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1. Introduction

Viscoelastic polymer solutions, flowing under turbulent flow
conditions, exhibit a significant reduction of the friction coefficient
relative to the corresponding Newtonian flow. This phenomenon,
referred to as turbulent drag reduction (DR), is associated with sig-
nificant modification of the mean flow and the turbulence structure
[1,2]. It has long been known that long, high molecular weight, flex-
ible polymers are particularly efficient drag reducers [3,4] so that
small amounts of additives result in large DRs. From a phenomeno-
logical perspective, DR has been well characterized as is evident
from the comprehensive reviews of Hoyt [5] and Virk [6].

Theories on the mechanisms underlying DR abound [7–11]
with recent impetus provided by the availability of results from
direct numerical simulations (DNS) of turbulent channel flow with
viscoelastic constitutive equations [12–16]. Most DNS studies were
carried out using the finitely extensible-nonlinear-elastic model,
with Peterlin’s approximation (FENE-P model) [17], and were aimed
at advancing the understanding of DR and its relation to the fluid
rheology at high Reynolds numbers [16,18,19]. It is now generally
accepted that DR is associated with increased fluid resistance due to
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okes equation framework is developed for modeling polymer-induced tur-
ing the finitely extensible nonlinear elastic-Peterlin (FENE-P) constitutive
eology. A self-consistent system of model equations is derived. The domi-
w and polymer conformation variables are identified by analyzing results
mulations (DNS) for dilute polymer solutions. Closures are developed for
e from viscoelasticity and incorporated into a single-point k − ε model.
ns with DNS data obtained for an identical set of rheological and geomet-
reduction regime allows for a critical evaluation of the model and closure
odel predictions are encouraging. This approach can be extended to higher
ases with higher levels of drag reduction.

© 2008 Elsevier B.V. All rights reserved.

the high extensional viscosity of the viscoelastic polymer solutions
leading to a reduction in the vortex dynamic activities that are char-
acteristic of turbulence. The crucial events take place near the wall,
in the viscous and buffer sublayers, where the molecules become
more extended. This is essentially in agreement with the original
proposals of Metzner and Lumley [7,8]. Recently, Kim et al. [20,21]

analyzed the effect of DR on coherent structures in turbulent chan-
nel flow by applying linear stochastic estimation techniques to DNS
data. These studies show that polymer-induced torques counteract
mechanisms central to the production of turbulence. For example
the distribution of viscoelastic forces around hairpin vortices is
such that they inhibit the Q2 pumping mechanism responsible for
shear layer instabilities and mixing. Further, viscoelastic forces can
also suppress the nonlinear autogeneration mechanism of hairpins.
These findings are consistent with the mechanistic insights gained
by studying the effect of elasticity on coherent structures [22,23].

While there has been much progress in DNS and coherent
structure-based modeling of DR, they have certain drawbacks.
DNS is extremely computationally expensive especially for high
Reynolds numbers. Hence, it is impractical for industrial applica-
tions, especially for viscoelastic fluids, which solve more equations,
require larger simulation boxes, smaller time steps and lengthier
calculations to capture the turbulent structures than the corre-
sponding Newtonian cases [24]. Not surprisingly, the use of DNS
for viscoelastic fluids has been confined to channel/tube flows, pla-
nar boundary layers and decay of grid turbulence. Hence, modeling
approaches for turbulent flow have to be developed and these are
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essentially of Reynolds-averaged Navier–Stokes (RANS) type or of
large eddy simulation (LES) type.

As far as we are aware, the first turbulence models for drag
reducing fluids are those of [25,26] which essentially involved mod-
ifications of Newtonian models without any rheological input. An
exception is the work of Mizushina and Usui [27] who based the tur-
bulence model on the viscoelastic constitutive equation of Maxwell.
Pinho [28] pointed out that all these models are based on the eddy
viscosity concept and require ad-hoc, flow-dependent, modifica-
tions since they were developed without reference to fluid rheology
or constitutive modeling. More recently Pinho et al. [29] developed
a one-equation turbulence model which accounts for second-order
viscoelastic corrections by employing closure approximations for
the correlations between the fluctuations in the rate of strain and
the viscoelastic stress. While such models can predict DR by suit-
able choice of correlation coefficients that mimic DNS data, they are
strictly only applicable to small DR values (low Deborah numbers).

Turbulence models incorporating fluid rheology were pro-
posed by Malin [30,31] and Cruz et al. [32] for power law and
viscoplastic fluids devoid of elastic DR. Pinho and co-workers
[28,33–36] developed some first- and second-order turbulence
models, of the low Reynolds number type, in combination with a
“toy” constitutive equation that integrated strain-hardening of the
Trouton ratio. This enabled the prediction of both the small DR due
to shear-thinning of the viscometric viscosity as well as the large
DR associated with flows having large extensional viscosities. They
used a special viscosity function in their generalized Newtonian
model that depended on the second and the third invariants of
the rate of deformation tensor, linked turbulence with the fluc-
tuating invariant quantities appearing in the viscosity functions
and incorporated these effects and the rheological parameters
into the damping functions that deal with the near-wall and low
Reynolds number behavior. Their low Re linear and nonlinear k − ε
turbulence models required four rheological input parameters.
This enabled the correct prediction of the DR and mean velocity
profiles of solutions of flexible polymers, but less well those of
semi-rigid or rigid nature. The deficiencies cannot be attributed
exclusively to the non-Newtonian part of the turbulence models
since the original, Newtonian, closures were not asymptotically
consistent at the wall. In any case, their main disadvantage was
the adopted rheological constitutive equation, a toy model devoid
of memory effects which requires knowledge of a fluid property
that is difficult to measure namely the steady uniaxial extensional
viscosity over a wide range of strain rates.
There is then a clear need to develop a turbulence closure for
truly viscoelastic rheological constitutive equations that are able
to model correctly the rheology of dilute and semi-dilute poly-
mer solutions, such as the differential viscoelastic equations of
Maxwell type like the Oldroyd-B, Giesekus or the FENE-P model.
The required closure should also be easily parameterized with stan-
dard rheometric techniques. The FENE-P equation has been the
preferred model for DNS investigations of turbulent flow of dilute
polymer solutions of flexible molecules given its molecular roots
[37], and there is today a wealth of DNS data enabling a priori devel-
opment of turbulence closures. This has already been undertaken
by Li et al. [38], who developed a zero equation turbulence clo-
sure for the Reynolds stresses. By its very nature this eddy viscosity
model will predict very accurately some features of fully devel-
oped turbulent channel or pipe flows, or even of boundary layer
flows with weak favourable pressure gradients. However, zero order
models are not very successful in more complex flows given their
inherent limitations [39], hence the need to develop more general
eddy viscosity or Reynolds stress transport closures.

In this work we develop closures for FENE-P fluids by extending
the framework of a low Reynolds number k − ε turbulence model.
 PRESS
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This is done by using existing DNS data pertaining to the low DR
regime. The DNS results used are those of Li et al. [24] at Re�0 = 395,
We�0 = 25, L2 = 900 and ˇ = 0.9, corresponding to a DR of 18%. The
low Re k − ε model is based on the Newtonian model of Nagano
and Hishida [40], modified here to incorporate variable turbulent
Prandtl numbers for the turbulent transport of k and ε as recom-
mended by Park and Sung [41].

The paper is organized as follows: Section 2 introduces the time-
average equations and identifies the viscoelastic terms requiring
modeling. In Section 3, closure proposals for the viscoelastic stress
work and viscoelastic turbulent transport terms are presented. The
new closures are incorporated into an existing Newtonian tur-
bulence model, which is presented in Section 4. Predictions are
then obtained for fully developed turbulent channel flow and com-
pared with the DNS data for assessment of model performance.
The results, presented in Section 5, also include parametric inves-
tigations of the effects of Weissenberg number, viscosity ratio and
molecular extensibility. The paper closes with a summary of the
main conclusions.

2. Governing equations

The single-point turbulence model developed here is based on
the time-averaged equations for viscoelastic fluids developed by
Dimitropoulos et al. [42]. In what follows, upper-case letters or
overbars denote time-averaged quantities and lower-case letters
or primes denote fluctuating quantities. A hat denotes an instanta-
neous quantity.

2.1. Continuity and momentum equations

The time-averaged equations appropriate for an incompressible
FENE-P fluid are:

Continuity:

∂Ui

∂xi
= 0 (1)

Momentum:

�
∂Ui

∂t
+ �Uk

∂Ui

∂xk
= − ∂p̄

∂xi
+ �s

∂2Ui

∂xk∂xk
− ∂

∂xk
(�uiuk) + ∂�̄ik,p

∂xk
(2)

where �̄ik,p is the time-averaged polymer stress tensor, Ui is the
mean velocity, p̄ is the mean pressure, � is the fluid density and

−�uiuk is the Reynolds stress tensor. In Eq. (2), the fluid rheology,
described by the FENE-P model, introduces an extra stress which is
the sum of a Newtonian solvent contribution of viscosity �s and a
polymeric contribution

�̄ij = 2�sSij + �̄ij,p (3)

where Sij is the rate of strain

Sij = 1
2

(
∂Ui

∂xj
+ ∂Uj

∂xi

)
(4)

Approximations are required for the time-averaged polymer
stress �̄ij,p and the Reynolds stress tensor −�uiuk.

