dependent solutions of Eq. (20), we obtain
the Eulerian solutions having the same form of Eqs. (22), with
Cxx ¼ ~c0c1x=ð1� 2kaÞ and Cyy ¼ ~c0c1y=ð1þ 2kaÞ. This shows that
the time-dependent general solutions of Eqs. (20.a,b) are equiva-
lent to the space-dependent solutions of Eq. (22).

The time-dependent solutions of Eq. (21), which we have shown
to be valid for �1 < t0 < þ1, have additional stress singularities
to that found at t !1 when Wi ¼ ka > 1=2. Indeed, Eqs. (21.a)
and (21.b) are also singular for t ! �1 for Wi < 1/2 and regardless
of the value of Wi, respectively and this is shown in Fig. 1(b) (the
abscissa plots �t). Therefore, the Lagrangian solution exactly con-
tains the three singularities referred to above in regard to Eq.
(15): the classical singularity of the UCM model fluid for the 2D
steady extensional flow at Wi > 1/2 is observed for positive large
times, i.e., as the fluid approaches the centerline y = 0 on moving
away from the stagnation point toward the ‘‘outlet’’ and the addi-
tional singularities for Wi < 1/2 and at any Wi, which take place at
the stagnation point (i.e., as x! 0 in this analysis for y = 0) by look-
ing far into the past, at large negative times. Here the fluid is
pinned to the stagnation point indefinitely and consequently the
stresses can never relax because the fluid particles will not be able
to leave that point over a finite time for a fluid model for which its
elastic spring and its stresses can grow infinitely under finite strain
rate conditions.
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Fig. 1. Evolution of the Trouton ratio (TR ¼ gþe =g ¼ Txx � Tyy for a > 0 and TR ¼ gþe =g ¼ Tyy � Txx for a < 0) with time according to Eqs. (21.a,b) for the stress conditions Txx;0 ¼ 0
and Tyy;0 ¼ 0 at t = 0: (a) TR versus t for t > 0 and (b) �TR versus �t for t < 0.
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However, Eqs. (21.a,b) tell us yet another story. If Tyy;0 ¼ �2=
ð1þ 2WÞ the singularity at any Wi for t ! �1 disappears and if
Txx;0 ¼ 2=ð1� 2WiÞ the singularity at Wi > 1/2 for t ! þ1 as well
as the singularity at Wi < 1/2 for t ! �1 both disappear. Note
that these specific values of the initial stresses are equal to the
particular stresses of the Eulerian solution (Eq. (15)).
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Fig. 2. Variation of the streamwise velocity component along the inlet horizontal
centerline for the 2D cross slot flow of a UCM fluid at Wi � 0.319 (De = 0.1). The
central square of the cross slot is at �1 6 x/L 6 +1 and �1 6 y/L 6 +1, velocities are
normalized by the inlet/outlet channel bulk velocity (U) and the inlet channels are
long enough for the fluid to be fully-developed far from the cross slot. Numerical
data are symbols, the red dashed line is a linear fit for data in the range �0.4 6 x/
L 6 +0.4 and the blue solid line is the corresponding cubic polynomial fit. The inset
shows the same data at �0.05 6 x/L 6 +0.05. Further details of the computations
can be found in [16]. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
4.3. Comparison of the general solution with some numerical data

A question arises as to the physical realizability of this analyti-
cal solution and to answer it we first need to address some limita-
tions of the flow kinematics and especially of the rheological
model.

As for the kinematics, a real flow is never purely extensional
everywhere, because its confinement constrains the flow some-
where and it ceases to obey strictly Eq. (1). Nevertheless, the flow
can still be described by Eq. (1) even if only within a small square
of size L surrounding the stagnation point. Alternatively, if the flow
is extensional but it is not exactly described by Eq. (1), the flow
kinematics will still contain that contribution, as shown in the
example of Fig. 2: here, although the velocity profile is better
approached by a cubic polynomial at the inlet centerline (blue line
in Fig. 2), the profile still retains the linear contribution of Eq. (1) as
the stagnation point is approached. Mathematically, in all these
cases this would still give rise to the three stress singularities
because the stress ODEs are linear for the given kinematics.

