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Abstract

Detailed angle-resolved measurements of the mean and rms of the three components of the velocity vector were carried out by
laser-Doppler anemometry in a stirred vessel mechanically agitated by a ribbed, low power consumption hyperboloid impeller at
a Reynolds number of 50,000. Due to the small clearance of the agitator the #ow pattern in the vessel was typical of that encountered
when using an axial turbine although the #ow in the vicinity of the impeller was alike that in a radial device with the mean #ow
discharge following a k- type pattern. In most of the vessel the #ow was gentle with mean velocities of the order of 5% of the tip
velocity, increasing to about 20%<

*.1
towards the tip of the impeller because of the ribs. Their small size limited the extent of periodic

#ow to a region delimited by the bottom and z/R"0.2 in the vertical direction, and r/R"0.85}1.4 in the radial direction, plus the
volume below the impeller. In these regions the turbulence was not isotropic and reached the highest values so that the maximum
turbulence kinetic energy was 65% higher than for the corresponding hyperboloid #ow in the absence of shear ribs. ( 2000 Elsevier
Science Ltd. All rights reserved.
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1. Introduction

Stirred vessel #ows can rely on conventional agitators,
such as the Rushton or pitched blade turbine, or on
especially designed impeller geometries as is the case of
the hyperboloid. This impeller was developed by HoK fken,
Bischof and Durst (1991) from considerations of #uid
dynamics aimed at ensuring a complete suspension of
particles and a good dispersion of air bubbles, and it was
designed for application in waste water treatment plants
(HoK fken, Zahringer & Bischof, 1994). Sludge treatment
requires gentle agitation without destruction of sus-
pended micro-organisms, which otherwise could stop the
chemical process. Designs other than conventional ones
can be better at speci"c tasks, as Buckland, Gbewonyo,
DiMasi, Hunt, Wester"eld and Nienow (1988) and Bak-
ker and Van den Akker (1990) have shown relative to gas
dispersion with hydrofoils.

The investigation of the performance of an agitator
should proceed in various steps: initially there should be
an assessment of the overall #ow features, such as #ow
patterns and power consumption, which for this impeller
was "rst carried out by Nouri and Whitelaw (1994) and
Ismailov, SchaK fer, Durst and Kuroda (1997). Both inves-
tigated the #ow generated by the hyperboloid impeller
with eight transport ribs on its upper surface and
di!erent clearances from the bottom of the vessel. It is
usually necessary to provide aeration for the processes
and the presence of shear ribs at the lower surface of the
impeller can improve bubble break-up but the extent of
this e!ect needs to be investigated. Both transport and
shear ribs and a small clearance were geometrical fea-
tures of the hyperboloid impeller investigated by Pinho,
Piqueiro, Proenia and Santos (1997), who found that the
power number varied from 0.5 for a D/¹"0.78 impeller
to 0.95 for a D/¹"0.24 impeller, as compared to a value
of 5 for the Rushton stirrer at identical high Reynolds
number #ows. A comparison with Ismailov et al. (1997)
shows that the presence of the shear ribs is responsible for
an increase in the power consumption of the order of
250%.
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Fig. 1. The stirred vessel and the co-ordinate system.

Gas or liquid dispersion is highly dependent on the
turbulent Kolmogorov microscale, therefore it is impor-
tant to perform detailed mean and turbulent kinematic
measurements from which the dissipation rate, and
thence the minimum drop size, can be determined. This
has been the motivation for recent investigations with
conventional agitators (Mujumdar, Huang, Wolf, Weber
& Douglas, 1970; LaufhuK tte & Mersmann, 1985; Costes
& Couderc, 1988; Wu & Patterson, 1989; Kresta
& Wood, 1993), which were initiated as early as the
sixties when Cutter (1966) performed its detailed energy
balance from measured data. Detailed information on
the turbulent #ow "eld is also relevant to the kinetics of
aggregates, as is well shown by the works of Nouri and
Whitelaw (1992) and especially Kusters (1991) and to
provide guidelines on the location of feed pipes as is
known that mixing times can be reduced by proper
injection of the additives in regions of very high turbu-
lence.

These objectives can be ful"lled by extensive measure-
ments such as those of Reed, Princz and Hartlard (1977)
and Yianneskis, Popiolek and Whitelaw (1987) who
helped in the understanding of the physics of the #ow in
vessels powered by the Rushton turbine. The latter work
showed well the #ow separation behind the Rushton
blades with their angle-resolved measurements and con-
cluded that the turbulent kinetic energy in the radial jet
emanating from the impeller was 10 times higher than
that in the remaining regions of the vessel. By performing
angle-resolved measurements close to the impeller these
workers were also able to show that previous research,
unaware of the periodicity e!ects created by the passage
of the blades, could overestimate the turbulent quantities
by as much as 400%.

Other detailed measurements have been carried out
aimed at understanding the in#uence of geometric para-
meters, such as the recent investigations of Rutherford,
Mahmoudi, Lee and Yianeskis (1996a,b), which assessed
the impeller blade thickness e!ect, or the impact of tank
geometry on dissipation rate by Zhou and Kresta (1996),
amongst others.