2.2. Rheological constitutive equation for viscoelastic fluids

To devise a model for �̄ij,p, we start with the instantaneous
equation for the polymeric stress. For the FENE-P model (Bird et
al. [17,37]), the instantaneous polymeric contribution to the total
extra stress is given as an explicit function of the instantaneous
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conformation tensor Ĉij

�̂ij,p = �p

�
[f (Ĉkk)Ĉij − f (L)ıij] (5)

The functions f(Ckk) and f(L) used here are the same as those used
by Li et al. [24,38] and are given by

f (Ckk) = L2 − 3
L2 − Ckk

and f (L) = 1 (6)

Other functions are possible for the FENE-P model [43], the mer-
its and demerits of which are discussed by Beris and Edwards [44].
It suffices to say here that the various formulations differ only for
small amounts of maximum molecular extensibility L2, which is not
relevant in the context of DR, but give essentially the same results
when L2 � 3.

The conformation tensor obeys a hyperbolic differential equa-
tion of the form [37]:

f (Ĉkk)Ĉij + �

(
∂Ĉij

∂t
+ Ûk

∂Ĉij

∂xk
− Ĉjk

∂Ûi

∂xk
− Ĉik

∂Ûj

∂xk

)
= f (L)ıij (7a)

Using Eq. (5), Eq. (7a) can be alternatively written as(
∂Ĉij

∂t
+ Ûk

∂Ĉij

∂xk
− Ĉjk

∂Ûi

∂xk
− Ĉik

∂Ûj

∂xk

)
=

∇
Ĉij = − �̂ij,p

�p
(7b)

The bracketed terms in Eqs. (7a) and (7b) are the Oldroyd upper con-

vective derivative of the instantaneous conformation tensor (
∇
Ĉij).

The other parameters of the polymer constitutive equation are the
relaxation time of the polymer � and the polymer viscosity coeffi-
cient �p.

The time-averaged polymer stress �̄ij,p is now given by

�̄ij,p = �p

�
[f (Ckk)Cij − f (L)ıij] + �p

�
f (Ckk + ckk)cij (8)

where the last term on the right-hand-side may also need approx-
imation.

The time-averaged form of the conformation tensor evolution
equation is

∇
Cij + uk

∂cij

∂xk
−

(
ckj

∂ui

∂xk
+ cik

∂uj

∂xk

)
= − �̄ij,p

�p
(9a)

which after substitution of Eq. (8), becomes

∇
[

∂c
(

∂u ∂u
)]
�Cij + � uk
ij

∂xk
− ckj

i

∂xk
+ cik

j

∂xk

= −[f (Ckk)Cij − f (L)ıij + f (Ckk + ckk)cij] (9b)

On the left-hand-side of Eqs. (9a) and (9b), the mean flow advec-

tive term contained within the Oldroyd derivative of Cij (
∇
Cij) is null

for fully developed channel flow.

The mean flow distortion term of
∇
Cij is Mij

Mij = Ckj
∂Ui

∂xk
+ Cik

∂Uj

∂xk

This is the mean flow counterpart of NLTij; it is finite, but is exact
and is in no need of closure.

The remaining two terms are new and unknown. Following the
analysis and nomenclature of Housiadas et al. [43] and Li et al. [38]
they are labeled as

CTij = −uk
∂cij

∂xk
 PRESS
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which represents the contribution to the transport of the confor-
mation tensor due to the fluctuating advective terms, and

NLTij = ckj
∂ui

∂xk
+ cik

∂uj

∂xk

which accounts for the interactions between the fluctuating com-
ponents of the conformation tensor and the velocity gradient
tensor. This term originates from the Oldroyd derivative and is the
fluctuating counterpart of Mij.

Fig. 1 shows the balance of terms in Eq. (9a) using the nor-
malized DNS data for fully developed channel flow with DR of
18%. The results correspond to Re�0 = 395, We�0 = 25, L2 = 900 and
ˇ = 0.9, where the Reynolds number Re�0 ≡ hu�/�0 is based on
the friction velocity (u�), the channel half-height (h) and the zero
shear-rate kinematic viscosity of the solution, i.e., the sum of the
kinematic viscosities of the solvent and polymer (�0 = �s + �p). The
Weissenberg number is We�0 ≡ �u2

� /�0 and ˇ (ˇ ≡ �s/�0) is the ratio
between the solvent viscosity and the solution viscosity at zero
shear-rate.

In non-dimensionalizing the variables, the velocity scale is
taken to be the friction velocity (leading to the use of superscript
+), the length scale is either the channel half-height (xi = x∗

i
h) or

the viscous length (xi = x+
i

�0/u�), leading to superscripts * and +,
respectively. When mixing the two types of normalization, using
wall/viscous and physical quantities, the superscript used is *, e.g.
Mij = M∗

ij
u�/h. The conformation tensor is already in normalized

form.
Housiadas et al. [43] and Li et al. [38] have shown CT∗

ij to be
negligible, regardless of the degree of DR. Although this does not
appear to be the case for the shear component CT∗

xy (see Fig. 1(c)), it
is nevertheless neglected here as it is much smaller than the leading
term in the budget. In contrast, NLT∗

ij is not negligible especially for
the transverse normal component, and therefore its closure is one of
the main tasks of this work. Apart from the wall normal component,
the main contribution to the polymer stress is still due to the mean
flow terms (M∗

ij
), a reassuring point that minimizes the impact of

some deficiencies in the closure for NLT∗
ij .

Even though the transverse normal polymer stress �̄yy,p does
not appear in the momentum balance for fully developed channel
flow, its corresponding conformation tensor component (Cyy) and
NLTyy are needed to quantify the apparent shear viscosity, given the
nonlinear nature of the FENE-P equation. The expressions for the
apparent shear viscosity of the FENE-P fluid in turbulent flow are

presented in Appendix A.

2.3. Model for the Reynolds stresses

We adopt the Boussinesq’s turbulent stress–strain relationship

−�uiuj = 2��TSij − 2
3 �kıij (10)

where k is the turbulence kinetic energy and �T is the eddy viscos-
ity which, following [45], is modified by a damping function f	 to
account for near-wall effects

�T = C	f	
k2

ε̃
(11)

The eddy viscosity requires knowledge of k and the modified
rate of dissipation ε̃. The transport equations for these variables
are presented next. These contain unknown terms some of which
are associated with the Newtonian solvent and others, due to the
viscoelastic nature of the fluid, which will be the focus of this study.
Regarding the Newtonian solvent closures, we will adopt the low
Reynolds number k − ε model of Nagano and Hishida [40], which
is a simple model that performs reasonably well in fully developed
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y deve
Fig. 1. Contributions to the components of the FENE-P polymer stress tensor in full
(b) xy; (c) yy.
channel and pipe flows, used previously by the authors [33,34].
More recent models predict Newtonian channel flow with higher
accuracy [46,47] but they introduce several new terms and damping
functions which unnecessarily complicate the task of modeling the
new viscoelastic terms.

2.4. Transport equation for the turbulent kinetic energy

The transport equation for the turbulent kinetic energy (k ≡
uiui/2) is obtained by taking the trace of the Reynolds stress trans-
port equation (Appendix B [42]):

�
Dk

Dt
= −�uiuk

∂Ui

∂xk
− �

∂uik′

∂xi
− ∂p′ui

∂xi
+ �s

∂2k

∂xi∂xi
− �s

∂ui

∂xj

∂ui

∂xj

+
∂� ′

ij,pui

∂xj
− � ′

ij,p
∂ui

∂xj
(12)

The term on the left-hand-side of Eq. (12) pertains to advection
of k. It is exact and does not require modeling.
loped channel flow. DNS data for Re�0 = 395, We�0 = 25, ˇ = 0.9 and L2 = 900. (a) xx;
On the right-hand-side, the following four terms are also present
in a model for Newtonian fluids:

Pk = −�uiuj
∂Ui

∂xj

the rate of production of k. This too is exact;

Qk = − ∂

∂xi
(�uik′ + p′ui)

the turbulent transport of k by velocity and pressure fluctuations.
This is unknown and needs closure. Newtonian models of turbu-
lent transport treat both contributions jointly. Pressure diffusion is
generally negligible except perhaps near walls [48]. While it is pos-
sible that polymers can modify the pressure transport and the triple
velocity correlations, departures from the Newtonian behavior are
not expected to be too significant in the low DR regime. Conse-
quently, and for the purposes of this study, turbulent transport is
dealt with using a Newtonian closure.

DN
k = �s

∂2k

∂xk∂xk
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kk kk
Fig. 2. Balance of turbulent kinetic energy for fully developed channel flow of a
FENE-P fluid. DNS data for Re�0 = 395, We�0 = 25, ˇ = 0.9 and L2 = 900.

is the molecular diffusion of k associated with the Newtonian sol-
vent which does not require closure.

εN = �s
∂ui

∂xj

∂ui

∂xj

is the direct viscous dissipation of k by the Newtonian solvent. This
quantity is obtained from its own transport equation (Section 2.5).

Eq. (12) has two new viscoelastic terms requiring closure: the
viscoelastic turbulent transport (QV) and the stress power (εV).