As for the rheology, it is well known that real fluids do not
strictly obey the UCM model, especially at high strain rates as
the molecules become stretched and their elastic behavior deviates
from that of a linear spring (the appearance of unbounded stresses
at finite strain rates is physically unrealistic as reported long time
ago [5]). This is a well-known deficiency of the UCM constitutive
equation leading to the stress singularities reported in the litera-
ture [5–7] and those in Eq. (15).
4.3.1. Behavior for |a|De < 1/2
To our best knowledge, in this range of flow conditions large

stresses at the stagnation point, consistent with the stress singular-
ities in Eq. (15), have not been hinted/observed either experimen-
tally with real fluids or numerically in computations with the UCM
and Oldroyd-B model fluids in flows containing a free stagnation
point and with a kinematics containing a contribution like that of
Eq. (1). As an example, we have analyzed the numerical stress data
from Poole et al. [16] corresponding to Fig. 2, but provided by Alves
[17], since these data were unpublished in [16]. The 2D cross slot
data pertain to Wi � 0.319, i.e., |a|De = Wi < ½, and no singularity
was observed in any of the stresses as shown in Fig. 3. Fig. 3 plots
transverse profiles of Txx and Tyy in the flow approaching the stag-
nation point and it includes as thick horizontal lines the values of
the corresponding analytical stresses given by the first terms of
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Eqs. (15.a) and (15.c) showing a good match on the stagnation
point, within numerical error (the numerical values at the stagna-
tion point are Txx = �3.898 and Tyy = 17.685 against the corre-
sponding values of �3.895 and 17.624 from Eq. (7)). In addition
the plots show that the stress profiles are smooth and no singular-
ities or hints of singularities are observed. These findings were con-
firmed for a second set of data pertaining to |a|De < 1/2, namely
|a|De = 0.167 (analytical Txx = �5.0121 and Tyy = 10.0485 against
numerical Txx = �5.01208 and Tyy = 10.0482).

Mathematically, to obtain such stresses at the stagnation point
from Eqs. (15) requires setting to zero all four stress coefficients
vjðaDeÞ, hence for |a|De < 1/2 the stress fields here are constant
and equal to the particular solution. This is consistent with the
stress field variation as De! 0 (Newtonian fluid) for which
Txx ¼ 2a and Tyy ¼ �2a. This also leads to a constant pressure, thus
removing the singularity in the pressure field that exists for
|a|De < 1/2. Fig. 2 showed us that the region of the extensional flow
of Eq. (1) only exists in a small square around the stagnation point,
as the flow must adapt to the fully-developed channel flow and the
presence of the wall away from the center of the cross-slot. The
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Lagrangian solution at the end of Section 4.2 shows that if the ini-
tial stresses are equal to the particular stresses of the Eulerian solu-
tion the singularities do not exist as we observe in Fig. 3. Inspecting
Eqs. (15) in more detail shows that this is only possible if the stress
boundary conditions are identical to the particular stress solutions,
i.e., for |a|De < 1/2 and provided the stress boundary conditions are
given by the particular solutions no singularities are observed and
the stresses are constant everywhere in the region of steady planar
extensional flow. Therefore, in such case, the loss of stress smooth-
ness reported by Renardy [6] for Wi < 1/2, and confirmed by
Becherer et al. [8], cannot exist.

4.3.2. Behavior for |a|De > 1/2
In this range of flow conditions large stresses at the stagnation

point, consistent with the stress singularities in Eq. (15), have been
observed experimentally [1,10] and numerically [14,15] as these
are related to large stretching of molecules of FENE type fluids,
not just of the UCM model. The above-mentioned deficiency of
the UCM model leads instead to a stress singularity for the stream-
wise normal stress along the outflow centerline as pointed out by
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ow of a UCM fluid at Wi � 0.57 (De = 0.3, a � �1.907). The central square of the cross
channels are long enough for the fluid to be fully-developed far from the cross slot:
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earlier workers and confirmed by the UCM fluid computations of
Poole et al. [16] in a 2D cross slot geometry at Wi = 0.57, where
the stress Tyy is unbounded along the outlet centerline (x = 0, i.e.,
along y-axis) corresponding to the classical singularity. This is also
shown with Tyy in Fig. 4(a), where Txx and Tyy are plotted along the
inlet centerline. These data were obtained on a finer mesh by Cruz
et al. [15], but corresponds to the same case in Poole et al. [16]. At
the stagnation point Txx equals the particular solution (within
numerical error) indicated by the thick horizontal plain line. The
profiles of Txx and Tyy as a function of y along x = 0 in Fig. 4(b) show
a smooth behavior, but as the mesh is further refined (not shown)
the profile of Tyy tends to larger values consistent with the behavior
of Tyy shown in Fig. 4(a).