The work to be presented here is the obvious comp-
lement to the previous investigations of Nouri and
Whitelaw (1994), Ismailov et al. (1997), Piqueiro,
Proenc7 a, Pinho and Santos (1996) and Pinho et al. (1997).
In particular, in the two latter works the mean #ow
features have been well characterised and some turbulent
#ow properties were presented in the vicinity of the
hyperboloid impeller for the same #ow con"guration and
impeller geometry. An improved understanding of the
behaviour of the hyperboloid impeller requires not only
the detailed turbulent information to be presented below
but also some information on process engineering whose
investigation is currently under way.

In the next section the experimental facility, the
measuring procedures and their uncertainties are de-

scribed, and the report is followed by the presentation
and discussion of the results. In the results section the
data are processed in various ways to yield important
information. This paper ends with a summary of the
main "ndings and an outline of the next phases of the
work to be performed.

2. Experimental set-up

2.1. Experimental rig

The experimental rig, schematically represented in
Fig. 1, consisted of a 292 mm diameter ¹ stirred vessel in
acrylic, which was mounted on a support standing dir-
ectly on top of a 3-D milling table, as already described in
Pinho et al. (1997). The vessel allowed a maximum height
of liquid of 600 mm, but the work reported here concerns
a #uid height H of 300 mm (H/¹"1). The vessel was
mounted inside a square trough "lled with the same
liquid in order to reduce optical refractions and help
maintain a constant temperature in the bath. Within the
tank, four 25 mm wide and 4 mm thick ba%es were
mounted at 903 intervals to avoid solid-body rotation of
the #uid. To eliminate the dead zones behind the ba%es
these were attached to small triangular connectors "xed
to the vessel wall to create a 6 mm gap. The bottom of the
tank was #at and had a bearing embedded in it to
support the drive shaft.

The 100 mm diameter D hyperboloid impeller was
supplied by Invent GmbH and was mounted on the
5 mm diameter shaft. The impeller had eight transport
ribs on its upper surface and 24 shear ribs located at the
edge of the bottom surface. It was mounted close to the
bottom, de"ning a clearance to vessel diameter ratio C/¹
of 1/30 (c.f. Fig. 1) and the height of the ribs B was equal
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Table 1
Main characteristics of the laser-Doppler anemometer in air at
e~2 intensity

Laser wavelength 514.5 nm
Measured half angle of beams in air 3.653
Dimensions of measuring volume in air

Major axis 2.53 mm
Minor axis 162 lm

Fringe spacing 4.041 lm
Frequency shift 0.6 MHz

to 5 mm (B/R"0.1). More details on the impeller ge-
ometry can be found in HoK fken and Bischof (1993) and
Pinho et al. (1997).

To power the impeller, a 600 W DC Servo motor was
used which was controlled by a variable power supply
unit. A tachogenerator gave an electrical impulse propor-
tional to the speed of the impeller and was connected to
an ampli"er as part of a speed control system feeding
back the power supply unit. The tachogenerator had
an analogue output of 0}10 V, corresponding to
0}3000 rpm and the velocity could also be monitored on
a proper display. As a result, the speed could be kept
constant with an uncertainty of around $1 rpm, which
corresponded to less than 0.2% of the rotational speed.

2.2. Laser- Doppler anemometer characteristics

A one component Laser-Doppler anemometer from
Dantec was used in the forward and backward scatter
modes for measuring the three components of the mean
velocity #ow "eld in one of the tested con"gurations. The
beam from the multimode operated 100 mW Ar-ion laser
passed through a series of optical elements before the
Bragg cell, where a frequency shift of 0.6 MHz was im-
posed. To improve the alignment of the optics and reduce
the size of the control volume a pinhole section and beam
expander, with an expansion factor of 1.95, were put
before the 600 mm front lens.

The scattered light from titanium dioxide 3 lm mean
diameter seeding particles, supplied by TSI Inc was col-
lected by the photo-multiplier before which stood an
interference "lter of 514.5 nm. After being band-pass "l-
tered the signal from the photo-multiplier was processed
by a TSI 1990C counter operating in the single measure-
ment per burst mode with a frequency validation setting
of 1% in the 10/16 cycle comparison. A 1400 Dostek card
interfaced the counter with a 80486-based computer
which provided all the statistical quantities via a pur-
pose-built software.

The refraction of the laser beams in the plane and
curved walls was calculated and taken into account to
correct the positioning of the control volume. Table 1
provides the main characteristics of the Laser- Doppler
anemometer.

Far from the impeller the #ow was found to be angle-
independent, as shown by Piqueiro et al. (1996), and so
3603 ensemble-averaged measurements were carried out
and the mean and rms values were calculated from
a sample size of 30,000 valid readings. This large sample
was necessary for accurate results because of the low
velocities and high levels of turbulence encountered in
the region.

Close to the impeller, where the #ow was found to be
angle-dependent, measurements were synchronised with
the position of the impeller and a total sample size of
600,000 points was taken. The large sample was neces-

sary to yield accurate 13 angle-resolved measurements,
calculated from an average sample of 1666 readings per
13 window.

In the regions of high #ow periodicity, near Rushton
and pitched blade impellers, Yianneskis et al. (1987) and
SchaK fer, Yianneskis, Wachter and Durst (1998) have
shown that consideration of ensemble average quantities
over-predict turbulent quantities by as much as 400%.
However, it is sometimes useful to characterise these
regions by a single average value and for this purpose the
weighted-average mean and variance values calculated
by Eqs. (1) and (2), respectively, are preferred. This is
especially relevant for the rms quantities since the

weighted-average variance u@2
w

is equivalent to a weighted
average of the 13 angle-resolved ensemble-average vari-

ance values u@2h . The weighted-average variance is lower
than the maximum local variance and is a more represen-
tative value of average turbulence than the total en-

semble-average variance u@2
w

which su!ers from
considerable broadening e!ects, as con"rmed with the
present measurements taken in the vicinity of the impel-
ler (see Appendix for more details).
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In Eqs. (1) and (2) ;h , u@2h and Nh represent the 13 angle-
resolved ensemble averaged values of the mean velocity,
variance of the velocity and sample size at each location
h, respectively.

