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Error Tolerant MPC versus PI Control – a Crystallization Case
Study
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Abstract— The present work is focused on a comparative
study between the classical PI(D) control and an error tolerant
modification of the nonlinear MPC approach implemented to a
fed-batch sugar crystallization process. Two scenarios are
considered: i) (nominal case) MPC versus PI assuming no
disturbances or noise and ii) MPC versus PI with disturbances
and noise due to original industrial data implemented in the
tests. The results demonstrate that the MPC outperforms the PI
control with respect to the final batch performance measures
(less energy consumption, improved crystal size parameters and
higher productivity). The usual high MPC computational costs
are significantly reduced by the proposed error tolerant
modification of the optimization procedure

I. INTRODUCTION

D

URING the last decade the model based predictive
control (MPC) became an attractive control strategy
implemented in a variety of process industries [1]. First the
linear MPC gained popularity as an industrial alternative and
later on nonlinear cases as polymerization reactors [2] and
reactive distillation columns [3] were reported as
successfully MPC controlled processes. Despite these facts,
MPC scheme still remains an interesting theoretical and
practical control challenge particularly for batch processes
[4]. The batch or fed-batch mode of operation is a typical
production scheme for a large group of pharmaceutical,
biotechnological, food and chemical processes. It is related
with the formulation of a control problem in terms of
economic or performance objective at the end of the process
[5]. For example, the crystallisation quality is evaluated by
the particle size distribution (PSD) at the end of the process
which is quantified by two parameters - the final average (in
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mass) particle size (MA) and the final coefficient of particle
variation (CV). The main challenge of the batch production
is the large batch to batch variation of the final PSD [6]. This
lack of process repeatability is caused mainly by improper
control policy and results in product recycling and loss
increase. MPC, being one of the approaches that inherently
can cope with process constraints, nonlinearities, and
different objectives derived from economical or
environmental considerations, has the potential to overcome
the problem of the lack of repeatability and drive the process
to its optimal state of profit maximization and cost
minimization. These problems are the main motivation for
the present work, which is divided into the following
sections. In section II the sugar production stages are shortly
presented. In section III the crystallization phenomenological
macro model is introduced. In section IV the error tolerant
nonlinear MPC strategy is formulated and finally in section
V and VI two scenarios with MPC and proportional integral
(PI) controllers are tested and conclusions are drawn.
II. PROCESS DESCRIPTION
Sugar crystallisation occurs through the mechanisms of
nucleation, growth and agglomeration. There are two basic
types of sugar production: from cane sugar or from beet. The
process considered in this work is of the first type and a
typical industrial unit can be divided into the following
sequential phases [7].
Charging: During the first phase the pan is partially filled
with a juice containing dissolved sucrose (termed liquor).
The initial liquid charged in the pan corresponds
approximately to 40% of the total vessel height. The charge
is usually performed by complete opening of the feeding
valve until the level sensor indicates 40%. Therefore, no
special control policy is required at this stage.
Concentration: The next phase is the concentration. The
liquor is concentrated by evaporation, under vacuum, until
the supersaturation reaches a predefined value. At this value
seed crystals are introduced into the pan to start the
production of crystals. This is the beginning of the
crystallisation phase.
Crystallization (main phase): At this phase as evaporation
takes place further liquor is added to the pan in order to
guarantee crystal growth at a controlled supersaturation level
and to increase the sugar content of the pan. Near to the end
of this phase and for economical reasons, the liquor is
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replaced by other juice of lower purity (termed syrup).
Tightening: The fourth phase consists of tightening which
is principally controlled by evaporation capacity. The pan is
filled with a suspension of sugar crystals in heavy syrup,
which is dropped into a storage mixer. At the end of the
batch, the massecuite undergoes centrifugation, where final
refined sugar is separated from (mother) liquor that is
recycled to the process.
Sugar production is still a very heuristically operated
process, with classical proportional integral and eventually
derivative (PID) controllers being the most typical solution.
However, the industrial partners ((Sugar Refinery RAR,
Portugal, Company 30 de Noviembre, Pinar del Río, Cuba)
agreed that an optimized operation policy might result in
reduction of the recycled batches and thus in reduction of
energy and material loss. These problems constitute the main
motivation of the present work with the objective to derive
an efficient optimized operation strategy for the process in
hand. The second motivation is related with the fact that the
crystallization phenomenon is typical for a great number of
industrial processes such as for example in the
pharmaceutical and food engineering. Therefore, the strategy
formulated for this case study can be further extended and
applied for other crystallization based processes.
Since the different phases of the sugar production are
comparatively independent and moved by distinct driving
forces, it is not worth to look for a single controller for all of
them. Therefore, individual MPC controllers for each stage
where it seems appropriate, was the adopted framework (see
Table I).
III. CRYSTALLIZATION MACRO MODEL

