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ABSTRACT 

The purpose of this work is to debate the various methods of cycle counting and fatigue 

damage estimation currently available and applied in practice. A focus on the pros and cons of 

the standard cycle counting methods (in time domain) versus the semi-empirical frequency 

domain cycle counting methods is addressed in detail. Besides the application of cycle 

counting methods and estimation of fatigue life with base on experimental raw data (flight 

data obtained from a Socata TB30 airplane of the PoAF - Portuguese Air Force) it is also 

extended the application field of these methods to the numerical (FEM - Finite Element 

Method) domain with the explanation of the first steps followed in the development of some 

dedicated numerical tools for fatigue durability analysis. The accompanying case studies are 

based on realistic load spectrum and the output results valuable for the offered comparison. 

Keywords: fatigue damage, frequency and time domain, cycle counting methods. 

 

INTRODUCTION 

Critical structures rarely are subject to purely constant static loading but rather subjected to 

continuous complex dynamic loading of various natures. Therefore, besides the conventional 

cycle counting methods based on time domain data (ASTM, 2011), the interest in fatigue life 

estimation directly from random vibration spectrum has grown in recent years. (Larsen & 

Irvine, 2015) and (Mršnik, et al., 2013) are recent comprehensive reviews of such numerical 

methods. In fact, some advantages can arise from the use of frequency domain data, namely, 

the use of response PSD-Power Spectra Density of strain or stress data, obtained from the 

monitoring of selected structural hot spots. In fact, PSD data reveals the distribution of energy 

per bin of frequency of a certain dynamic phenomena, which is statically equivalent to the 

dynamic signature of the component or structure monitored that, without structural damage, 

should remain stationary during the life of the component. In practical terms, if the PSD is 

fully representative of the component or structure dynamics, the semi-empirical cycle 

counting methods based on frequency domain data can rely on a single curve (PSD spectrum) 

for the estimation of fatigue life. In fact, the fatigue life time of the component/structure is 

calculated for a specific mission duration relative to a PSD baseline curve.  

The main objective of  this work is to compare the well-known standard time domain 

Rainflow cycle counting method with the frequency domain based semi-empirical methods as 

presented by Fig. 1, enhancing advantages and disadvantages of both procedures. The 

methods are described and the nomenclature used is presented in Table 1. Their correctness is 
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discussed and insights are given with specific numerical simulation tools developed in the 

context of the finite element method, for the enhancement of design operations in the context 

of fatigue life optimization. 

 

 

Fig. 1 - Fatigue life prediction based on time and frequency domain data. 

 

THEORETICAL BACKGROUND 

Damage 

The calculation of the cumulative fatigue damage is based on the use of the material Basquin 

coefficients (�,�).  

Table Table 1 presents the Basquin coefficients for the Aluminum 2219-T851. Assuming �� 

as the number of cycles at failure, the Wohler’s equation can be expressed as: 

���� 	 � (1) 

Therefore, the fatigue cumulative damage can be presented as: 


 	 1������
 (2) 

 

Table 1  - Material Basquin coefficients of expression (1) (Mršnik, et al., 2013). 

 m A [MPa] 

Aluminum 2219-T851 7.3 6.853×10
19

 

 

Time domain method 

The standard cycle counting method named Rainflow cycle counting method is defined in 

Section 5.4.4 of the ASTM E1049-85(2011) (ASTM, 2011). This is a cycle counting method 

well known in the aeronautical industry and applied in the context of maintenance and life 

extension procedures. Other standardized cycle counting methods such as: 1) Level Cross 

Counting, 2) Peak Counting and 3) Simple Ranging Counting, should also be referred here. 

Frequency domain semi-empirical methods 

The recent years have witnessed the publication of several semi-empirical methods that 

calculate fatigue damage based on cycle counting from frequency domain spectra. A good 

literature review of these topics is addressed by (Wirsching, et al., 2006). What follows, in 
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this section, is a theoretical resume, including underlying statistical theory, of these published 

methods. 

In signal processing analysis, spectral moments stand as a powerful mathematical tool widely 

used to condense temporal information into a few scalar quantities that are able to describe 

the signal distribution. The first four statistical moments can be combined to fully characterize 

a signal by evaluating its mean, standard deviation, skewness and kurtosis. Spectral moments 

are used in several engineering areas such as tribology and vibration. For the frequency 

domain fatigue field, spectral moments are used to calculate standard deviation, mean 

frequency, irregularity factor, peaks and upward mean crossing per second, as follows 

(Teixeira, et al., 2014). 

