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Abstract: In this paper an identification method is used for online damage detection in EulerBernoulli beams, based on the idea that damage is represented by a change in some of the
beam parameters. The method consists in using a nonlinear filter, the Extended Kalman Filter,
to track changes in the beam parameters. Results are shown for data subject to different levels
of noise.
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1. INTRODUCTION

vibration data. Moreover, the performance of the filter
is analyzed considering different levels of noise.

As a consequence of environmental and structural
conditions civil infrastructures are often subject to
damage. The identification of cracks in their early
growth stage allows repairing the structure without
high costs. In this way the development of automatic identification techniques for online fault detection based on measured vibration data is of crucial
importance.

This paper is organized as follows. Section 2 presents
the Euler-Bernoulli beam deflection model. Section
3 describes the used algorithm for model parameter
identification. The Section 4 contains the simulation
results, and the conclusions are drawn in Section 5.

In this paper, a damped Euler-Bernoulli (EB) model is
used to represent the time evolution of the transverse
displacement along a vibrating beam. Due to its simplicity this model is an important tool in structural and
mechanical engineering (Inman, 1994).
Recent studies show that damage in a beam can be represented by a change in the parameters involved in a
beam model (see for instance (Manoach and Warminski, n.d.)). Hence, detecting damage amounts to detect
a parameter change. Here, the Extended Kalman Filter
(EKF) is used to track this change based on simulated

2. EULER-BERNOULLI BEAMS
This section describes the Euler-Bernoulli model
(Inman, 1994) for the deflection of a beam. The
method of separation of variables followed by spatial
discretization is applied in order to write this model
as a state-space system that will serve as basis for the
identification procedure.
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2.1 Problem formulation
For a beam of length L the transversal displacement
w(t, x) can be represented by the Euler-Bernoulli
equation,
µ

∂
∂2
w(t, x) + c w(t, x)
∂t2
∂t
∂4
+ EI 4 w(t, x) = q(t, x)
∂x

(1)

where q(t, x) is the transverse excitation at location x
and at instant t, µ is the mass per unit length, c is the
damping coefficient, E is the elastic modulus and I
is the second moment of area. Here these parameters
are considered to be constant along the beam, and the
excitation q(t, x) is taken to be zero (free vibration).
Moreover the beam is taken to be simply-supported
at both ends, which is translated by the following
boundary conditions,
w(t, x)|x=0,L = 0
∂2
w(t, x)
∂x2

=0

(2)

x=0,L

2.2 Separation of variables method and model
discretization
The method of separation of variables consists in
writing the general solution w(t, x) of (1) as a linear
combination of elementary solutions wn (t, x) which
are separable in the time and space domains, i.e.,
wn (t, x) = fn (t)gn (x)

(3)

where ( ) represents the time derivative. Since the
functions on the left-hand side of (8) depend only
on t while those on the right-hand side depend only
on x, and t and x are independent variables, the two
sides of (8) must then be equal to a same constant,
say λ. It can be shown that only positive values of λ
yield feasible solutions with respect to the boundary
conditions. Therefore λ is taken to be positive, say
λ = β 4 . Thus,
1
= β4
(µ fn00 (t) + c fn0 (t))
−EIfn (t)

 4
1
d
gn (x)
= β4
dx4
gn (x)

(9)
(10)

The general solution of (10) is
gn (x) = A1 cos(β x) + A2 sin(β x) +
+ A3 cosh(β x) + A4 sinh(β x)

(11)

where A1 , A2 , A3 and A4 are nonzero constants
determined by the boundary conditions (2). For a
beam which is simply-supported at both ends, i.e.,
with the boundary conditions defined by (6)-(7), the
solution is,
 nπ 
x {n = 1, 2, 3, . . .} (12)
gn (x) = A4 sin
L
Here the elementary solution
π 
x
(13)
g1 (x) = sin
L
obtained by taking A4 = 1 and n = 1 (first harmonic)
will be considered. This corresponds to the solution
π
w(t, x) = f1 (t) sin( L
x) (where f1 is still to be determined), with initial conditions (initial beam profile
and velocity):

and
w(t, x) =

∞
X

cn wn (t, x) =

n=1

∞
X

w(0, x) = w1 (0, x) = f1 (0) g1 (x)
π
= f1 (0) sin( x)
L

cn fn (t) gn (x) (4)