The various sources of uncertainty in the measuring
system were taken into account to calculate the total
measuring uncertainty for the mean and rms velocities, as
outlined in Durst, Melling and Whitelaw (1981) and
Coleman and Steele (1989). The total Doppler variance
(p2

D
) is only a!ected by precision error and the broaden-

ing is given by Eq. (3), where the various relevant terms
have the following meaning, assuming total indepen-
dence and randomness of each contribution:
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Table 2
Maximum uncertainties in mean velocities

Sources of uncertainty Bias error *P Precision error far from impeller Precision error near impeller Reference

Averaging process
and amplitude e!ect

#2% (high turbulence) } } Va"dis (1985)

Statistical }

1.98]
p/k

s

J30000
]100"1.2%

for 100% turbulence intensity

1.98]
p/k

s

J13330
]100"1.7%

for 100% turbulence intensity

Yanta and Smith (1973)

Table 3
Maximum uncertainties in the rms of #uctuating velocities

Source of uncertainty Precision error far from impeller Precision error near impeller Reference

Clock accuracy (p
l
) 0.6

16]250
]100"0.015%

0.6

16]250
]100"0.015%

TSI (1988)

Statistical (p
05)

)
1.98]

1

J2]30000
]100"0.8% 1.98]

1

J2]13330
]100"1.2%

Yanta and Smith (1973)

Averag. process and amplitude
e!ect (p

05)
)

5% (high turbulence) 5% (high turbulence) Va"dis (1985)

p
l

(0.1% (0.1%
p
g

* (0.1% Durst et al. (1981)

the subscripts vel, ¹, g, I and oth stand for the accurate
variance, turbulence, mean velocity gradient, instrument
broadening and other contributions. In Eq. (3) the root-
sum-square combination is used to calculate the total
precision error from the precision errors of the various
contributions.

For the mean velocity the total uncertainty *; is
a!ected by both a precision error *u and a bias error *P
which is again combined by the root-sum-square rule

*;"J*u2#*P2. (4)

For the 3603 ensemble-averaged measurements taken
far from the impeller the maximum uncertainty of the
mean velocity was assessed to be less than 2.4% at a 95%
uncertainty level, assuming a 100% turbulence intensity,
whereas for the turbulent velocities a maximum value of
5.1% was found. In the near-impeller region the uncer-
tainty was higher because of the smaller sample size and
the extra contribution of the velocity gradient broaden-
ing. For the mean and rms velocities at a 100% turbu-
lence intensity the maximum uncertainties were less than
5.3% and 5.6% respectively, at a 95% con"dence level.
Details of this analysis are found in Tables 2 and 3.

The positional uncertainty of the measuring volume
was limited by the control volume size, the resolution of
the traversing table ($10 and $20 lm in the vertical
and horizontal directions, respectively) and the visual

method used to locate the control volume inside the
vessel. This was the major limiting factor, which together
with the size of the measuring volume accounted for
a maximum uncertainty of $100 lm in the vertical di-
rection. In the horizontal plane the maximum uncertain-
ties were of $1000 and $100 lm when traversing in the
azimuthal and radial directions, respectively.

3. Results and discussion

Pinho et al. (1997) have shown that below a Reynolds
number of 200 the #ow is laminar and the power number
(Ne"P/oN3D5) varies inversely with the Reynolds num-
ber (Re"oND2/k), levelling towards a constant value of
0.9 for Reynolds numbers above 1000}2000. The #ow
characteristics presented below are well within the turbu-
lent regime, as they were measured at a Reynolds number
of 50,000. This #ow condition is relevant in waste water
treatment applications due to the large size of the impel-
ler and in spite of its low rotational speed. In the above
de"nitions of power and Reynolds numbers P, o, k,
N and D stand for the power, #uid density, #uid dynamic
viscosity, impeller rotational speed and impeller dia-
meter, all in S.I. units except for N which is in [rps].

The co-ordinate system used to present data is sche-
matically shown in Fig. 1 and all the LDA measurements
were carried out in the mid-plane between two ba%es.
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Fig. 2. Vector plot of the radial- axial mean velocity vector in the
vertical diametrical plane, in the middle plane between two ba%es.

The #ow in a mechanically-agitated vessel is usually
characterised by two regions: close to the impeller the
#ow is periodic because it is directly a!ected by the
passage of the blades or ribs, hence its proper character-
isation requires angle resolved measurements. Outside
this near-impeller region the periodicity has been
smeared by the turbulent #ow and 3603 ensemble-aver-
aging can be correctly used.

The mean #ow characteristics of the angle-indepen-
dent region far from the impeller are presented "rst and
will be followed by a discussion of the extension of the
region exhibiting #ow periodicity (near-impeller region)
and the presentation of the angle-resolved information.
Then, the turbulent #ow characteristics are presented in
the same order. Velocity values are normalised by the
impeller tip velocity and the values of the radial and axial
locations are normalised by the impeller radius.