The moments of a one-sided (positive frequency) power spectral density are defined as 

(Larsen & Irvine, 2015): 

M� 	 � f �W��f�df�
�  (3) 

where, the index j may be non-integer. 

The moments summarize valuable information of the spectra. Literatures denotes that the 1
st
 

moment is a measure of mean (location), 2
nd

 moment is a measure of variance (spread or 

dispersion), 3
rd

 moment measures the degree of asymmetry (skewness) and the 4
th

 moment the 

histogram flattening (kurtosis) (Hammond & Shin, 2008). 

The rate of zero up-crossings can be estimated as: 

��� 	 �� ��⁄  (4) 

The rate of peak occurrences is obtained by: 

�" 	 ��# � ⁄  (5) 

The irregularity factor is a measure of bandwidth, defined as: 

$ 	 �����  (6) 

Where, a commonly used special case is obtained for % = 2: 

$ 	 � ����# 	
����"  (7) 

Literature refers that the irregularity factor is always between 0 and 1 (due to the fact that: �" ≥ ���) (Larsen, 1987). Accordingly, for narrowband signals, the irregularity factor has a 

tendency to approximate to the value of one whereas for broadband (wideband) signals, the 

irregularity factor progressively tends to zero (Halfpenny & Kihm, 2010). 

The spectral width is defined as: 

' 	 �1 − $   (8) 
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The Vanmarcke’s bandwidth parameter defined in terms of the moments of the one-sided 

power spectrum through $� is given by: 

) 	 �1 − $� (9) 

This parameter value is also limited to the range [0, 1]. The parameter approaches zero for 

narrowband signals (Larsen, 1987). 

Power spectral density is a function that describes the energy content distribution of a quantity 

over a frequency range. The mean square value of the quantity of interest (stress, strain, 

accelerations, etc…) is obtained by integrating the power spectral density function with 

respect to a specific frequency range (Teixeira, et al., 2014). 

The Probability Density Function (PDF) is the main component of the cycle counting 

methods in the frequency domain. Essentially, the estimation of the PDF is what differentiates 

the several available methodologies and enables fatigue life to be calculated. Each method is 

based on defined set of spectral moments and designed to cover a certain type of signal 

bandwidth (narrowband, wideband) or the combination of both (Teixeira, et al., 2014). 

 

Narrowband semi-empirical method [NB] 

The Rayleigh or narrowband damage approximation is given by (Larsen & Irvine, 2015): 


*+ 	 ���,� -√2012�Γ 412� + 16 (10) 

Where ��� defines the expected positive zero-crossings intensity. Therefore, for a narrowband 

process, the positive zero-crossing intensity ought to be very comparable to the peak intensity �". Γ is the Euler gamma function (Mršnik, et al., 2013). 

Wideband Stress approximation 

Damage due to a wideband stress processes may be estimated from the narrowband damage 

multiplied by a correction factor as (Larsen & Irvine, 2015): 


 	 7
*+ (11) 

In which 7 is a generic scale or correction factor. Specific forms for 7 have been suggested in 

the literature: 

Wirsching & Lite semi-empirical method [WL] 

Wirsching and Light developed the following correction factor by simulating processes 

having a variety of spectral shapes (Larsen & Irvine, 2015): 

78�',�� 	 9��� + :1 − 9���;�1 − '�<��� (12) 

Where: 

9��� 	 0.0926 − 0.033� (13) 

B��� 	 1.587� − 2.323 (14) 
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Larsen & Lutes semi-empirical method [LL] 

Larsen and Lutes advanced the following empirical correction factor, referred to in the 

literature as the Single-Moment method (Irvine, 2014): 

7F 	 -� �⁄ 2�  ⁄
01��G�  (15) 

The direct Larsen and Lutes cumulative damage is given by: 


 	 ,� -√22�-� �⁄ 2�  ⁄ Γ 412� + 16 (16) 

Ortiz & Chen semi-empirical method [OC] 

Ortiz and Chen developed the following correction factor by applying the generalized spectral 

bandwidth to the Rayleigh distribution (Larsen & Irvine, 2015): 