Using Eq. (5), QV and εV are written as (Appendix B):

Q V ≡
∂� ′

ik,pui

∂xk
= �p

�

∂

∂xk
[Cikf (Cmm + cmm)ui + cikf (Cmm + cmm)ui]

(13)

εV ≡ 1
�

� ′
ik,p

∂ui

∂xk
= �p

��

[
Cikf (Cmm + cmm)

∂ui

∂xk
+ cikf (Cmm + cmm)

∂ui

∂xk

]

(14)

The balance of turbulent kinetic energy is plotted in Fig. 2 using
+ 4
normalization by wall quantities (e.g. ε = ε u� /�0). As for a New-

tonian fluid, the main contributions in the log-law region are from
the production of k and the dissipation by the Newtonian solvent,
with the molecular diffusion taking over the role of production well
inside the viscous sublayer. The Newtonian solvent viscous dissipa-
tion is lower here than for a Newtonian fluid at the same Reynolds
number (the DNS results of Mansour et al. [49] show that the max-
imum dissipation at the wall is of the order of 0.2, as compared to
0.15 here). Of the two viscoelastic terms the viscoelastic stress work
is more important in the log-law region. The viscoelastic turbulent
transport term is larger in the buffer layer and the viscous sub-
layer than in the log-law region. However, it remains significantly
smaller than the other terms in these regions and hence deficien-
cies in its modeling will not have a dramatic impact on model
predictions.

2.5. Transport equation for the rate of dissipation of turbulent
kinetic energy

The transport equation for the rate of dissipation of k by
the Newtonian solvent (εN) is derived in Appendix C. It is
 PRESS
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given as

�
∂εN

∂t
+ �Uk

∂εN

∂xk

= −2�s

[
∂Ui

∂xm

∂ui

∂xm

∂ui

∂xk
+ ∂Ui

∂xk

∂ui

∂xm

∂uk

∂xm

]
− 2�s

∂2Ui

∂xm∂xk
uk

∂ui

∂xm

− 2�s
∂ui

∂xm

∂ui

∂xk

∂uk

∂xm
− ∂

∂xk

[
�ukεN′ + 2�s

∂p′

∂xm

∂uk

∂xm

]

+ �s
∂2εN

∂xk∂xk
− 2�s�s

∂2ui

∂xm∂xk

∂2ui

∂xm∂xk

+ 2�s
�p

�(L2 − 3)
∂ui

∂xm

∂

∂xm

{
∂

∂xm

[
f (Cnn)f (Ĉpp)c′

qqCik

]}
(15)

Compared to its Newtonian counterpart, there is an additional
contribution associated with the viscoelasticity of the fluid: the
last term on the right-hand-side, for which a model is required.
For Newtonian fluids, only two terms in this equation are exact:
the advection and the molecular diffusion of εN. The remaining
terms are modeled as a function of known and calculable quanti-
ties using physical arguments, order-of-magnitude estimations and
dimensional analysis [50–52].

3. Development of viscoelastic closures

3.1. Analysis of DNS data and simplifying assumptions

Closures are required for the fluctuating nonlinear term (NLTij)
in the conformation tensor equation and for four terms in the bal-
ance of turbulent kinetic energy (two terms pertaining to QV and
two terms pertaining to εV), viz.

NLTij = ckj
∂ui

∂xk
+ cik

∂uj

∂xk
(16a)

f (Cmm + cmm)ui and cikf (Cmm + cmm)ui (16b)

f (Cmm + cmm)
∂ui

∂xk
and cikf (Cmm + cmm)

∂ui

∂xk
(16c)

To develop the required closures, recourse is made to the DNS
results to determine the relation between the time-averaged trace

of the conformation tensor (C ) and its r.m.s. value

(√
c2

)
. These
quantities are plotted in Fig. 3. Near the wall, where the molecules
are more stretched, the r.m.s. is approximately 25% the value of the

mean value, whereas near the centerline,
√

c2
kk

and Ckk are of a

similar magnitude, albeit much smaller. It is known [24] that DR is
accompanied by large values of the trace of the mean conformation
tensor in the buffer layer which can be more than 50% of the max-
imum allowed extension at large DR. We expect the same relation

between the orders of magnitude of
√

c2
kk

and Ckk to hold at higher

DRs where there is substantial suppression of fluctuations.
The trace of the instantaneous conformation tensor (Ĉkk)

appears in the function f (Ĉkk) (c.f. Eq. (6)) in combination with other
fluctuations leading to correlations of the type f (Cmm + cmm)a′,

where a’ is a fluctuating vector or tensor component.
√

c2
kk

is a

quantity that by definition is independent of the flow direction,
except perhaps very close to a wall where a preferential align-
ment of molecules is imposed. Since L2 is large (in the DNS case
used here L2 = 900), the implication is that correlations of the type
f (Cmm + cmm)a′ tend to be smaller than correlations involving two
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Fig. 3. DNS data of a FENE-P fluid for channel flow with DR=18% Re� = 395,

We� = 25, L2 = 900 and ˇ = 0.9: comparison between Ckk and
√

c2
kk

(left ordinate) and

between fCxy = (L2 − 3)Cxy/(L2 − Ckk) and f ′cxy = (L2 − 3)cxy/(L2 − (Ckk + ckk)) (right
ordinate).

fluctuating quantities other than the instantaneous function f (Ĉmm)
(such as f (Cmm + cmm)a′b′), except perhaps very close to walls.
Therefore, and as a first approximation, f (Cmm + cmm)a′ is neglected
altogether on the grounds that it is very small in absolute terms or
by comparison with the same type of term involving only mean
values (f (Cmm + cmm)a � f (Cmm)Ā). This modeling assumption is
justified by the DNS results presented in Figs. 3–5.

Fig. 3 also compares f ′cxy ≡ (L2 − 3)c′
xy/(L2 − (Ckk + c′

kk
)) with

f(Ckk)Cxy (right-hand-ordinate axis). It is evident that the two have
the same sign but are different by a factor of nearly 20. This con-
firms the assertion that, in Eq. (8), it is justifiable to neglect the last
term on the right-hand-side by comparison with the first term.

Fig. 4 compares the terms in QV, namely Ciyf ′ui ≡
Ciy(L2 − 3)u+

i
/(L2 − (Ckk + ckk)) with f ′ciyui ≡ (L2 − 3)ciyu+

i
/(L2 −

Fig. 4. Comparison between the magnitudes of Ciy(L2 − 3)u+
i

/(L2 − (Ckk + ckk)) and

(L2 − 3)ciyu+
i

/(L2 − (Ckk + ckk)) and their sum from DNS data of a FENE-P fluid for
channel flow with DR = 18% (Re� = 395, We� = 25, L2 = 900 and ˇ = 0.9).
Fig. 5. Comparison between the magnitudes of individual contributions to
Cikf ′(Cmm + c′

mm)(∂ui/∂xk) and c′
ik

f ′(Cmm + c′
mm)(∂ui/∂xk), as well as the total sums

from DNS data of a FENE-P fluid for channel flow with DR=18% (Re� = 395, We� = 25,
L2 = 900 and ˇ = 0.9). (a) Individual contributions; (b) total contributions.
(Ckk + ckk)). In general, individual contributions to Ciyf ′ui (dashed
lines) are larger than the corresponding individual contributions to
f ′ciyui (full lines), except for the shear term at the junction between

the viscous sublayer and the inner buffer layer, where Cxyf ′u′ is
larger than f ′cxyu′. The two terms change signs at different loca-
tions. Here too, and as a first approximation in the development of a
closure for QV, Ciyf ′ui is neglected by comparison with f ′ciyu′

i
. Note

that in developing a closure for f ′ciyu′
i

by a priori analysis of DNS
data for QV (plotted as SUM in Fig. 4), it is permissible to multiply the
closure by a scaling coefficient to account for the neglected terms.

Fig. 5(a) compares corresponding terms in εV, namely individ-
ual contributions to Cikf ′∂ui/∂xk against individual contributions
f ′cik∂ui/∂xk. The sums are compared in Fig. 5(b). Individual contri-
butions to Cikf ′∂ui/∂xk that are not plotted are in fact zero due to
symmetry considerations. From Fig. 5(a), it is evident that the con-
tributions involving the mean conformation tensor are generally
smaller than the corresponding triple correlation. The exception is
Cxyf ′∂u′/∂y which is larger than c′

xyf ′∂u′/∂y in the viscous and buffer

layers. As a consequence, in Fig. 5(b) Cikf ′∂u′
i
/∂xk is also negligible
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Fig. 6. Comparison between terms on the left and right-hand-sides of Eq. (17) from
DNS data of a FENE-P fluid for channel flow with DR = 18% (Re� = 395, We� = 25,
L2 = 900 and ˇ = 0.9). (a) Eq. (17a) and (b) Eq. (17b).
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by comparison with c′
ik

f ′∂u′
i
/∂xk except in the buffer and viscous

sublayers. Except for this one component, individual contributions
to Cikf ′∂u′

i
/∂xk can be neglected by comparison with the corre-

sponding individual contributions to c′
ik

f ′∂u′
i
/∂xk. While it is true

that neglecting Cxyf ′∂u′/∂y would significantly simplify the closure
of εV, this closure would be seriously impaired in the viscous and
buffer sublayers, as will be shown later. However, inspection of the
balance of k+ (c.f. Fig. 2) shows that in this region, there is a clear
predominance of εN and other terms. Therefore, a discrepancy in
the model for εV in the viscous and inner buffer sublayers is of
no consequence, at least for low DR. For these reasons, the term
Cxyf ′∂u′/∂y is dropped.