3.1. Mean yow: Ensemble- and weighted-average measure-
ments

The #ow discharge from a hyperboloid impeller is
radial and this jet is located below the base plane of the
impeller as was previously observed by Nouri and
Whitelaw (1994) in their measurements with a larger
clearance of C/¹"1

3
and by Ismailov et al. (1997) for

C/¹" 1
30

. In the present work the impeller is positioned
near the bottom of the vessel, also at C/¹" 1

30
, and the

radial jet #ows along the bottom wall as is shown in the
vector plot of Fig. 2. This vector plot contains 3603
ensemble-average values far from the impeller and
weighted average values in the near-impeller region. It

can be seen that near the tip of the impeller, vectors are
pointing downwards, towards the bottom of the impeller
instead of radially, an indication that the discharge from
the impeller splits into two streams. Ismailov et al. (1997)
have called this a k-type of #ow pattern with the main
discharge along the right arm of the k. The bottom radial
jet turns upwards at the vessel side wall and returns
radially towards the centre at z/R*2.8 before descend-
ing to the impeller region in the centre of the vessel. Fig. 2
shows that the small clearance of this con"guration leads
to an overall #ow pattern which is proper of an axial #ow
turbine in spite of the radial-like features of the hyper-
boloid impeller. We emphasise the similarity with the
mean #ow pattern of Ismailov et al. (1997), which indi-
cates that the presence of the shear ribs in our work does
not seem to have a signi"cant e!ect upon the mean #ow
"eld.

Figs. 3 and 4 present radial pro"les of the mean axial,
radial and tangential velocity components at regions
where the #ow was found to be angle-dependent and
angle-independent, respectively. The near-impeller pro-
"les were calculated as weighted-averages of the 13
angle-resolved measurements as de"ned by Eq. (1), and
far from the impeller we present the measured 3603 en-
semble-average data. The descending axial #ow at the
centre of the vessel has an average magnitude of about
5% of the tip velocity and occupies over 70% of the
radius of the vessel whereas the upwards vessel wall jet
has a width of about one sixth the tank radius and
a maximum magnitude of 15% of the tip velocity. Near
the tip of the impeller the high velocities show that the
#ow is very intense because it is being pushed directly by
the ribs.

A radial velocity component is acquired only in the
near vicinity of the impeller surface and especially at the
bottom of the vessel. The slow motion of the #uid to-
wards the shaft at 4.0'z/R'2.8 has a magnitude of 2%
of the tip velocity. At the upper quarter of the vessel
(z/R*4.8) the #ow is very weak but still it is possible to
discern a radial #ow towards the shaft for r/R(1.5 and
a radial outwards #ow for r/R'1.5 which, together with
the axial velocity information indicates the presence of
a second weak clockwise vortex not easily observed in
the vector plot of Fig. 2. Down, between z/R"#0.4
and #1.8 the outwards radial #ow has a magnitude of
about 2% of the tip velocity. At the bottom radial jet,
mean velocities are higher than above, reaching max-
imum values of about 10% of the tip velocity and at the
impeller, where the #uid is being pushed by the transport
ribs, local mean radial velocities go up to 20}30% of the
tip velocity. The main anticlockwise vortex, de"ned by
the circulating #ow pattern just described, is centred at
around r/R"2.4 and z/R"1.75.

The mean tangential velocity component has magni-
tudes similar to the mean radial velocity component
except near the impeller. Far from the agitator

F. T. Pinho et al. / Chemical Engineering Science 55 (2000) 3287}3303 3291



Fig. 3. Radial pro"les of the normalised mean axial (u), radial (v) and tangential (w) velocity components at di!erent heights in the vicinity of the
impeller. # z/R"!0.1, ] z/R"!0.06, ** z/R"!0.02, n z/R"#0.02, e z/R"#0.06, h z/R"#0.1, L z/R"#0.14,
m z/R"#0.22, r z/R"#0.30.

Fig. 4. Radial pro"les of the normalised mean axial (u), radial (v) and tangential (w) velocity components at di!erent heights far from the impeller.
# z/R"#0.4, ] z/R"#0.5, ** z/R"#0.8, n z/R"#1.2, e z/R"#1.8, h z/R"#2.8, L z/R"#3.8, m z/R"#4.8,
r z/R"#5.4.

(z/R*0.4) the #uid slowly rotates in the same direction
as the impeller (positive w velocities), with magnitudes
between 1 and 4% of the tip velocity. Below the impeller
the #uid rotation is also positive and the rotational
velocities are higher because of the in#uence of the trans-
port ribs, but they decrease very quickly with the radius,
dropping from over 40% of the tip velocity at r/R"1.08
to less than 10% at r/R"1.4. Just above the impeller
base-plane (z/R"0) up to about z/R"0.3}0.4 the #uid
rotates with the impeller for r/R(1.5 and in the oppo-
site direction for 1.5(r/R(2.5 with a normalised velo-
city of 2.5%. In the wall jet region (r/R'2.5) the #uid

rotates again in the same direction as the hyperboloid.
The counter-rotating #ow could be due to the simulta-
neous in#uence of the ba%es, which act against rotation,
and a low-pressure region created by the high-speed jet at
the bottom.