n=1

where the cn ’s are arbitrary constants (Nagle et al.,
2000).
Substituting (3) in (1) and (2) and considering q(t, x) ≡
0, the Euler-Bernoulli model and the boundary conditions stand as follows,
µ fn00 (t) gn (x) + c fn0 (t) gn (x) + EI fn (t)

fn (t) gn (x)|x=0,L = 0
fn (t)

d2
gn (x)
d x2

=0

d4 gn (x)
=0
dx4
(5)
(6)
(7)

x=0,L

and separating the time and space variables in (5)
yields,
µ fn00 (t) + c fn0 (t)
=
−EI fn (t)

d4
dx4 gn (x)

gn (x)

(8)

(14)

and
∂
∂
w(0, x) =
w1 (0, x) = f10 (0) g1 (x) (15)
∂t
∂t
π
= f10 (0) sin( x).
L
The values of f1 (0) and f10 (0) are arbitrary and, in
case of practical experiments, can be adequately chosen according to the desired experimental setup.
For computational purposes it is useful to perform a
spatial discretization of g1 (x). Taking a discretization
interval of ∆x, a vector W is constructed with the
values of g1 at the discretization points, i.e.,



g(0)
 g(∆x) 
L


W =  .  ∈ < ∆x +1
.
 . 
g(L)

(16)

This yields W (t) = f (t)W as corresponding spatial
discretization of w1 (t, x). The time evolution of W (t)
is then described by the ODE:
µ f 00 (t)W + c f 0 (t)W + EI f (t)W = 0 . (17)
Defining X1 (t) = f (t)W and X2 (t) = f 0 (t) W the
following first order model is obtained:
 0
X (t) = F (θ) X(t)
(18)
W (t) = C X(t)

Table 1. EKF algorithm
Regression Model
X(k|k) = X(k|k − 1)+K(k)[y(k) − h(k, X(k|k − 1))]
P (k|k) = P (k|k − 1) − K(k)H(k)P (k|k − 1)
Update Step
X(k + 1|k) = f (k, X(k|k))
P (k + 1|k) = F (k)P (k|k)F T (k) + R1 (k)
Kalman Gain

with

K(k) = P (k|k − 1)H T (k) × [H(k)P (k|k − 1)H T (k) + R2 (k)]−1


F (θ) =



0
I
,
−θ1 I −θ2 I

(19)
The enlarged state vector is given by
L
∆x

+1
where I is the identity matrix with dimension

T
0
and X(t) = f (t)W f (t) W . Moreover, θ =
T
c
[θ1 θ2 ] with θ1 = EI
µ and θ2 = µ is the parameter
vector. The initial condition for this model X(0) =

T
λ0 W λ1 W with λ0 = f (0) and λ1 = f 0 (0).

3. IDENTIFICATION METHOD
As previously mentioned, damage in a beam can be
detected by a variation in its parameters. Therefore,
in order to detect damage it is necessary to identify the beam parameters and to monitor their time
evolution. In this section the Extended Kalman Filter
(Söderström, 2002) to be used in the sequel is described.

3.1 Extended Kalman Filter
In order to identify the beam parameters θ1 and θ2 ,
these parameters are incorporated as states with constant evolution along time. This originates a nonlinear
state-space model with enlarged state to which an EKF
is applied. In contrast to the Kalman Filter for linear
systems, this is not an optimal filter, however it is a
powerful tool for the recursive identification. Similar
to the Kalman filter, the EKF allows an individualized
tuning of the covariance matrix of the process and
measurement noise. Here the covariance matrix of the
process is taken to be diagonal, since it is assumed that
the enlarged states, and in particular the parameters
θ1 and θ2 , are independent. Moreover, the continuoustime representation (18) was discretized by the zeroorder hold method (Åström and Wittenmark, 1984)
using a sampling interval ∆t, yielding


X(k + 1) = Φ(θ) X(k)
W (k) = C X(k)

(20)

Φ(θ) = eF (θ)∆t ,

(21)

where
is the sampled system matrix.


X(k) =

X(k)
θ(k)


.

