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ABSTRACT 

The aim of this contribution is to present a method for online damage detection in Euler-Bernoulli 

beams. This method detects damage by tracking changes in the beam parameters from vibration data 

collected at different beam points. The method is based on a combination of Hopfield neural networks. 

At each time instant, each network produces first an estimate of the parameters at a certain beam point 

and the estimates of neighboring points are then combined to produce a final estimate at each point. 

The preliminary results obtained encourage the incorporation of this method in an automatic system 

for online damage detection. 
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INTRODUCTION 

 
With the development of engineering structures (e.g. aircrafts, bridges and off-shore platforms) a 

greater attention to cracks that endanger the whole structure is necessary. The detection of this kind of 

damage is an important point to avoid the total crashing of the structure and mainly to allow repairing 

the cracks in their early growth state to minimize the costs.  Here, as in [1], it is assumed that damage 

corresponds to a change in the model parameters, and that it can be detected by tracking parameter 

variations. More concretely, the basic idea is that model parameters (notably frequencies, mode 

shapes, and modal damping) are functions of the physical properties of the structure (mass, damping 

and stiffness). Therefore, changes in these physical properties will cause changes in the model 

parameters. Thus, parameter identification and monitoring constitutes a good method for early damage 

detection. Online damage detection is a subject that has received considerable attention. Traditional 

techniques include the recursive least-squares and the Kalman filter [2]. A more recent technique, 

based on the Hopfield neural network originally proposed in [3], has already shown a superior 

performance in practice [4]. 

This paper presents a contribution for an automatic system for online damage detection, namely a 

method for tracking changes in beam parameters. This method is based on a combination of Hopfield 

neural networks [3]. Each network produces a time-evolving estimate of the beam parameters at a 

certain beam point. The combination of the networks enables them to share information concerning 

different beam points. The model used here to simulate the beam vibration is the damped Euler-

Bernoulli model. 

The remainder of the paper is organized as follows. First, the Euler-Bernoulli model is presented. 

Then, the new method here proposed, based on a combination of neural networks, is described. 

Finally, some preliminary results are shown and the conclusions are drawn. 
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DAMPED EULER-BERNOULLI BEAMS 

 

This section describes the Euler-Bernoulli model for the deflection of a damped beam. The method 

of separation of variables is applied in order to write this model as a first order model that will serve as 

basis for the identification procedure. 

 

Model Description 

 

The Euler-Bernoulli model is used to simulate the time evolution of the transverse displacement, ���, ��, along a vibrating beam with length � and simply-supported at both ends. The relationship 

between the transverse displacement and the external force, ���, ��, is described by the following 

fourth order partial differential equation:  

 	 
�
�� ���, �� +  

� ���, �� + �� 
�
�� ���, �� = ���, ��,   
 
 

 (1) 

 

 

where 	, , � and � are the beam parameters, which are related with physical properties of the 

structure. The parameters are considered to be constant along the beam. The external force is set to 

zero (free vibration). 

 

The boundary conditions assumed in this paper are translated by: 

 �        ���, ������,� = 0                    � 
�
�� ���, ������,� = 0.  

 (2) 

 

First order model 

 
In order to use the proposed identification method for online damage detection, the Euler-Bernoulli 

model needs to be rewritten as a first order model in order to highlight linearity in the parameters. 

The separation of variables consists in considering the solution of (1)-(2), ���, ��, as a linear 

combination of elementary solutions, ����, ��, which are separable in the time and space domains, i.e.,  

 ����, �� = ����������. (3) 

 

Hence, 

 ���, �� = ∑ � ��! ���������� ≈ ∑ �����������#��! , 

 

(4) 

where the �′% are arbitrary constants [5], each function ����� is the solution of an equation ��&&��� +'���&��� + ()*+ ����� = 0, with , = �-�  and initial conditions ���0� = .�� and ��&�0� = .!�, while ����� = / %01�,��  with / ∈ ℝ. This corresponds to consider initial displacements and velocities 

given by ��0, �� = ∑ .��#��! %01 4�-� �5 and  
667 ��0, �� = ∑ .!�#��! %01 4�-� �5, respectively. Here, the 

elementary solution 

 �!��� =  sin 4;� �5 (5) 
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obtained by taking / = 1 and 1 = 1 (first harmonic) will be considered. This corresponds to the 

solution ���, �� = �!��� %01 4-� �5 with initial conditions 

 ��0, �� = �!�0� sin 4;� �5 = .�! sin 4;� �5  

(6) �&�0, �� = �&!�0� sin 4-� �5 = .!! sin 4-� �5.  