The arguments put forward above and the results of Figs. 3–5
suggest that we may also safely consider the following simplifica-
tion:

f ′ciyui ≈ f (Cmm)ciyui (17a)

f ′cik
∂ui

∂xk
≈ f (Cmm)cik

∂ui

∂xk
(17b)

This is corroborated in Fig. 6(a) and (b). In Fig. 6(a), individual con-
tributions to the left-hand-side of Eq. (17a) are compared with
individual contributions to the right-hand-side term, including also
the sums of the terms. In all cases the agreement is excellent and
the small remaining differences can be accounted for with a mul-
tiplying factor whose value is close to 1. In Fig. 6(b), three sums of
terms contributing to the left-hand-side of Eq. (17b) are compared
with the corresponding three sums of terms on the right-hand-side,
which are related to the definition of NLTij. Again the agreement is
excellent and justifies the simplifications of Eqs. (17a) and (17b).

From Eqs. (17a) and (17b), the viscoelastic turbulent transport
QV and the viscoelastic stress work εV simplify to

Q V ≈ �p

�

∂

∂xk
[f (Cmm)cikui] = �p

�

∂

∂xk

[
f (Cmm)

CUiik

2

]
(18)

εV ≈ �p

��
f (Cmm)

[
cik

∂ui

∂xk

]
= �p

��
f (Cmm)

NLTii

2
(19)

For convenience, in Eq. (18) we define (CUiik/2) ≡ cikui, an
expression originating from the more general analysis of the trans-
port equation of the Reynolds stress tensor, where CUijk ≡ cikuj +
cjkui. Incidentally, conclusions from order of magnitude analysis
and data comparisons, and the consequent simplifications, remain

applicable for second-order turbulence models where QV becomes
Q V

ij
and εV becomes εV

ij
.

Eq. (19) is especially interesting because it shows that the clo-
sure for εV relies entirely on the closure for NLTij, reducing from 3 to
2 the number of new closures that must be developed for a FENE-P
fluid. That this is a legitimate approach, and as a further confirma-
tion of the arguments above, is seen in Fig. 7 where the two sides of
Eq. (19) are compared as εV+

(Re�0 )2 and f (Cmm)(NLT∗
ii/2) using the

normalized DNS data. Working with dimensional quantities, as in
Eq. (19), indicates that the equality is only off by 7.6% at this degree
of DR, i.e., the added parameter CεV would be of order 1. This pro-
vides further evidence that the correct physical processes can be
represented by a model for εV given by

εV = CεV
�p

��
f (Cmm)

NLTii

2
with CεV = 1.076 (20)

As will be shown later, the present proposals are successful in pre-
dicting an increase in DR with L2, but are not very sensitive to an
increase in ˇ. This highlights the urgent need to extend these clo-
sures to other Weissenberg numbers covering the low, high and
maximum DR regimes.

Fig. 7. Comparison between εV+
Re2

�0
and f (Cmm) NLT∗

ii using the DNS data of FENE-P
fluid in a channel flow for DR = 18% (Re� = 395, We� = 25, L2 = 900 and ˇ = 0.9).
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3.2. Closure for NLTij

The NLTij tensor appears twice in the turbulence model: in the
differential evolution equation for the conformation tensor and in
the model for the viscoelastic stress work. This dual role gives NLTij
an increased importance.

The exact equation for the correlation between the fluctuating
conformation and velocity gradient tensors (NLTij) is derived in
Pinho [53]. The equation is very complex and an alternative, sim-
pler, expression, also derived in Pinho [53] can be obtained from
Eq. (21), where NLTij is related to the quantity inside the box

Simplification of Eq. (21) is accomplished with the aid of four

assumptions, two of which have already been invoked, viz.
√

c2
kk

�
Ckk and un(∂cij/∂xk) = 0 for all n and k. The further assumptions are
as follows: for steady flows, the correlations involving ∂cij/∂t are
null and the simplification inherent to Eq. (17b) remains applicable.
With these assumptions, the expression for NLTij reduces to

f (Cmm)NLTij

= f (Cmm)

(
ckj

∂ui

∂xk
+cik

∂uj

∂xk

)

∼= −�

[
∂Ckj

∂xn
un

∂ui

∂xk
+∂Cik

∂xn
un

∂uj

∂xk

]
−�

[
∂(Unckj)

∂xn

∂ui

∂xk
+∂(Uncik)

∂xn

∂uj

∂xk

]

+ �

[
∂Uk

∂xn

(
cjn

∂ui

∂xk
+ cin

∂uj

∂xk

)
+ ∂Uj

∂xn
ckn

∂ui

∂xk
+ ∂Ui

∂xn
ckn

∂uj

∂xk

]

+ �

[
Ckn

(
∂uj

∂xn

∂ui

∂xk
+ ∂ui

∂xn

∂uj

∂xk

)
+ Cjn

∂uk

∂xn

∂ui

∂xk
+ Cin

∂uk

∂xn

∂uj

∂xk

+ cjn
∂uk

∂xn

∂ui

∂xk
+ cin

∂uk

∂xn

∂uj

∂xk
+ ckn

∂uj

∂xn

∂ui

∂xk

]
(22)

A closure for NLTij is devised along the lines adopted by You-
nis et al. [54,55] whereby instead of attempting to model Eq. (22)
term by term, a functional single-point relationship between NLTij
and the set of parameters on which it depends is deduced and that
is then reduced through the consistent application of symmetry,
invariance, permutation and realizability constraints. The assumed
functional relationship is

f (Cmm)
NLTij

�
= func

(
Sij, Wij, Cij, εN

ij ,
∂uiuj

∂xk
,

∂Cij

∂xk
,

∂ NLTij

∂xn

)
(23)
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(21)

where Wij is the mean vorticity tensor

Wij = 1
2

(
∂Ui

∂xj
− ∂Uj

∂xi

)
(24)

Note that the closure does not depend explicitly on the rheo-
logical parameters L and ˇ except for their implicit effect on the
conformation tensor and hence, through flow-conformation cou-
pling, the velocity field. Further studies are required to assess the
robustness of this approach.

Various expansions of Eq. (25) were explored and the one which
produced a reasonable representation of the main features of the
DNS data is given by

f (Ckk) NLT∗
ij = fNLT We�0 Re�0 [CN1Ckkuiu

+
j

+ CN2(uiu
+
k

W+
kn

Cnj

+ uju
+
k

W+
kn

Cni + uku+
i

W+
jn

Cnk)] (25)

The coefficients in Eq. (2) take the values of CN1 = 0.00035 and
CN2 = 0.00015. The damping function fNLT = [1 − exp (−y+/26.5)]2

is introduced to account for near-wall effects. These values of CN1
and CN2 appear to be very small but this is due to the normalization
used for the DNS data. In fact, these coefficients, when multiplied
by We�0 Re�0 ≈ 104, become of order 1.

For the prediction of fully developed turbulent channel flow
in the context of a k − εN turbulence model, only the components

NLTxy and NLTyy are required, together with the trace NLTii. These
quantities are plotted in Fig. 8 after multiplication by f(Ckk). The
variation of NLTii is especially complex due to the contribution of
NLTxx; it is positive in the viscous sublayer, becomes negative at
the buffer layer and positive again in the log-law region where it
assumes large values. The simple model proposed in Eq. (25) does
not capture the behavior of NLTii close to the wall, but it does cap-
ture well its main feature which is the large positive peak. Eq. (25)
also predicts the correct sign and magnitude of all other compo-
nents of NLTij, as seen in Fig. 8. More specifically, it broadly captures
the general trends of NLTxy and NLTyy.

A second argument for using the closure of Eq. (25) is related to
the base turbulence model. The development of this closure relies
on DNS data, but the closure will be used as part of a k − εN model,
which has simplifying assumptions and some deficiencies, such as
the isotropy of Reynolds stresses or the failure to predict a peak
εN at the wall. Hence, even a perfect closure for NLTij would fail to
predict correctly this quantity in the turbulence model. This calls
for a second phase of adjustment of the closure, in Section 4 of
this paper, in strict connection with the specific Newtonian base
turbulence model adopted.
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ensure that the correct sign of the model is obtained given that
the approach adopted here assumes positive values for the double
correlation. For a velocity component normal to a symmetry plane,
the double correlation is anti-symmetric and this property must be
kept in the closure. In Eq. (28) note also that ujcim + uicjm ≡ CUijm.

The general model proposed in Eq. (28) is Galilean-invariant,
invariant with respect to rotations and reflections of the coordi-
nate system. A simpler model is obtained by retaining only the two
leading terms of Eq. (28). This is given as

f (Cmm)CU+
ijk

= −fCU

{
Cˇ1

We�0

Re�0

(
uiu

+
m

∂Ckj

∂x∗
m

+ uju
+
m

∂Cik

∂x∗
m

)

+ Cˇ7
f (Cmm)

[
±
√

u+2

j
Cik ±

√
u+2

i
Cjk

]}
(29)

The coefficients of the model take the values Cˇ1
= 1.3 and Cˇ7

=
0.37.

Fig. 9 shows a comparison between this model and the DNS
results for the quantity appearing in the viscoelastic turbulent
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3.3. Closure for CUijk

The exact equation of CUijk was also derived by Pinho [53]. It is
given as

CUijk, defined as uickj + ujcik, is related to the quantity inside the
box.