3.2. Extent of periodic yow

The periodic #ow in the near-impeller region is a!ec-
ted by the eight transport ribs, with the 24 shear ribs
having an in#uence which is limited to the region below
the impeller. However, due to the small size of the ribs
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Fig. 5. (a) and (b) Mean and rms radial velocity component at z/R"!0.06 as a function of the angular position and at radial locations: r/R"1.08
-X-, r/R"1.24 - - - -, r/R"1.4 -n- and r/R"1.76 -m-.

Fig. 6. (a) and (b) Mean and rms radial velocity component at r/R"1.08 (*), r/R"1.24 (n), r/R"1.4 (m), r/R"1.6 (- - - -) and r/R"1.76 (X) as
a function of the angular position at z/R"!0.06.

both e!ects are considerably smaller than usually en-
countered with conventional agitators which have larger
blades.

Near the impeller base-plane and in the bottom wall
jet, the periodicity in both mean and turbulent quantities
becomes very small for r/R*1.8 as can be seen in
Fig. 5 where various angular pro"les of the 13 angle-
resolved mean and rms of the radial velocity component
are shown at di!erent radial locations and constant
z/R"!0.06.

The oscillations in the r/R"1.76 pro"les of Fig. 5 are
of small amplitude and result from two e!ects: the small
sample size of the 13 angle-resolved measurements in

such a high turbulent #ow and the low amplitude wobbl-
ing of the impeller to be discussed later. The correspond-
ing angular pro"les of the 453-average cycle, made from
the 13 angle-resolved data, are presented in Fig. 6 and
here the extent of periodic #ow is limited to r/R"1.4.
Note also that very close to the impeller, at r/R"1.08,
there are three velocity maxima (24 maxima over the full
3603) corresponding to the e!ect of the 24 shear ribs, but
these are absent at r/R"1.24 where only the transport
rib e!ect remains.

Going upwards from the impeller base-plane sees a re-
duction in periodicity since one moves into a region
where the #uid is being sucked into the impeller region.
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Fig. 7. Angular pro"les of the mean radial (a), rms radial (b), mean axial (c) and rms axial (d) velocity components at z/R"!0.06 (**),
z/R"#0.02 (n), z/R"#0.1 (m) and z/R"#0.22 (L), for a constant r/R"1.08.

This is clearly shown in the angular pro"les of the angle-
resolved radial and axial velocity components of Fig. 7:
here the radial position is kept constant at r/R"1.08
and the axial position varies from z/R"!0.06 to 0.22,
where the #ow periodicity becomes negligible. The e!ect
of increased radius at constant z/R"#0.1, i.e. above
the impeller base plane, is plotted in Fig. 8 which shows
angular pro"les of the 453-average cycle; here the #ow is
weakly dependent of angle at r/R"1.24 and steady at
r/R"1.4. This agrees with Ismailov et al. (1997) in that
the periodicity is observed from the bottom of the vessel
up to a region near the upper edge of the transport ribs.
However, later in this work we can be more precise in
establishing the upper limit at z/R"0.2.

Moving downwards from z/R"!0.06 shows an in-
crease in the size of the angle-dependent region because
of the j-shape of the mean #ow pattern. Due to di$cul-

ties in measuring close to the bottom of the vessel, detailed
velocity measurements are scarcer in this region. At the
lowest measured horizontal plane (z/R"!0.1) there is
an increase in the magnitude of the radial velocity with the
radius, which suggests that closer to the bottom (z/R(

!0.1) the radial velocities could be even higher, with
a boundary-layer type #ow growing towards the side wall.

Similar plots to those just shown are presented in
Fig. 9 for z/R"!0.1: at r/R"!1.08 the periodic
e!ect of the shear ribs is more intense than above, at
z/R"!0.06 (cf. Fig. 6). Also remarkable is that at
r/R"1.4 the angular dependence is very weak, because
this location is still outside the right arm of the j #ow
pattern, i.e., outside the direct in#uence of the jet emanat-
ing from the impeller surface. Thus, to observe a radial
extension of the near-impeller region one must move
further down to catch the radial jet.
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Fig. 8. (a) and (b) Mean and rms radial velocity component at r/R"1.08 (} }), r/R"1.24 (n) and r/R"1.4 (m) as a function of the angular position at
z/R"#0.1.

Fig. 9. (a) and (b) Mean and rms radial velocity component at r/R"1.08 (*), r/R"1.24 (n), r/R"1.4 (m), r/R"1.6 (- - - -) and r/R"1.76 (X) as
a function of the angular position at z/R"!0.1.

In the whole set of "gures just discussed (Figs. 5}9) one
identi"es three di!erent #ow patterns as far as #ow
periodicity is concerned. This corresponds to three di!er-
ent regions, one below the impeller base plane and two
above it. Below the impeller base plane the #ow is a!ec-
ted by both the eight transport ribs and the 24 shear ribs,
with this combination imparting a low amplitude 24
cycle periodicity which does not spread much outside, as
the r/R"#1.08 pro"les in Figs. 6 and 9 show. Actually
the 24 cycles are well identi"ed in the rms pro"les and not
so in the mean which shows a less changeable shape,
since the eight major cycles are disturbed by the strong
tangential #ow created by the 24 shear ribs, which tend to

smooth out the periodicity imposed by the transport ribs.
Since the #ow discharging from the impeller descends
towards the bottom wall along the right arm of the j #ow
pattern, moving radially away from the impeller reduces
the magnitude of the `noisea produced by the transport
ribs as can be con"rmed by comparison with the angular
pro"le at r/R"#1.24, which shows better the eight
cycle periodicity.