7H 	 IH�$  (17) 

In which the generalized spectral bandwidth is: 

IH 	 J � �H���H� , K 	 2.0 �⁄ 	�MNOP:�9R	BP	9	MNM − %MOPSPT� (18) 

Benasciutti & Tovo semi-empirical method [BT] 

The first Benasciutti and Tovo correction factor is given by (Larsen & Irvine, 2015): 

7+U 	 :B + �1 − B�$ �V�;$  (19) 

Banasciutti and Tovo presented two different equations to calculate the weighting factor b 

(Mršnik, et al., 2013): 

� Version 1: 

B 	 min Z$� − $ 1 − $� , 1[ (20) 

� Version 2: 

B 	 �$� − $ �\1.112-1 + $�$ − �$� + $ �2P]^�2.11$ � + �$� − $ �_$  (21) 

`a.bc semi-empirical method [AL] 

The `a.bc correction factor proposed by Benasciutti and Tovo is given by (Larsen & Irvine, 

2015): 

7d 	 $�.ef  (22) 

Dirlik semi-empirical method [DK] 

The Dirlik method approximates the cycle-amplitude distribution by using a combination of 

one exponential and two Rayleigh probability densities (Larsen & Irvine, 2015). 
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The Dirlik histogram formula for stress cycles ranges is expressed by: 

���� 	 �" ∙ , ∙ ^��� (23) 

The probability density function ^��� is given by: 

^��� 	

�h P]^ i− jhk + 
 jl P]^ 4−j 2l 6 + 
mjP]^ 4−j 2 6

2���  (24) 

A regularity factor, n, that represents the expected ratio of zero-crossings to peaks, is defined 

as: 

n 	 � ����# (25) 

The mean frequency is defined as: 

]� 	 ����J� �# (26) 

The normalized stress range, j, is defined as: 

j 	 �2��� (27) 

The empirical distribution weight factors are given by: 


� 	 2�]� − n �1 + n  (28) 


 	 1 − n − 
� + 
� 1 − l  (29) 


m 	 1 − 
� − 
  (30) 

h 	 1.25�n − 
m − 
 l�
�  (31) 

l 	 n − ]� − 
� 1 − n − 
� + 
�  (32) 

Therefore, the Dirlik cumulative damage is expressed by: 


 	 4 12��6� ������o��
�  (33) 

Zhao & Baker semi-empirical method [ZB] 

Zhao and Baker combined theoretical assumptions and simulation results to give an 

expression for the cycle distribution as a linear combination of the Weibull and Rayleigh 

probability density functions (Larsen & Irvine, 2015). 
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The probability density function for stress cycle’s amplitude is: 

^�j� 	 p$IjqV�P]^-−$jq2 + �1 − p�jP]^�−j 2⁄ � (34) 

Where: 

j 	 � 01⁄  (35) 

The weighting factor is expressed by: 

p 	 1 − $ 
1 − r2s Γ 41 + 1I6$V� q⁄

 
(36) 

The Weibull parameters are: 

$ 	 8 − 7$  (37) 

I 	 Z 1.1	tNT		$ u 0.91.1 + 9�$ − 0.9�	tNT		$ ≥ 0.9 (38) 

Therefore, the Zhao and Baker cumulative damage is given by: 


 	 i�",� k 01�� j�^�j�oj,			oj 	 o� 01⁄�
�  (39) 

 

EXPERIMENTAL DATA 

The data used in this study was provided by the PoAF, specifically, the data concerns vertical 

acceleration (Nz) measurements (in g units) on the Socata TB30 Epsilon fleet aircrafts (Fig. 

2a)), considering different mission objectives. The following conversion (transfer) function 

calculated by (Milharadas, 2003) allows one to achieve a correlation between stress outputs 

(in MPa units) in function of the vertical acceleration signal (Nz), within the identified critical 

zone showed on Fig. 2b) (Milharadas, 2003). 

0 	 31.3�v (40) 

 

a)                                                                              b) 

Fig. 2- a) The Socata TB30 Epsilon aircraft model. b) framework 2 of the aircraft body 

structure  (Milharadas, 2003). 
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Table 2 resumes several characteristics of four different time domain signals under analysis. 