Pinho [53] also simplified this equation by invoking the same
assumptions used to simplify the exact equation of NLTij, except
that Eq. (17a) was used instead of Eq. (17b). The first two terms on
the right of the boxed terms of Eq. (26) were retained because even

though f (Ĉmm)uj is small, it multiplies a large tensor Cik. The result
is

f (Cmm)CUijk = −�

[
uium

∂ckj

∂xm
+ ujum

∂cik

∂xm
+ uium

∂Ckj

∂xm

+ ujum
∂Cik

∂xm
+ ui

∂(Umckj)
∂xm

+ uj
∂(Umcik)

∂xm

]

+ �

[(
ujcim + uicjm

) ∂Uk

∂xm
+ uickm

∂Uj

∂xm
+ ujckm

∂Ui

∂xm

]

+ �

[
Ckm

∂uiuj

∂xm
+ Cjmui

∂uk

∂xm
+ Cimuj

∂uk

∂xm

]

+ �

[
uicjm

∂uk

∂x
+ ujcim

∂uk

∂x
+ ckm

∂(ujui)
∂x

]

m m m

− f (Ĉmm)ujCik − f (Ĉmm)uiCkj (27)

In contrast to NLTij, the closure developed for CUijk was partially
based on the reduction of Eq. (27) after decoupling some of its triple
correlations into double or lesser correlations of known quantities
leading to the following general expression:

f (Cmm)
CUijk

�
= −Cˇ1

(
uium

∂Ckj

∂xm
+ ujum

∂Cik

∂xm

)
+ Cˇ2

Um
∂CUijk

∂xm

+ Cˇ3

[(
ujcim+uicjm

) ∂Uk

∂xm
+uickm

∂Uj

∂xm
+ujckm

∂Ui

∂xm

]

+ Cˇ4
Ckm

∂uiuj

∂xm
+ Cˇ5

Cjm
∂uiuk

∂xm
+ Cˇ6

Cim
∂ujuk

∂xm

− Cˇ7

�
f (Cmm)

[
±
√

u2
j
Cik ±

√
u2

i
Cjk

]
(28)
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(26)

In modeling the last term as f (Ĉmm)ujCik + f (Ĉmm)uiCkj ≈

ˇ7f (Cmm)

[
±
√

u2
j
Cik + ±

√
u2

i
Cjk

]
the ± sign was introduced to
Fig. 8. Comparison between DNS data for fully developed channel flow of FENE-P
fluid (Re� = 395, We� = 25, L2 = 900 and ˇ = 0.9) for some components of f (Ckk) NLT∗

ij

with the predictions of Eq. (25).
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Fig. 9. Comparison between DNS data for fully developed channel flow of FENE-P
fluid (Re� = 395, We� = 25, L2 = 900 and ˇ = 0.9) for f (Ckk)CU+

iiy
with the predictions of

Eq. (29).

transport of k. The main features of CUiiy are well captured by Eq.
(29). To comply with the damping effect of the wall, and to match
the predictions of the model with the DNS data, it was necessary to
introduce a damping function fCU = 1 − exp (−y+/26.5).

The viscoelastic turbulent transport QV is actually the derivative
of f(Ckk)CUiiy and so the essential characteristic of this quantity is
the positive peak for y+ > 10. The DNS data for DR = 18% also show
a region close to the wall with slight negative values of f (Ckk)CU+

iiy

and a small, but sharp negative peak near the centreline. Whereas
the former is not captured by the proposed closure, the latter is
overpredicted, both features requiring future improvements.

For the present purpose, the main peak is the essential feature
of the flow, and its magnitude and location are well captured by
this closure.

4. Turbulence model

The closures developed in Section 3 were incorporated into
a modified version of the low Reynolds number k − εN model of

Nagano and Hishida [40] for Newtonian fluids utilizing variable
turbulent Prandtl numbers for k and ε [41–46].

The time-averaged polymer stresses which appear in the
momentum equations (Eq. (2)) are obtained from

�̄ij,p = �p

�
[f (Ckk)Cij − f (L)ıij] (30)

The conformation tensor in Eq. (30) is obtained from

�(
∇
Cij − NLTij) = −[f (Ckk)Cij − f (L)ıij] (31)

The Reynolds stress is given by Boussinesq’s stress–strain rela-
tionship (Eq. (10)). The eddy viscosity which appears in this
equation differs from the original coefficient for Newtonian fluids
in that it includes the total dissipation of turbulent kinetic energy,
not just the dissipation by the solvent (εN):

�T = C	f	
k2

ε̃N + εV
(32)

The damping function f	 remains the same as for a Newtonian
fluid.
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The turbulent kinetic energy is obtained from the equation:

∂�k

∂t
+∂�Uik

∂xi
= −�uiuk

∂Ui

∂xk
+ ∂

∂xi

[(
�s + �ft�T


k

)
∂k

∂xi

]
+ �s

∂2k

∂xi∂xi

− �ε̃N − �D + �p

�

∂

∂xi

[
f (Cmm)

CUkki

2

]

− �p

�
f (Cmm)

NLTkk

2
(33)

Here, the modified rate of dissipation ε̃N is used as is often the
case in low Reynolds number models. It differs from the true dissi-
pation εN very close to walls and is given by εN = ε̃N + D, where D
is defined as

D = 2�s

(
d
√

k

dy

)2

(34)

The transport equation for the modified rate of dissipation is

∂�ε̃N

∂t
+ ∂�Uiε̃

N

∂xi
= ∂

∂xi

[(
�s + �ft�T


ε

)
∂ε̃N

∂xi

]
+ f1Cε1

ε̃N

k
Pk

− f2Cε2 �
ε̃N2

k
+ �E + E�p (35)

where the production of turbulent kinetic energy is Pk =
−�uiuj(∂Ui/∂xj), E = �s�T(1 − f	)(∂2Ui/∂y∂y)

2
and E�p is the last

term on the right-hand-side of Eq. (15), due to the presence of the
viscoelastic fluid, which is here taken as E�p = 0. The damping func-

tions are f	 = [1 − exp (−y+/26.5)]2, with y+ = u�y/�wall based on
the wall viscosity of the solution, f1 = 1.0 and f2 = 1 − 0.3 exp (−R2

T)
with RT = k2/(�sε̃N).

NLTij, and consequently NLTkk in Eq. (33), is given by Eq. (25)
with CN1 = 0.00035 and CN2 = 0.00015 and fNLT = f	. CUiiy is calcu-

lated from Eq. (29) with Cˇ1
= 1.3 and Cˇ7

= 0.37 and fCU =
√

f	.
As already mentioned in Section 3.2, the small numerical values of
CN1 and CN2 are related to the way Eq. (25) is normalized. When
multiplied by We�0 and Re�0 (c.f., Eq. (25)) the coefficients become
3.5 and 1.5, respectively.

Using in the turbulence model the value of CN1 obtained in the
model calibration against DNS data, CN1 = 0.00035, results in over-
estimation of NLTij and significantly larger DRs than observed. In
the second phase of the development of the viscoelastic closure,
this parameter was reduced in order to match the DR and the same

values of Re�0 = 395 and We�0 = 25, to which corresponds DR = 18%,
while keeping unchanged the other coefficient of NLTij. Regard-
ing CUiiy, using the original values of Cˇ1

and Cˇ7
also resulted in

an over-prediction of CUiiy, but its impact on other quantities was
small. These two coefficients were also reduced for improved model
performance.

The remaining parameters in the model are assigned their usual
values, i.e., C	 = 0.09, Cε1 = 1.45 and Cε2 = 1.90. Regarding the tur-
bulent Prandtl numbers for k and ε, two combinations are used: the
original set of Nagano and Hishida [40] with 
k = 1.0 and 
ε = 1.3,
and the set recommended by Nagano and Shimada [46] and Park
and Sung [41] to increase turbulent diffusion in the near-wall region
while reducing it far from the wall. This second set uses 
k = 1.1 and

ε = 1.3 together with the function ft:

ft = 1 + 3.5 exp [−(RT/150)2] (36)

5. Results and discussion

Three sets of results are presented and analyzed separately in
this section. In Section 5.1 six variants of the proposed closures are
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Table 1
Numerical values of some parameters used in the viscoelastic simulations for Re�0 =
395, We�0 = 25, L2 = 900 and ˇ = 0.9

CN1 Cˇ1
Cˇ7 
k 
� εV

Run 1 0.000277 1.3 0.37 1.0 1.3 No
Run 2 0.000291 1.3 0.37 1.1 & ft 1.3 & ft No
Run 3 0.000293 0.65 0.18 1.1 & ft 1.3 & ft No
Run 4 0.000266 0.65 0.18 1.1 & ft 1.3 & ft Yes
Run 5 0.000270 0.65 0.18 1.0 1.3 Yes
Run 6 0.000266 0.754 0.215 1.1 & ft 1.3 & ft Yes

ft refers to the use of a variable Prandtl number via ft of Eq. (36), otherwise ft = 1. εV

refers as to whether or not εV is used in the definition of �T in Eq. (32).

assessed by comparison with one set of DNS data pertaining to the
low DR regime. Then, in Section 5.2 two sets of results are presented
to assess the performance of one of the models by looking at the
effects of Weissenberg number, L2 and ˇ. These comparisons allow
a critical evaluation of the various closures proposed.
5.1. Model performance against DNS data

In this section, results from several simulations are presented.
Unless otherwise stated, the DNS results pertain to Re�0 = 395
and, for the viscoelastic fluids, for rheological parameters given by
We�0 = 25, L2 = 900 and ˇ = 0.9 which corresponds to a DR of 18%.
All viscoelastic flow calculations were carried out using the same
channel dimensions and bulk velocity as the DNS. Simulations were
performed to assess the effect of the variations in the coefficients
present in the turbulence model on DR predictions (see Table 1).
This amounts to testing different turbulence models in order to
select the best based on the general closures of Sections 3.2–3.4. In
all cases, the coefficient CN1 was changed to match the DNS values
of Re�0 and We�0 . The numerical simulations were carried out with
the finite-volume code of Younis [56] adapted for the FENE-P fluid
by Pinho and co-workers [33–36]. Non-uniform meshes of 99 cells
across the channel were used with at least 8 cells located within
each of the viscous sublayers. This computational grid gives mesh
independent results within 0.5% for the mean velocity profile and
the friction factor.