The reduction of the #ow periodicity occurs through
a pairing process which leads to the formation of only
four low-amplitude cycles over 3603 at r/R"1.4. The
curves pertaining to r/R"1.08 and 1.24 are also seen to
decay on the average to values of about 5% of the tip
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Fig. 10. (a) and (b) Angular pro"les of the mean and rms normalised radial velocities at z/R"#0.1 and r/R"1.08. Solid line: measured pro"le.
Broken line: calculated average cycle.

velocity as we move into a zone of stronger axial #ow. At
a higher radius (r/R*1.4) the periodicity has been
reduced to a weak single cycle, an e!ect which we at-
tribute to the small wobbling of the impeller. This behav-
iour contrasts to that found by Ismailov et al. (1997) for
impellers without shear ribs where only an 8-cycle peri-
odicity is observed.

Above the impeller base plane, at the plane touching
the upper edge of the shear ribs (z/R"#0.1), the #ow
exhibits a strong eight- cycle periodicity with the ob-
served cycle-to-cycle di!erences always taking place at
the same location, as seen in the 3603 angular pro"le of
Fig. 10. This suggests imperfections in the positioning of
the ribs on the impeller upper surface. The eight mea-
sured cycles were averaged into the usual single 453 cycle
and this average pro"le, also shown in Fig. 8, is repro-
duced as a dashed line to the full 3603 in Fig. 10, to help
assess the magnitude of the cycle-to-cycle variations.
These di!erences are larger in the "fth and sixth cycle
and in the rms of the velocity than in the mean velocity
being at most of 30% and 20% in magnitude,
respectively. The stronger e!ect upon the rms is expected,
because of its strong dependence of the shear rate values.
Since the gradients of the mean velocities are large,
slight imperfections in the construction change the max-
imum shear rate and thus the value of the rms of the
velocity.

Close inspection of the impeller showed that the 6th
transport rib, located at 2253, was slightly bent forward
rather than being perpendicular to the impeller surface
and could be responsible for the two di!erent cycles
which stand between 1803 and 2703. The gentle wobble of
the impeller motion and other minor imperfections could

then be responsible for the other smaller variations since
the manufacturer of the impeller used a manual process
to "x the ribs to the impeller surface.

3.3. Mean yow: angle-resolved measurements in the
near-impeller xeld

Fig. 11 shows vector plots of the radial-axial mean
velocity vector as 13 angle-resolved measurements at four
equally spaced angular planes (113, 223, 343 and 453)
between two consecutive transport ribs. The impeller is
rotating from the plane of the paper towards the reader.
Two features are clear from these "gures: the #ow dis-
charge from the tip of the impeller separates into the two
streams that form the two legs of the j-type #ow, and in
the "rst half of the cycle there is a reversed #ow between
the transport ribs on the upper surface of the impeller
(cf. Fig. 11a). The sequence of "gures suggests that a small
intense vortex is emanating from the tip of the transport
ribs, but a better assessment would require more detailed
measurements with a LDA system with a smaller control
volume.

The j-shaped mean #ow pattern was also observed in
the impeller with no shear ribs by Ismailov et al. (1997),
but it looks weaker in the present work because it is
di$cult to discern in the weighted-average plots, al-
though this could be attributed to measuring di$culties
below the impeller.

The reversal of the #ow at the upper surface was
noticed before by Piqueiro et al. (1996) and is due to the
wake behind the transport ribs as it is more evident in the
113 and 223 planes, but not so at 343.
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Fig. 11. Vector plots of the radial- axial mean velocity components in the vertical diametrical plane at 113, 223, 343 and 453.

The vector plots con"rm the limited extent of the
near-impeller region: here we can observe that the on-
coming #ow above the transport ribs at z/R"0.2 is
weakly a!ected by the rib passage.

3.4. Turbulent yow: ensemble- and weighted-average
measurements

Figs. 12 and 13 represent radial pro"les of the nor-
malised rms of the axial, radial and tangential velocity
components at di!erent heights. As with the mean vel-
ocities in the near-impeller region the pro"les were made
from weighted-averages as de"ned in Eq. (2) and from
the 3603 ensemble-average for data taken far from the
impeller.

Two di!erent zones are distinguished: above
z/R"#0.14 the turbulence is isotropic and remains
fairly constant at about 2% of the tip velocity in the
centre of the vessel, growing to 4% near the side walls
regardless of the vessel height. The higher turbulence on
the side wall region is due to turbulence production in the

side wall jet plus a contribution of advected turbulence
coming from the high turbulent radial #ow at the bottom
of the vessel. Near the free surface, the almost stagnant
#uid reduces the turbulence to values of about 1}1.5% of
the tip velocity.

Below z/R"#0.14 the turbulence continues to be
rather isotropic, but reaches higher values because of the
proximity of the impeller and of the bottom of the vessel.
In the near-impeller region the high shear rates created
by the passage of the shear and transport ribs have
important contributions to the production of turbulence,
whereas at the bottom of the vessel the turbulence is
produced at the boundary layer created by the radial
discharge jet. An assessment of the real turbulence near
the impeller is made in the next section from the data
pertaining to the angle-resolved measurements. Another
region of local high turbulence is along the side walls of
the vessel where there is also turbulence production at
the boundary layer.