The profiles in Fig. 4 are again consistent with Eq. (15) and with
the properties of coefficients v1ðaDeÞ to v4ðaDeÞ presented in
Section 4.1 provided we set v1 ¼ v4 ¼ 0 in Eq. (15), whereas v2

and v3 have variations like those of Fig. 5, where any
function can be used for the non-zero values provided
v3ða ¼ �1Þ ¼ �v2ða ¼ �1Þ.

Such Eulerian solution would agree with the Lagrangian solu-
tion of Section 4.2 as it should be. Only the singularity along the
outlet axis is observed and for this component the stress differs
significantly from the particular stress as shown. In contrast, no
singularity is observed with Txx and we find that this computed
stress component matches the stress particular solution
Txx = 2=ð1� 2WiÞ, as shown in Fig. 4. As at |a|De < 1/2, careful
inspection of Eqs. (15) for |a|De > 1/2 shows that if the stress
boundary conditions are equal to the stress particular solutions
all stress singularities are removed. However, the major difference
is that with or without stress singularity, the pressure always
remains bounded for |a|De > 1/2.
5. Conclusions

The general analytical solution for the stress and pressure fields
for the steady 2D planar extensional flow with a wall-free stagna-
tion point was obtained for viscoelastic fluids described by the
upper convected Maxwell constitutive equation. The flow kinemat-
ics is given by Eq. (1) and the stress and pressure fields are given by
Eqs. (15) and (16), respectively. The solution depends on both
space coordinates and its coefficients must be odd functions of
|a|De and obey some properties. This represents an improvement
over previous solutions of this problem, where the reported depen-
dence was only on the transverse coordinate of the outlet stream-
line. These equations contain unbounded stresses and pressures
originating from different terms of the solution, which depend on
the range of flow conditions and especially on the stress boundary
conditions. Specifically, the pressure field is only unbounded for
|a|De < ½, whereas the general stress fields have unbounded terms
for |a|De < ½, |a|De > ½ and even for any value of |a|De, but these
singularities do not exist if the stress boundary conditions are
identical to the stress particular solutions (1st terms in Eqs. (15)).
For |a|De < ½ this also results in constant normal stresses and pres-
sure fields, and the loss of smoothness previously reported by
Renardy [6] does not exist, whereas for |a|De > ½ the pressure is
never unbounded regardless of the imposed stress boundary con-
ditions. The stresses are always unbounded for |a|De = ½ no matter
the stress boundary conditions, a well-known limitation of the
UCM model [5–7].

Disregarding those limitations, this general solution remains
compatible with known and existing results from the literature.
At |a|De < ½ numerical stress data from the literature remain
bounded and show stress values compatible with the particular
solution within numerical accuracy, suggesting a constant stress
field. In contrast, at |a|De > ½ the numerical streamwise normal
stress data show hints of unboundedness but the transverse nor-
mal stress is again equal to the stress particular solution.

It is still not totally clear why some stress components become
unbounded and others do not. For |a|De < ½ the only way for the
pressure to remain regular is indeed for the flow to adapt in such
way that the two normal stresses are everywhere constant in the
extensional flow region and equal to the stress particular solutions.
However, neither the solution nor these specific numerical data tell
us why the pressure has to be regular. For |a|De > ½ the pressure is
always bounded, but the streamwise and the transverse normal
stresses could be singular, but so far the singularity has only been
observed with the streamwise normal stress, whereas the trans-
verse normal stress has been seen to take on the value of the stress
particular solution. Again neither the solution nor these specific
numerical data tell us why the transverse normal stress has to be
regular. In fact, regardless of |a|De the general mathematical solu-
tion says that the singularities may exist and so other implementa-
tions/instances of steady planar extensional flow may result in
conditions that lead to the observation of any of the reported
singularities.
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