Fig. 10. Comparison between DNS data for FENE-P fluid in turbulent channel flow
and the corresponding predictions for runs 1–5 of Table 1. Mean velocity profile
normalized in wall coordinates. Includes Newtonian fluid prediction.
Fig. 11. Normalised CUiiy in wall coordinates. Comparison between DNS and predic-
tions (runs 1–6 of Table 1) for FENE-P fluids in turbulent channel flow.

As shown in Table 1, 
k and 
ε were taken as constant in runs 1
and 5, but as variable for runs 2–4. Another difference concerns the
use of εV in the definition of �T (c.f. Eq. (32)) for runs 4–6 in contrast
to the classical Newtonian definition used in runs 1–3. The third
difference is in the numerical values of parameters Cˇ1

and Cˇ7
, i.e.,

in the model predictions of CUkky.
Fig. 10 compares the predicted and DNS results for mean veloc-

ity profiles in wall coordinates for DR = 18%. The Newtonian profile
at the same Reynolds number is also shown. It is clear that the vis-
coelastic simulations capture DR of an extent which is very close
to the DNS, especially for constant 
k and 
ε. The use of variable
Prandtl numbers reduces the slope of the mean velocity in the
buffer layer, but it is nevertheless recommended by Nagano and
Shimada [46] and Park and Sung [41] as it improves predictions of
other quantities such as the turbulence kinetic energy and its rate of
dissipation. Run 1 slightly overpredicts run 5, these two simulations
differ in the viscoelastic turbulent transport model coefficients. All

Fig. 12. Turbulent kinetic energy in wall coordinates. Comparison between DNS data
for Newtonian (from Mansour et al. [49]) and FENE-P fluids in turbulent channel flow
and the corresponding Newtonian and FENE-P predictions (runs 1–5 of Table 1).
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simulations underpredict the DNS in the buffer layer and in the
log-law region, but cross over the DNS data as the centerline is
approached, because of mass conservation. Making the eddy viscos-
ity depend directly on the viscoelastic stress work has little impact
on the mean velocity, but improves the prediction of other quan-
tities as will be seen later. In any case, as far as the mean velocity
is concerned, and apart from the variable Prandtl numbers 
k and

ε, other modeling differences have a small impact.

The predicted and DNS profiles of CUkky are shown in Fig. 11. The
use of the original values of the parameters Cˇ1

and Cˇ7
in runs 1 and

2, which produced reasonably good agreement between the clo-
sure and the DNS in Fig. 9, results in overprediction of CUkky when
this closure is used in the k − εN turbulence model. This difference
is a consequence of the limitations of the k − εN model especially
in terms of its predictions of quantities like the Reynolds stresses
and its gradients. If these behave quantitatively differently in the
predictions compared to the DNS used to derive the closures, then
these closures will give a different result in the model, which then
changes further the predicted quantities in a feedback cycle. An

Fig. 13. Normalized shear stresses. Comparison between DNS data for FENE-P fluid
in turbulent channel flow and the corresponding predictions (runs 1–5 of Table 1
and Newtonian prediction). (a) Comparison between Reynolds shear stress; (b) com-
parison between Reynolds stress, polymer stress and solvent stress for run 4.
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example is the Reynolds stresses, which are anisotropic, but are
taken as isotropic in this k − εN model. Hence, it was necessary
to reduce the values of Cˇ1

and Cˇ7
in order to be able to predict

the correct peak value of CUkky. Using variable Prandtl numbers
improves also the prediction of CUkky, especially in the buffer layer.
Better prediction of this quantity was obtained in run 6, where Cˇ1
and Cˇ7

were increased. Nevertheless, in all cases the predicted dis-
tribution of CUkky tends to be sharper and the negative peak in the
inertial layer is also over-predicted. For conciseness, only data from
run 6 is shown in this figure.

As can be seen from Fig. 12, the predicted turbulent kinetic
energy does not follow the trends in the DNS. The profile of k+ for
DR = 18% is actually not too different from the DNS profile of Man-
sour et al. [49] for a Newtonian fluid at the same Reynolds number,
and the predicted Newtonian profile is similar to these two DNS
profiles. However, the inclusion of viscoelasticity reduces signifi-
cantly the predicted values of k+. The use of the variable 
k and 
ε

(via ft) generally improves the predictions of k close to the wall and
it is clear that the best predictions of k combine this feature with

lower values of Cˇ1

and Cˇ7
for improved prediction of CUkky and

the use of εV to define �T.
Drag reduction is associated with a decrease in the Reynolds

shear stress. By adopting the Prandtl–Kolmogorov model for the
eddy viscosity, this reduction can be achieved via a decrease in k
alone or in combination with an increase in εN+. Since εN+ is also
reduced, as will be shown shortly, the DR must be accompanied
by a larger decrease in k, which will then be underpredicted. Fur-
ther development of the model is needed to address this issue to
improve the predictions of k and εN while giving the correct DR and
the correct Reynolds shear stress profiles, as shown in Fig. 13(a). The
expected decrease in u′v′+ is captured by the present turbulence
model but the extent of reduction is overestimated. These varia-
tions in u′v′+ should come together with different predictions of
the normalized polymer stresses (the Newtonian solvent stresses
are not expected to be too different since the velocity gradients are
practically unaffected by DR). Hence, the lower peak values of the
predicted u′v′+, and especially for runs 3 and 4, are accompanied by
an overprediction of the polymer stress, as can be seen in Fig. 13(b)
where the three relevant shear stresses are plotted for run 4. The

Fig. 14. Normalized Newtonian solvent rate of dissipation of k in wall coordinates.
Comparison between DNS data for Newtonian (Re� = 395 from Mansour et al. [49])
and FENE-P fluid in turbulent channel flow and the corresponding Newtonian and
FENE-P predictions (runs 1–5 of Table 1).
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interplay between the Reynolds and polymer stress is clear in this
plot, whereas the solvent shear stress is well predicted and shows
no appreciable variation from run to run.

The predictions and simulations of εN+ are compared in Fig. 14.
Runs 1 and 5 (with constant 
k and 
ε) exhibit a peak εN+ at
y+ ≈ 10, whereas the remaining runs, with variable 
k and 
ε,
show the characteristic plateau in this region followed by a further
increase of εN+ towards the wall. In all cases, very close to the wall,
εN decreases to a finite value, in contrast to the correct behavior.
This defect is related to the Newtonian base turbulence model and
requires a more sophisticated modeling approach [41,57]. Indeed,
the DNS profile of εN+ from Mansour et al. [49] for Newtonian chan-
nel flow has a similar shape to the DNS profile of εN+ for the FENE-P
fluid, but the former is consistently higher with a maximum value
of εN+ of around 0.2 (in normalized quantities) against around
0.15. The viscoelastic predictions of the solvent dissipation εN+ are
all lower than for the pure Newtonian fluid, but higher than the
viscoelastic DNS. This is unexpected but is again related to the defi-
ciencies of the Nagano and Hishida [40] formulation in predicting
the rate of dissipation and indicates the need for improvement of
the base turbulence model. Such improvement is usually obtained

Fig. 15. Comparison between DNS data for FENE-P fluid in turbulent channel flow and the
and NLTxy (c) as a function of wall distance.
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via corrections to the modeled transport equation of εN, as well as
by the use of more elaborate damping functions [46,57].

The predictions of NLT∗
kk, NLT∗

yy and NLT∗
xy are shown in

Fig. 15(a)–(c). As expected, in all cases the predicted shapes are
similar, but there are some differences from the DNS. Both NLT∗

kk
and NLT∗

xy are underpredicted by about 60%, whereas NLT∗
yy is well

predicted in magnitude but the profile is shifted towards lower val-
ues of y+. These differences are associated with lower values of CN1 ,
and the different behavior of the quantities upon which the closures
are based. The complex nonlinear coupling between NLTij , Cij and
Sij (see Appendix A) means that small deviations in the prediction
of one quantity will affect the distribution of the other in a complex
manner. Nevertheless, in order to obtain a similar DR as in the DNS,
what needs to be well predicted are all the shear stresses appear-
ing in the momentum balance and this is reasonably done here.
Even though the shear Reynolds stress is underpredicted (Fig. 13)
and the polymer shear stress is overpredicted, the sum of these two
stresses with the solvent shear stress must be the same as for the
DNS to arrive at the same values of Re�0 and We�0 . The reasonably
good prediction of NLTyy impacts positively the prediction of Cyy, as
shown in Fig. 16(b)). For the other two components of the conforma-

corresponding predictions for runs 1–5 of Table 1. Normalized NLTkk (a), NLTyy (b)
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d the corresponding predictions for runs 1–5 of Table 1. Components of the conformation
Fig. 16. Comparison between DNS data for FENE-P fluid in turbulent channel flow an
tensor as a function of wall distance Cxx (a), Cyy (b) and Cxy (c).
tion tensor, Cxx is plotted in Fig. 16(a) whereas Fig. 16(c) compares
predictions and DNS for Cxy. This latter quantity is over-predicted,
whereas Cxx has an unexpected peak at y+ ≈ 10, probably caused by
the lack of the small negative peak in NLTxx (and by implication in
NLTkk).