Elsewhere the turbulence was isotropic and in most of
the bulk of the vessel the normalised kinetic energy k/<2

5*1
remained fairly constant at a low 0.06%.
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Fig. 12. Radial pro"les of the normalised rms axial (u), radial (v) and tangential (w) velocity components at di!erent heights in the vicinity of the
impeller. # z/R"!0.1, ] z/R"!0.06, ** z/R"!0.02, n z/R"#0.02, e z/R"#0.06, h z/R"#0.1, L z/R"#0.14,
m z/R"#0.22, r z/R"#0.30.

Fig. 13. Radial pro"les of the normalised rms axial (u), radial (v) and tangential (w) velocity components at di!erent heights far from the impeller.
# z/R"#0.4, ] z/R"#0.5,** z/R"#0.8, n z/R"#1.2, e z/R"#1.8, h z/R"#2.8, L z/R"#3.8, m z/R"#4.8, r z/R"#5.4.

3.5. Turbulent yow: Angle-resolved measurements in the
near-impeller region

Near the ribs of the impeller the turbulence is not
isotropic and depends of the angular position, as can be
seen in the pro"les of normalised axial, radial and tan-
gential normal Reynolds stresses of Figs. 14 and 15. In
Fig. 14 angular pro"les are shown at a constant radial
distance of r/R"1.08, i.e. near the tip of the hyperboloid,
for various axial locations below (z/R(0) and above

(z/R'0) the impeller base plane, whereas for Fig. 15 z/R
is kept constant at #0.02 and the radius is varied be-
tween r/R"1.08 and 1.24. In both "gures, an angular
range of 453, corresponding to the average cycle imposed
by the transport ribs, is plotted.

The tangential turbulence is the most visibly a!ected
by the presence of the shear ribs "xed at the bottom
surface of the impeller with three cycles evident at pro"les
for z/R in Fig. 14c). The other two components of turbu-
lence are also in#uenced by the shear ribs since the
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Fig. 14. Angular pro"les of u@/<
*.1

(a), v@/<
imp

(b) and w@/<
*.1

(c) for r/R"1.08 and at di!erent heights: full line z/R"!0.06; decreasing dash length
z/R"!0.02, #0.02 and #0.06.

Fig. 15. Angular pro"les of u@/<
*.1

(a), v@/<
*.1

(b) and w@/<
*.1

(c) for z/R"#0.02 and at di!erent radial locations: full line r/R"1.08; decreasing
dash length r/R"1.12, 1.16 and 1.24.

maximum turbulence kinetic energy is 65% higher than
that reported by Ismailov et al. (1997) for the hyperboloid
without shear ribs.

Figs. 14 and 15, together with contour plots of the
normalised Reynolds stresses, one of which is shown here
in Fig. 16 for an angle of 343, show the tangential turbu-
lence to have the highest values followed by the radial
and axial components, both very similar in magnitude
but initially out-of-phase (compare Fig. 14a with Fig.
14b). In the contour plots of Fig. 16 the impeller also
rotates from the plane of the paper towards the reader.

On moving away from the impeller the axial and radial
turbulence components become in-phase with the maxi-
mum turbulence reaching the highest values in the last

quarter of the way between consecutive transport ribs, i.e.
between 30 and 403 well represented by the behaviour at
343. The tangential component of turbulence reaches the
highest values, but also the widest spatial in#uence, also
in the last quarter of the way between consecutive trans-
port ribs as is so well shown in the contour plot of Fig.
16c). Maximum values of velocity #uctuations occur just
after the #uid leaves the impeller and along the right arm
of the j-shaped jet emanating from the impeller and are
of 0.071, 0.063 and 0.15 for u@2/<2

*.1
, v@2/<2

*.1
and

w@2/<2
*.1

, respectively. The corresponding maximum tur-
bulence kinetic energy k is of about 9.5% of <2

*.1
which

represents an increase of 65% over that reported for the
hyperboloid impeller without shear ribs, as mentioned
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b

Fig. 16. Contours of u@/<
*.1

(a), v@/<
*.1

(b) and w@/<
*.1

(c) in the
vicinity of the impeller, at an angle of 343 between consecutive transport
ribs.

above. Note that the maximum values of the three nor-
mal Reynolds stresses do not occur at exactly the same
locations.

Below the impeller we were not able to measure the
three components of the normal Reynolds stress, but for
the tangential component the measured values were
lower than those on the right arm of the j-shaped jet, in
spite of the presence of the shear ribs, but naturally
higher than those measured by Ismailov et al. (1997) for
the agitator without shear ribs.

4. Conclusions

Laser-Doppler anemometry was used to perform de-
tailed angle-resolved measurements of the mean and rms
of the three components of the velocity vector in a stirred
vessel powered by a low consumption hyperboloid im-
peller having eight transport ribs and 24 shear ribs on its
upper and lower surface, respectively. The measurements
were carried out at a Reynolds number of 50,000 for
which the power number was equal to 0.9.

The clearance of the impeller was low and thus it
contributed to an overall #ow pattern typical of that
found with axial impellers. The discharge from the hyper-
boloid was radial following a j-type pattern, i.e. part of
the #ow went below the impeller whereas the other part
was discharged towards the bottom and outer wall (right
arm of j). In the bulk of the #ow the mean velocities were
of the order of 5% of the tip velocity, increasing to about
20% <

5*1
towards the tip of the impeller because of the

ribs. The small size of the ribs limited the extent of
periodic #ow to a region bounded by the bottom and
z/R"0.2, and extending radially from r/R"0.85}1.4,
plus the #uid below the impeller. In the discharge jet the
periodic #ow was initially characterised by an eight cycle
periodicity followed by their full homogenisation by
a pairing process as the #uid moved away. Behind each of
the eight transport ribs the #ow was separated, especially
in the "rst-half of the cycle before the next rib.