 

The values of .�! and .!! are arbitrary and, in case of practical experiments, can be adequately chosen 

according to the desired experimental setup. Taking a spatial discretization step of ∆�, a vector > is 

constructed with the values of �!��� at the discretization points, i.e., 

 

> = ? �!�0��!�∆��⋮�!��� A ∈ ℝB 

 

(7) 

 

where C = �∆� + 1. This yields >��� = �!���> as the corresponding spatial discretization of �!��, �� . The time evolution of >��� is then described by the following ODE: 

 	 >&&��� +  >&��� + �� >��� = 0. (8) 

 

Defining D!��� = >��� and D���� = >&���, the following first order model is obtained: 

 ED&��� = F�'�D���>��� = GD��� �, (9) 

 

with D = HD!��� D����IJ and G = H� 0�B×B�I, where I is the identity matrix with dimension C. 

The matrix F depends on the parameter vector ' = H'!  '�IJ, with '! = LMN  and '� = ON, and is given by 

 F�'� = P0�B×B� �−'!� −'��R.  
 

(10) 

 

 

COMBINATION OF HOPFIELD NEURAL NETWORKS 

 

As mentioned before, damage can be detected by a variation in the model parameters. Identification 

methods are crucial to detect damage as they monitor the time evolution of the model parameters. This 

section presents an identification method based on a combination of several Hopfield neural networks. 

 

Hopfield neural network 

 

The Hopfield neural network (HNN) considered in the combination presented here was proposed in 

[3]. It can be used to produce an estimate of the beam parameters at each time instant. In order to 

apply this method, model (9)-(10) needs to be written in the form S��, �� = /��, ��', where S��, �� 

and /��, �� are a certain vector and a certain matrix computed from the system data, respectively, and ' is the vector of the model parameters to be identified. This yields: 
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PD&!��� − D����D&���� RTUUUUVUUUUWX�7,��
= P0�B×!� 0�B×!�−D!��� −D����RTUUUUUVUUUUUWY�7,��

P'!'�RZ(
. (11) 

 

The HNN produces a time-evolving estimate of the beam parameters at a certain beam point through 

the following discrete time model [3]: 

 '[�� + 1, �� = '[��, �� + ∆�, \O 4'[��, ��5 /J��, �� 4S��, �� − /��, ��'[��, ��5 , (12) 

 

where ∆� is the time step, , , are parameters that can be tuned to adjust the network performance, and \O�'[��, ��� is the following matrix: 

 \O 4'[��, ��5 = ]� − '[!��, ��� 00 � − '[���, ���^. (13) 

  

Combination of several Hopfield neural networks 
 

The motivation for combining several Hopfield neural networks is to enable them to share 

information concerning different beam points. Assuming that the beam is spatially discretized in _ 

equally spaced points �!, ��, … , �a, _ networks are considered. The corresponding _ networks are 

linearly combined as follows: 

 

bcc
ccd
'[�� + 1, �!�'[�� + 1, ���'[�� + 1, �e�⋮'[�� + 1, �a�fgg

ggh = i 
bcc
cdj��, �!�j��, ���j��, �e�⋮j��, �a�fgg

gh, 
 

 

 

(14) 

 

with 

 j��, �� = '[��, �� + ∆�, \O 4'[��, ��5 /J��, �� 4S��, �� − /��, ��'[��, ��5 
(15) 

 

and the weight matrix, M, given by: 

 

i =

bcc
ccc
ccc
ccd

_ − 1_ _ − �_ − 1�_ 0 … … … 0_ − �_ − 1�2_ _ − 1_ _ − �_ − 1�2_ 0 … … 0
0 _ − �_ − 1�2_ _ − 1_ _ − �_ − 1�2_ 0 … 0⋮       ⋮       ⋮       0 … … … 0 _ − �_ − 1�_ _ − 1_ fgg

ggg
ggg
ggh
. 