5.2. Effects of Weissenberg number, viscosity ratio and molecular
extensibility

An appropriate turbulence model would be expected to predict
a variable degree of DR as the Weissenberg number is increased.
The DNS results show that for We�0 less than a critical value of
around 6 there is no DR, but beyond this value, the degree of DR
increases with the Weissenberg number. The performance of the
turbulence model of Run 4 in Table 1 was tested as a function of
Weissenberg number. The main results are listed in Table 2 and are
plotted in Fig. 17. The other models in Table 1 behave similarly. In
Fig. 17(a)–(f) profiles are plotted for the normalized mean velocity,
turbulent kinetic energy, rate of dissipation of k by the Newtonian
solvent, NLTii, �̄p,xy and Cxx.
In Fig. 17(a), the predicted profiles of the mean velocity are
presented in wall coordinates. For We�0 = 25, the predictions cap-
ture the expected increase in the slope of the log-law whereas
the Newtonian results provide a very close match to the universal
profile. The results for We�0 ≤ 20 fall below the log-law, which indi-
cates drag enhancement. The remaining comparisons, presented

Table 2
Simulations with model of run 4 (Table 1) at Re�0 = 395, L2 = 900 and ˇ = 0.9

We�0 Re� We� Re We f DR

Newtonian 395 Newtonian 7047 Newtonian 0.0251 –
0 395 0 6819 0 0.0268 +6.8
5 396.9 5.0 6870 0.22 0.0265 +5.6
10 400.9 10.2 6874 0.44 0.0264 +5.2
15 404.5 15.4 6827 0.66 0.0268 +6.8
20 407.7 20.7 6929 0.89 0.0260 +3.6
22.5 408.9 23.3 7191 1.04 0.0241 −4
25 410.2 26 7856 1.26 0.0202 −19.5

We�0 = �u2
� /�0, We� = �u2

� /�w, We = �U/h, Re�0 = hu� /�0, Re� =
hu� /�w, Re = Uh/�0, vw: wall kinematic viscosity, U: bulk velocity, DR = (f − fN)/fN,
fN: Newtonian friction factor.
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Fig. 17. Effect of Weissenberg number on the channel flow predictions for the turbulence model of run 4 for Re�0 = 395, L2 = 900 and ˇ = 0.9. (a) u+; (b) k+; (c) εN+; (d) NLT∗
ii;

(e) �̄+
p,xy and (f) Cxx .
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Fig. 18. Effect of L2 and ˇ on channel flow predictions for the turbulence model of Run 4 for constant bulk velocity, relaxation time and geometry (c.f. Table 3): (a) u+; (b) k+;
(c) εN+; (d) NLT∗

ii
; (e) �̄+

p,xy; (f) Cxx .
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in Fig. 17(b)–(f), show a more monotonic dependence of turbu-
lence parameters on the Weissenberg number. The profiles of k
(Fig. 17(b)) for We�0 = 0 and 5 show values that are higher than
those of the Newtonian profile. The same is true for εN+ as shown in
Fig. 17(c). The other quantities plotted in Fig. 17, �̄p,xy, Cxx and NLTii
show already a monotonic behavior. These results confirm the DNS
findings that there is likely no DR at low values of We�0 and that the
onset of this phenomenon starts at a finite critical value of We�0 .
It should be noted that as We�0 → 0, the model does not appear to
asymptote to its Newtonian limits. That this is the case is because
We�0 → 0 as a consequence of � → 0. This corresponds to �p → 0
rather than a non-zero value of �p as in here, since for a FENE-P fluid,
� and �p are related in the limit of small Weissenberg numbers by
�p → nkBT�L2/(L2 + 5), where T is the absolute temperature and
kB is Boltzmann’s constant [37]. In this specific case the turbulence
model will predict correctly the Newtonian flow, but generally the
evolution of the predictions with We remains non-monotonic as
shown in Fig. 17. Hence, the case � → 0 with �p = 0 forms a severe
test of turbulence model performance. The Newtonian case plot-
ted in Fig. 17 corresponds to �p = 0 and a solvent viscosity having
the same total viscosity of the polymer solutions, i.e., a viscosity of
�s + �p, but the results would be identical for a viscosity of �s at the
same Re�0 .

The behavior at We�0 → 0 arises from the closures developed for
NLTij and CUijk. As � → 0 the closure of NLTij should result in a purely
viscous dissipation associated with the polymer viscosity, whereas
the closure for CUijk should tend to a gradient of the Reynolds stress
to give rise to molecular diffusion of the Reynolds stresses by the
polymer viscosity. A modified turbulence model that includes cor-
rections to the closures for NLTij and CUijk was explored. These
corrections deal with the limiting behavior where 	p = �̄p,xy/�̇xy

is the local shear viscosity of the FENE-P fluid and are of the form:

	 +

f (Ckk) NLT∗

ij = p

�p
We�0 Re�0 εNp + R.H.S. Eq. (25) and

εNp+ = �s + 	p

�s
εN+

(37)

f (Cmm)CU+
ijk

= 	p

�p

We�0

Re�0

∂uiuj
+

∂x∗
k

+ R.H.S. Eq. (29) (38)

In the limit of � → 0 the model did indeed produce a mono-
tonic behavior but its performance deteriorated as the Weissenberg
number increased as the added corrections overwhelmed the orig-
inal terms.

To assess the model’s sensitivity to L2 and ˇ, simulations were
carried out as listed in Table 3 and plotted in Fig. 18(a)–(f). The
model captures the correct response to L2 in that it predicts a mono-
tonic growth of DR as L2 increases but this does not seem to be the
case with ˇ in the sense that for the same bulk velocity, geometry
and relaxation time, reducing ˇ raises the viscosity of the poly-
mer but leaves the pressure drop unchanged. The Reynolds number
Re�0 is reduced, but if this parameter is matched (for instance, by
increasing the fluid density) then there is a strong reduction in the
friction coefficient, as can be seen in Table 3.

Table 3
Simulations with model and flow conditions of run 4 at We = 1.26

L2 ˇ; 1 − ˇ We�0 Re�0 We� Re� Re f

00a 0.9; 0.1 25 395 26 410.2 7856 0.0202
00 0.9; 0.1 23.7 384.6 24.3 395.0 7856 0.0192
00 0.8; 0.2 22.9 356.3 24.6 383.7 6982 0.0208

450 0.8; 0.2 23.8 363.3 26.2 400.6 6982 0.0217
00 0.9;0.1 23.8 395 24.5 405.7 8249 0.01834
00 0.8;0.2 23.3 395 25.1 425.9 8431 0.01756

a Run 4 (from Table 1).
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The DNS results for the low DR regime obtained by using differ-
ent parameters in the FENE-P and Giesekus models suggest that DR
is a function of the extensional viscosity of the fluid. For the FENE-P
fluid, plateau extensional viscosity is a function of (1 − ˇ)L2. Hence,
the amount of DR obtained using different values of ˇ and L2 will
be similar given that (1 − ˇ)L2 is held constant. This is not the case
here, as shown in the comparison between the two sets of data of
Table 3, and of the corresponding curves in Fig. 18. The friction fac-
tors in each of these two sets differ by about 10%, suggesting that
improvements are required to mimic the relationship between DR
and extensional viscosity. For the profiles of k+ and εN+ there is near
collapse of data pertaining to each set, the polymer stresses are not
too different, but for NLTii there are significant differences. Since
NLTii affects εV, which is used to calculate the eddy viscosity in the
model of run 4, this should be the cause for the 10% difference seen
in the friction factor.

6. Closure

A framework for turbulence closures of the Reynolds-average
Navier–Stokes equations for viscoelastic fluids represented by the
FENE-P rheological constitutive model has been developed leading
to a self-consistent system of model equations. DNS results were
analyzed to identify dominant terms from the perspective of the
development of single-point two-equation closures. The method-
ology advanced here is extensible to the more reliable second-order
closures for the Reynolds stresses. The outcome of this work is a
proposal for a robust yet accurate k − ε model, which was incor-
porated into a finite-volume computational method and used to
predict fully developed channel flows of FENE-P fluids. This model
is of the low turbulence Reynolds number variety and is modi-
fied to account for variable turbulent diffusion coefficients in the
k and ε equations. A central feature of this model is the inclusion
of two viscoelastic terms in the transport equations of turbulent
kinetic energy: the viscoelastic stress work and the viscoelas-
tic turbulent transport term. The model requires the solution of
the conformation tensor evolution equation, which contains the
new turbulent distortion term (NLTij), the correlation between
the fluctuating conformation (cij) and rate of strain (∂ui/∂xj)
tensors.