(22)

Consequently the enlarged state-space model stands as
follows:



Φ(θ) 0(2n×2)



X(k
+
1)
=
X(k) +ν(k)


0(2×2n) I(2×2)


|
{z
}



f (k,X(k))
(23)







W (k) =
C 0(n×2) X(k) + e(k)


|
{z
}



h(k,X(k))
Here ν(k) and e(k) are mutually independent Gaussian white noise sequences with zero mean and covariances R1 and R2 , respectively, tuned by an empirical
analysis. The EKF algorithm is summarized in Table
1.

4. SIMULATED RESULTS
This section presents the simulated results obtained
by the application of the EKF to the (reformulated
and enlarged) Euler-Bernoulli model (23). The model
parameters used to simulate the beam vibration data
were obtained in (Alonso et al., 2009) as E = 2 ×
1011 N/m2 , I = 2.45 × 10−7 m4 , µ = 23.1kg/m
and c = 32N s/m2 and this way θ1 = EµI =
2129.5 m4 /s2 and θ2 = µc = 1.38 s−1 . With the
aim of normalizing the spatial discretization between
0 and π, the beam length was considered equal to
π with 0.1 π as sampling interval. In Figure 1 the
beam deflection obtained by the model (18) with the
considered parameter values is shown.
The damage of the beam is represented by a change
in the model parameters. Here the parameter θ1 is
changed and similarly to what happens in (Alonso et
al., 2009) this change is a consequence of a variation
in the Young’s modulus parameter, E. A variation of
50% is considered at time t = 0.5 s. Figure 2 shows
the corresponding evolution of the beam deflection.

as the there is no significant increase in the standarddeviation from the 20 dB to the 15 dB case. The main
difference with the noiseless case is the time needed
for detecting the change; this time is not very high,
but it is now greater than before. In our experiments,
this could not be improved without compromising the
stability of the identification process.
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Fig. 1. Simulated time-evolution of the beam vibration.
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Fig. 2. Simulated time-evolution of the beam vibration
with damage at time t = 0.5 s.

Fig. 4. Time-evolution of θ1 (dashed line) and of
the EKF estimate of θ1 (mean (red) and mean
plus/minus standard-deviation (blue) for the 20
dB noise case.

In order to detect simulated damages corresponding to
a variation of the parameter θ1 , the EKF was applied.
As it is possible to see in Figure 3, the EKF detects
almost instantaneously the change in θ1 .

2.6
2.4
2.2

2.5

θ1 /1000

2

EKF estimate
True

2

1.8
1.6
1.4

θ1 /1000

1.2

1.5
1
0.8
0

1

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Time (s)
0.5

0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Time (s)

Fig. 3. Time-evolution of the identified model parameters with a 50% of variation of parameter θ1 at
time t = 0.5 s.
In order to analyze the performance of the EKF under
more adverse and realistic conditions, it was assumed
that the beam displacement vector X1 (t) is affected by
a white Gaussian noise with zero mean and a variance
adjusted in order to achieve a desired signal-to-noise
ratio (SNR) (Schroeder, 1999). The results presented
here refer to a 20 dB and a 15 dB SNR. The mean and
standard-deviation of the EKF estimate for θ1 were
computed over 30 realizations of the measurement
noise. Results are depicted in Figures 4 and 5. As it is
possible to see, the EKF detects the parameter change,
the estimation error bias is approximately zero and
the standard-deviation is small. Furthermore, there is
a certain robustness to an increase in the noise level,

Fig. 5. Time-evolution of θ1 (dashed line) and of
the EKF estimate of θ1 (mean (red) and mean
plus/minus standard-deviation (blue) for the 15
dB noise case.
Finally it is assumed that the parameter θ1 changes
slowly and continuously between the time instants
t = 0.5 s and t = 0.75 s. This variation in parameter
θ1 allows the early detection of a crack. Figures 6 and
7 show the corresponding evolution of the estimate for
the parameter θ1 . The estimation procedure has a good
performance also in this case, as it allows tracking the
parameter changes with only a small delay.
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5. CONCLUSIONS
This paper presents a method for online damage detection in Euler-Bernoulli beams based on the use of
the Extended Kalman Filter. Damage is represented by
a change in the beam parameters and the filter tracks
these changes. Results were obtained under various
noise conditions. They are very satisfactory and motivate a future comparison of the proposed method with
other methods.
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