In terms of the turbulent #ow "eld, the bulk of the #ow
is isotropic at about 2% of the tip velocity, growing to
4% as the side wall boundary-layer is approached, and
decreasing to 1}1.5% of <

5*1
near the free-surface. Below

z/R"#0.14 the turbulence remains isotropic but
reaches higher values due to the proximity of the impeller
and of the bottom boundary layer.

The highest turbulence was encountered on the right
arm of the j-shaped impeller discharge stream with
values of the maximum turbulent kinetic energy of 9.5%

of <2
5*1

. In this region the tangential turbulence was the
highest, followed by the axial and the radial components.
Maximum values of these components, normalised by
<2

tip
, were 0.15, 0.071 and 0.063, respectively. The in#u-

ence of the shear ribs was not restricted to the region
below the impeller but also contributed to the higher
turbulence in the right arm of the j-shaped discharge jet,
increasing maximum turbulence by about 65% relative
to the non-shear ribbed hyperboloid of Ismailov et al.
(1997).

These results indicate that aerators should be totally
under the hyperboloid impeller if bubble break-up is to
be e!ective, and that the insertion of additives will be
most e!ective if placed below the impeller or at around
z/R"!0.06 and r/R"1.04 in order to optimise mixing
times.
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Appendix A

The weighted-average variance u@2
w

de"ned in Eq. (2),

and based on 13 angle-resolved variance values u@2h , was

preferred to the total ensemble-average variance u@2 de-
"ned as

u@2,
+N

i/1
(u

i
!u6 )2

N
, (A.1)

on the basis that the latter su!ered from signi"cant
broadening from mean #ow periodicity e!ects. In Eq.
(A.1) N represents the total sample size, i.e. the sum of
Nh for h varying between 1 and 360, and u

i
represents the

i-ocurrence of an instantaneous velocity. It is possible to

relate u@2
w

and u@2 with a little of algebra.
Using the properties of averaging (A.1) can be rewrit-

ten as

u@2"
+N

i/1
u2
i

N
!u6 2 (A.2)

and similarly for the 13 ensemble-average

u@2h,
+Nh

j/1
(u

j,h!uh )2
Nh

"

+Nh
j/1

u2
j,h

Nh
!u6 2h . (A.3)
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Table 4
Comparison between the total ensemble- and weighted-average rms
values of the axial velocity component

r/R z/R u@/<
*.1

u@
w
/<

imp

1.08 #0.02 0.284 0.145
1.32 #0.02 0.0346 0.0344
1.08 #0.06 0.1464 0.0988
1.32 #0.06 0.0473 0.0463
1.08 !0.02 0.243 0.136
1.24 !0.02 0.1027 0.0956
1.08 !0.06 0.2247 0.1383
1.24 !0.06 0.1314 0.1113

The sum of the squares of instantaneous velocities in
Eq. (A.2) is also the extension over the theta domain of
the sum of the squares of the instantaneous h-velocities,
i.e.,

N
+
i/1

u2
i
"

360
+
h/1

Nh
+
j/1

u2
j,h , (A.4)

which can be solved, after substitution of Eq. (A.3) into
Eq. (A.4), as

N
+
i/1

u2
i
"

360
+
h/1

Nh(u@2h#uN 2h ). (A.5)

Therefore, we end up with

u@2"+
360

h/1

Nh (u@2h#uN 2h )
+360h/1

Nh
!u6 2. (A.6)

Using now the de"nition of weighted-average variance of
Eq. (2) one concludes that

u@2"u@2
w
#

+360h/1
Nhu6 2h

N
!u6 2"u@2

w

#

+360h/1
Nhu6 2h

N
!C

+360h/1
Nhu6 h

N D
2
, (A.7)

where the equivalence between the weighted-average and
the total ensemble-average mean velocities was used.
This is so because both quantities are linear combina-
tions of the same instantaneous velocity values.

Eq. (A.7) compares a sum of squares with the square of
a sum, further complicated by the sample size distribu-
tion e!ect. For an even distribution of the local sample
size Nh , the total ensemble-average variance will be high-
er than the weighted-average variance provided the 13
ensemble-average mean velocities have both negative as
well as positive values, but will be lower if all 13 en-
semble-average mean velocities have the same sign.

In the real case this is not so because the sample size is
not at all evenly distributed along the azimuthal direc-
tion. Samples are larger where the 13 mean velocity is

larger, and not where the local turbulence is higher, and
since that means a local higher #ow rate there are conse-
quently more scattering particles crossing the control-
volume. The distribution of the local sample size Nh has
such a strong e!ect that it dramatically changes the
tendencies discussed in the previous paragraph, and that
this is so was con"rmed for the three components of
velocity at all points in the vicinity of the impeller.

Some of those comparative results are presented in the
Table 4 for the axial component of velocity and at a number
of representative locations where the #ow is highly periodic
and the turbulence is anisotropic. The results in Table
4 con"rm the over-prediction of the total ensemble-average
rms relative to the weighted-average rms and the discrep-
ancy between the two values diminishes as the distance
from the impeller increases. For the other two components
of velocity exactly the same behaviour was observed.
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