Analysis of the DNS results showed that the viscoelastic stress
work is adequately modeled by the trace of NLTij and simple clo-
sures for NLTij whereas the viscoelastic turbulent transport terms

were formulated using a priori DNS analysis. The model, despite its
ability to reproduce many of the flow features obtained in the DNS
results, does not succeed in capturing the region of negative NLTxx

close to the wall. This, and other shortcomings, may be resolved
by adoption of a better Newtonian model. This will also improve
the model’s performance in the limit of vanishing relaxation times
where a Newtonian behavior needs to be obtained.
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Appendix A. Polymer stress, shear viscosity and
conformation tensor for a FENE-P fluid in fully developed
turbulent channel flow

The polymer shear stress in fully developed turbulent channel
flow according to the simplifications introduced in Section 3 is

�̄xy,p = �p

�
f (Ckk)Cxy (AI.1)

The components Cxx, Cxy, Cyy and Czz of the conformation tensor
must be calculated by the general Eq. (31) which for this flow are
given by the following equations:

2�Cxy
dU

dy
+ � NLTxx = f (Ckk)Cxx − f (L) (AI.2-a)

�Cyy
dU

dy
+ � NLTxy = f (Ckk)Cxy (AI.2-b)

� NLTyy = f (Ckk)Cyy − f (L) (AI.2-c)

� NLTzz = f (Ckk)Czz − f (L) (AI.2-d)

�Czy
dU

dy
+ � NLTzx = f (Ckk)Czx (AI.2-e)

� NLTzy = f (Ckk)Czy (AI.2-f)

Cxz = Cyz = 0 are solutions of Eqs. (AI.2-e) and (AI.2-f). By back-
substitution, the other components of Cij are made to depend on a
single component of the conformation tensor. Here, the following
set of equations is used:

Cxx = L2 − Cyy
L2 − 1 + �(NLTyy + NLTzz)

� NLTyy + 1
(AI.3-a)

Czz = Cyy
� NLTzz + 1
� NLTyy + 1

(AI.3-b)

Cxy = Cyy
� NLTxy + �Cyy(dU/dy)

� NLTyy + 1
(AI.3-c)

By back-substitution, the following cubic equation on Cyy is
obtained:
C3
yy + a1C2

yy + a2Cyy + a3 = 0 (AI-4)

with coefficients

a1 = NLTxy

dU/dy
;

a2 = [L2 − �(NLTxx + NLTyy + NLTzz)](� NLTyy + 1)

2(�(dU/dy))2
;

a3 = − L2(� NLTyy + 1)2

2
(

�(dU/dy)
)2

(AI-5)

Defining the parameters

a = a2 − a2
1

3
; b = a3 − a1a2

3
+ 2a3

1
27

;

d = b2

4
+ a3

27
; r =

√
−a3

27
and ω = arccos

(−b

2r

)
(AI-6)

the three solutions of this cubic equation are
 PRESS
luid Mech. 154 (2008) 89–108

(1) If d > 0 there are two complex solutions and one real solution,
the latter given by

Cyy = p1/3 + q1/3 − a1

3
where p = − b

2
+

√
d and

q = − b

2
−

√
d (AI-7)

(2) If d < 0 there are three real solutions

Cyy = 2
√−a

3
cos

(
ω

3

)
− a1

3
(AI.8-a)

Cyy = 2
√−a

3
cos

(
ω + 2

3

)
− a1

3
(AI.8-b)

Cyy = 2
√−a

3
cos

(
ω + 4

3

)
− a1

3
(AI.8-c)

To determine the correct solution, the behavior of the FENE-P
model must be analyzed and realizability of Cij imposed. For this
constitutive equation the trace of the conformation tensor must
always be within 3 and L2, corresponding to a dumbbell in the
equilibrium state and fully extended, respectively.

Appendix B. Transport equation for the Reynolds stresses

The transport equation for the Reynolds stress of a FENE-P fluid
is [42]:

�
∂uiuj

∂t
+ �Uk

∂uiuj

∂xk
= Pij + Qij + Q V

ij + Dij,N + ˘ij − �εN
ij − �εV

ij ,

(AII-1)

where Pij = −�
(

uiuk(∂Uj/∂xk) + ujuk(∂Ui/∂xk)
)

, the rate of produc-
tion of Reynolds stresses; Qij = −(∂/∂xk)(�uiujuk), the turbulent
transport of Reynolds stress; DN

ij
= �s(∂2uiuj/∂xk∂xk), the molec-

ular diffusion associated with the Newtonian solvent; ˘ij =
−

(
ui(∂p′/∂xj) + uj(∂p′/∂xi)

)
, the pressure correlations, encompass-

ing both the redistributive pressure strain term, p′(∂ui/∂xj) +
p′(∂uj/∂xi), and the term associated with turbulent transport,

−(∂p′ui/∂xj) − (∂p′uj/∂xi); εN
ij

= 2�s(∂ui/∂xk)(∂uj/∂xk), the direct
viscous dissipation due to the Newtonian solvent (superscript N).

For convenience and by analogy with turbulence for Newtonian flu-
ids, we define the viscous dissipation with the solvent kinematic
viscosity and we use the opposite sign to that of the original work
[42].

The two new terms in Eq. (AII-1) are Q V
ij

= ∂
∂xk

(ui�
′
jk,p + uj�

′
ik,p),

the viscoelastic turbulent transport due to fluctuating viscoelastic

stresses; εV
ij

= 1
�

(
�

′
jk,p

∂ui
∂xk

+ �
′
ik,p

∂uj

∂xk

)
, the stress power, represent-

ing energy per unit time that the chains can dissipate or store as
free energy, it quantifies the work done by the viscoelastic stresses.
This is sometimes referred to as viscoelastic dissipation [42,43]
given the similarity to the viscous dissipation εN

ij
, but the concept of

power is more appropriate since it can have positive and negative
contributions in contrast with a dissipative term.

The definition of the polymeric stress of Eq. (5) can be used to
expand the two new viscoelastic terms, which become:

Q V
ij = �p

�

∂

∂xk
[Cikf (Cmm + cmm)uj + Cjkf (Cmm + cmm)ui

+ f (Cmm + cmm)cikuj + f (Cmm + cmm)cjkui] (AII-2)
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εV
ij = �p

��

[
Cikf (Cmm + cmm)

∂uj

∂xk
+ Cjkf (Cmm + cmm)

∂ui

∂xk

+ f (Cmm + cmm)cik
∂uj

∂xk
+ f (Cmm + cmm)cjk

∂ui

∂xk

]
(AII-3)

Appendix C. Transport equation for the rate of dissipation
of turbulent kinetic energy by the Newtonian solvent for a
FENE-P fluid

To obtain the transport equation for the rate of dissipation of k
by the solvent for a FENE-P fluid we follow [58,28] to obtain:

2�s
∂ui

∂xm

∂

∂xm
(Lui) = 0, (AIII-1)

where Lui is the equation of the fluctuations of the i-velocity com-
ponent (Eq. (AIII-2))

Lui : �
∂ui

∂t
+ �Uk

∂ui

∂xk
+ �uk

∂Ui

∂xk
+ �

∂

∂xk
(uiuk − uiuk)

= −∂p′

∂xi
+ ∂

∂xk
(2�ssik + � ′

ik,p) (AIII-2)

The tensor sik is the fluctuating rate of deformation and the
fluctuating polymer stress (� ′p

ik
) and is given by

� ′
ik,p ≡ �̂ik,p − �̄ik,p = �p

�
{[f (Ĉnn) − f (Cnn)]Cik − f (Ĉnn)c′

ik
} (AIII-3)

Using Eq. (6) it can be shown that f (Ĉnn) − f (Cnn) =
f (Cnn)f (Ĉpp)(c′

qq/(L2 − 3)).
Performing the operations in Eq. (AIII-1) leads to

2�s
∂ui

∂xm

∂

∂xm

(
�

Dui

Dt

)
I and II

+ 2�s
∂ui

∂xm

∂

∂xm

(
�uk

∂Ui

∂xk

)
III

+ 2�s
∂ui

∂xm

∂

∂xm

(
�

∂uiuk

∂xk

)
IV

+ 2�s
∂ui

∂xm

∂

∂xm

(
∂p′

∂xi

)
V

− 4��2
s

∂ui

∂xm

∂

∂xm

(
∂sik

∂xk

)
− 2�s

∂ui

∂xm

∂

∂xm

(
∂� ′

ik,p

∂xk

)
= 0 (AIII-4)
VI VII

Introducing the following definitions of average and fluctuating
rates of dissipation

εN ≡ �s
∂ui

∂xm

∂ui

∂xm
and εN′ ≡ �s

∂ui

∂xm

∂ui

∂xm
(AIII-5)

the terms of Eq. (AIII-4) become:
Terms I and II

2�s
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∂

∂xm
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)
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(
�Uk

∂ui
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)

= �
∂εN

∂t
+ �Uk

∂εN
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+ 2�s

∂Uk

∂xm

∂ui

∂xm

∂ui

∂xk
(AIII-6)

Term III
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(AIII-7)
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Term IV
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Term V
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(AIII-9)

Term VI
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Term VII
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Grouping all terms together, the final form of the equation is
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