 

 

 

 

(16) 
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RESULTS  

 
This section presents simulation results obtained by applying the proposed identification method 

based on a combination of several Hopfield neural networks.  The Euler-Bernoulli model is simulated 

with the parameters values as in [6] as:  � = 2 × 10!! m/C�, � = 2.45 × 10qr C�, 	 = 23.1 _�/C,  = 32 m/C� and � = ; C. This results in '! = 2129.5 C�/%� and '� = 1.38 %q!. The beam was 

spatially discretized, and three equally spaced points �!, ��, �e were considered. The corresponding 

three networks were linearly combined as follows: 

 

v'[�� + 1, �!�'[�� + 1, ���'[�� + 1, �e�w = x2/3 1/3 01/6 2/3 1/60 1/3 2/3z vj��, �!�j��, ���j��, �e�w.  

 (5) 

 

To analyze the performance of the identification method, the following relative error was 

computed: 

 �{��� = C|�}�{!()��� �{�()��� �{e()��� �{!(~��� �{�(~��� �{e(~����,  (6) 

  

where �{�(���� refers to the estimate of the j-th parameter produced by the i-th network at time t: 

 

 �{�(���� = 100 × �(��q(����7�(�� �     i=1,2,3 and j=1,2. 

 
 

  (7) 

 

In a first stage no damage was considered and '!,  '� were kept constant. Fig. 1 presents the 

evolution of the  '[! obtained by the combination of HNNs. 

 

 
Fig. 1. Time-evolution of the estimate of the beam parameter '! obtained by the combination of HNNs when 

no damage is considered. 
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The estimation error obtained in this case is represented in the following figure: 

 

 
Fig. 2. Time-evolution of the estimation error when no damage is considered. 

 

In a second stage damage was considered and represented by a variation of 50% of '! at time � = 5 %. The change in parameter '! corresponds to a change in Young’s modulus parameter, E. The 

estimation error obtained in this case is illustrated in the following figure: 

 

 
Fig. 3. Time-evolution of the estimation error when a variation of parameter '! occurs. 

 

As can be seen the method converges before � = 5 % and the error is small. Then a change in the beam 

parameter is detected. 

 

CONCLUSIONS  

 

This paper presents a combination of Hopfield neural networks for online damage detection in 

Euler-Bernoulli beams. At each time instant, each network produces first an estimate of the parameters 

at a certain beam point and the estimates of neighboring points are then combined to produce a final 

estimate at each point. The preliminary results obtained encourage the use of the proposed method in 

the case of non-homogeneous beams and its inclusion in an automatic system for online damage 

detection. 

 

 

 



 Integrity, Reliability and Failure of Mechanical Systems 

IRF’2013  7

ACKNOWLEDGMENTS 
 

This research is partially supported by FEDER the following projects: FCOMP-01-0124-FEDER-

022690 and PTDC/EEA-AUT/108180/2008. 

 

REFERENCES 

 

[1] H. H. Jann N. Yang, Silian Lin and L. Zhou, “An adaptive extended Kalman filter for structural 

damage identification,” Structural Control and Health Monitoring, vol. 13, pp. 849–867. 

 

[2] L. Ljung, Ed., “System identification (2nd ed.): theory for the user”. Upper Saddle River, NJ, 

USA: Prentice Hall PTR, 1999. 

 

[3] H. Alonso, T. Mendonça, and P. Rocha, “Hopfield neural networks for on-line parameter 

estimation,” Neural Netw., vol. 22, pp. 450–462, May 2009. 

 

[4] J. Almeida, H. Alonso, and P. Rocha, “Comparing the extended Kalman filter with an Hopfield 

neural networks for on-line damage detection in Euler-Bernoulli beams,” in Proc. of the 1st 

International Conference of the International Journal of Structural Integrity, Porto, 2012. 

 

[5] R. K. Nagle, B. S. Edward and A. D. Snider (2000). “Fundamentals Of Differential Equations And 

Boundary Value Problems (3rd Edition)”. Addison Wesley. London, UK. 

 

[6] Alonso, Hugo, Pedro Ribeiro and Paula Rocha (2009). “An automatic system for on-line change 

detection with application to structural health monitoring.” In Proc. of the 35th Annual Conference of 

the IEEE Industrial Electronics Society. Porto. 

 