The four signals under study recorded at 25 Hz, characterize raw data in the sense that data 

was not submitted to a prior filtering, windowing or neither an envelope analysis procedures. 

The four signals cover different mission’s typology that these aircrafts are submitted to during 

its life.  

The estimation of PSD has been obtained by the use of the Welch’s method (with the 

application of statistical degrees of freedom) in sequence with the application of a Hanning 

window. This procedure allows the extraction of numerous PSD established on the base of the 

number of statistical degrees of freedom (dof) applied in the calculation. Fig. 3 exemplifies 

this switch-over. 

  

a) b) 

Fig. 3 - a) Experimental data in the time domain. b) frequency domain. 

 

 
Table 2  - Acceleration data statistical brief. 

 Data 1 Data 2 Data 3 Data 4 

Sample Rate [sps] 25.24 25.13 25.27 25.16 

Time Step [s] 0.03962 0.03979 0.03957 0.03975 

Duration [s] 6341 8177 2016 6341 

Number of sample points 160023 205508 50961 159526 

Maximum [g] 4.603 4.462.2 1.597 4.599 

Minimum [g] 0.006 -0.466 0.564 0.163 

Crest Factor 12.29 13.65 21.87 15.34 

Mean [g] 1.082 1.056 0.9781 1.039 

STD DEV 0.3744 0.327 0.07301 0.2998 

RMS 0.3744 0.327 0.07301 0.2998 

Skewness 4.099 4.411 0.3854 5.422 

Kurtosis 25.72 29.7 6.063 45.81 

Rice Characteristic Frequency [Hz] 0.6622 0.5404 2.831 0.7057 
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COMPARISON PROCEDURE 

The analytical comparison comprises the following steps: 

� Calculation of the power spectral density output from the measured time domain data; 

� Calculation of the fatigue damage by the ASTM Rainflow counting procedure over the 

entire time domain data (Fig. 4a); 

� Calculation of the fatigue damage by the semi-empirical methods over the considered 

frequency range (Fig. 4b); 

� Calculation of relative error (wxyyGy), in which wz refers to the semi-empirical method 

results and w{�| to the reference value obtained by the Rainflow method: 

wxyyGy 	 wz − w{�|w{�|  (41) 

For this comparison study, it was assumed that the Rainflow time-domain technique is the 

baseline for comparison in result of its well-established use in the aeronautics industry, for 

fatigue life analysis procedures. 

As stated previously, damage is obtained by integrating the PDF with respect to the stress 

range from zero to infinity. In terms of numerical evaluation, however, there must be an upper 

limit or threshold value for the integration process. This threshold value is defined as a cutoff 

stress, which is the maximum stress that can presumably be found in the stress history of the 

analyzed signal. The cutoff value can be defined as a RMS multiple of the integration 

variable, which is the stress range. The choice of the proper integrating interval must therefore 

also be carefully considered for accomplishing the most accurate results (Teixeira, et al., 

2014). 

a) 

 

b) 

Fig. 4 - Comparison procedure. a) Time domain b) Frequency domain data. 

 

An aluminum grade has been chosen to act as a baseline material for this comparison study. 

The material characteristics applied in the study are presented in Table 2. 

Table 3 outlines the irregularity factor $  of the selected PSD (obtained from the signals in 

Table 2) for comparison as function of the statistical degrees of freedom (dof). Fig. 5. allows 

the visualization of this respective PSD. It should be noticed that the number of dof is not 

consistent for all the considered spectra. In fact, the number of dof chosen for computing the 
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PSD of each signal was targeted in a previous analysis. The spectra that obtained the best 

comparison results are summarized in Table 3. 

The number of dof is obtained directly from the number of windows (Nw) used for the PSD 

computation, which is given by: 

oNt 	 2�} (42) 

Table 3 - Irregularity factor `~ in function of the number of dof. 

Spectrum 1 [1 to 4] 
18 dof 38 dof 78 dof 156 dof 

0.14241253817 0.152151885635 0.164327799752 0.162853440089 

Spectrum 2 [5 to 8] 
100 dof 200 dof 400 dof 802 dof 

0.12563993255 0.132092959095 0.145399948454 0.164053896204 

Spectrum 3 [9 to 12] 
12 dof 24 dof 48 dof 98 dof 

0.529464652805 0.534174292262 0.53675262233 0.550725413239 

Spectrum 4 [13 to 

16] 

18 dof 38 dof 76 dof 154 dof 

0.156025144795 0.155660584222 0.163440920868 0.17255100425 

 

 
1) 2) 3) 4) 

 
5) 6) 7) 8) 

 
9) 10) 11) 12) 

 
13) 14) 15) 16) 

Fig. 5 - Power spectral densities under analysis. The numbering is according to Table 4. 
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RESULTS 

As shown in Fig 6, the Dirlik semi-empirical method obtained, globally, the best accuracy 

under the study for the data of spectra 3 as the error is less dependent on the number of dof 

chosen. Additionally, spectra 3 presented the highest irregularity factor ($  > 0.5) among the 

four as well as the lowest overall l�� of the four (< 3). The study of spectrum 2 gave also 

two very accurate outcomes. Although, for this spectrum, small comparison errors were 

obtained for spectrum 2 for two dof (200 and 400), the error increases for the other two dof 

considered. For spectrum 1 the comparison with the conventional method is acceptable for the 

dof’s equal to 38 and 78. The worst results were obtained for spectrum 4 where an average 

error of, approximately, 45 % was obtained. 

 

Fig. 6 - Relative error of semi-empirical Dirlik method compared to Rainflow method. 

Fig. 7 presents an overall comparison of the eight semi-empirical methods considered for this 

study with a particular focus on spectrum 3. The Figure reveals that the methods, $�.ef, Lutes 

& Larsen and Ortiz & Chen, asides from Dirlik, delivered interesting outputs. On the other 

hand, the methods Narrowband and Banasciutti & Tovo, delivered the less accurate outputs. It 

should be noticed that the signals can’t be classified as narrowband signals ($ ≪ 1) which 

lead to the lack of accuracy found for the Narrowband method. The studies of (Larsen & 

Irvine, 2015), for the same material properties, obtained the greatest accuracy with the Dirlik 

method. 

 

Fig. 7-  Relative error of semi-empirical methods compared to Rainflow for spectrum 3. 



Topic-A: Computational Mechanics 

 

 

-244- 

As to accomplish a deeper understanding of the behaviors of these empirical methods and 

therefore to withdraw a more thoughtful judgment, a far more extensive study is necessary. 

This scenario would also include signal treatments (in time and frequency domain data) prior 

to the application of a cycle counting and fatigue damage estimation technique. 

 

EXTENSION TO FINITE ELEMENT ANALYSIS 

The extension of the upper concepts to FEA-Finite Element Analysis is outlined in Fig. 8 as 

to enrich the design operations in the context of fatigue life optimization both in time and 

frequency domain. 

In Fig, 9b) are displayed results of fatigue life achieved from the preliminary efforts 

undertaken to implement a numerical approach for the computation of material fatigue in the 

context of FEA. Results for three different specimens, under the exact loading conditions are 

shown, demonstrate that fatigue life span reduction (��) is notorious in specimens with 

potential hotspots, in contrast with ones with no hot spots or stress concentration regions (Fig. 

9a). 

 

 

 
Fig. 8 - Flow chart of the finite element analysis procedures regarding fatigue studies in the 

frequency and time domains. 

 

 

 

 
a) b) 

Fig. 9 - Fatigue simulation results. a) Specimens under simulation. b) Fatigue Life [��] simulation output. 
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Future work on the topic has in perspective: 1) to develop and implement a methodology for 

fatigue analysis in the context of FEA and 2) to deploy a fatigue analysis tool for post-

processing data, both in time and frequency domains, obtained via FEA. 

 

CONCLUSIONS 

Spectral and conventional time domains methods for cycle counting, fatigue damage 

accumulation and life prediction are presented. The most referenced semi-empirical methods 

are briefly reviewed. The higher accuracy obtained for the semi-empirical Dirlik method is 

highlighted. 

A brief discussion and preliminary results about the extension of frequency and time domain 

methods of fatigue analysis to finite element analysis are respectively given and presented. 

As future work, is highlighted the extension of all the semi-empirical spectral methods for 

fatigue live analysis to FEA environment and further comparisons with the well-known 

conventional time domain methods. In addition and by this means, it will be distinguished the 

fundamental differences of both methodologies and further studies will also consider the 

sensitivity of spectral methods to the statistical variables of the analyzed signals. 
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