A. Mass balance
The mass of all participating solid and dissolved
substances are included in a set of conservation mass balance
equations

M& = f ( M (t ), F (t ), P1), 0 ≤ t ≤t f , M (0) = M 0
where M (t ) ∈ R

q

and F (t ) ∈ R

m

(1)

are the mass and the flow

rate vectors, with q and m dimensions respectively, and
t f is the final batch time. P1 is the vector of physical
parameters as density, viscosity, purity, ect.

B. Energy balance
The general energy (E) balance model is
E& = f ( E (t ), M (t ), F (t ), P 2), 0 ≤ t ≤t f , E (0) = E 0

(2)

where P2 incorporates the enthalpy terms and specific
heat capacities derived as functions of physical and
thermodynamic properties.
C. Population balance
Mathematical representation of the crystallization rate can
be achieved through basic mass transfer considerations or by
writing a population balance represented by its moment
equations. Employing a population balance is generally
preferred since it allows to take into account initial
experimental distributions and, most significantly, to
consider complex mechanisms such as those of size
dispersion and/or particle agglomeration/aggregation. Hence

~

η&i = f (η i (t ), B0 , G, β ' ), 0 ≤ t ≤t f , i = 0,1,2,...

(3)

η i ( 0) = η i 0

where η i is the i-th moment of the mass-size particle
~
distribution function, B0 , G and β’ are the kinetic variables
nucleation rate, linear growth rate and the agglomeration
kernel, respectively. The PSD measures: the final average
(in mass) particle size (MA) and the final coefficient of
particle variation (CV) are derived from (3) as follows

MA = η1 η 0

(

(4.1)

)

CV = η 0η 2 η12 − 1

The general phenomenological model of the fed-batch
crystallization process consists of mass, energy and
population balances [8]. While the mass and energy balances
are common expressions in many chemical process models,
the population balance is related with the crystallization
phenomenon which is still an open modeling problem.
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(4.2)

For more details with respect to the detailed process
model see [8].

IV. GENERAL VERSUS ERROR TOLERANT MPC

A. General MPC problem formulation
Nonlinear model predictive control (NMPC) is an
optimisation-based multivariable constrained control
technique that uses a nonlinear dynamic model for the
prediction of the process outputs [9]. At each sampling time
the model is updated on the basis of new measurements and
state variables estimates. Then the open-loop optimal
manipulated variable moves are computed over a finite
(predefined) prediction horizon with respect to some
performance index, and the manipulated variables for the
subsequent prediction horizon are implemented. Then the
prediction horizon is shifted or shrunk by usually one
sampling time into the future, and the previous steps are
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repeated.

Stage
Charge

Concentration

Seeding and
setting the
grain
Crystallization
with liquor
(phase 1)
Crystallization
with liquor
(phase 2)
Crystallization
with syrup

Tightening

TABLE I
SUMMARY OF THE OPERATION STRATEGY FOR THE SUGAR CRYSTALLIZATION PROCESS
Action
Control
The steam valve is closed.
No control
The feed valve is completely
The stirrer is off.
open
The vacuum pressure changes from 1 to 0.23 bar.
The vacuum pressure reaches 0.5 bar, feeding starts with max rate.
Liquor covers 40 % of the vessel height.
The vacuum pressure stabilizes around 0.23 bar.
Control loop 1
The stirrer is on.
Controlled variable: Volume;
The volume is kept constant .
Manipulated variable: liquor
The steam flowrate increases to 2 kg/s
feed flowrate
The supersaturation reaches 1.06, the feeding is closed, the steam flowrate is
reduced to 1.4 kg/s
The supersaturation reaches 1.11.
No control
Seed crystals are introduced.
The feed valve is closed
The steam flowrate is kept at the minimum for two minutes.
The steam flowrate is kept around 1.4 kg/s.
Control loop 2 Controlled
The supersaturation is controlled at the set point 1.15.
variable: supersaturation
Manipulated variable: liquor
feed flowrate
Control loop 3 Controlled
The volume of crystallizer reaches ≈ 22 m3.
The feed valve is closed.
variable: supersaturation
The supersaturation is controlled at the set point 1.15.
Manipulated variable: steam
The stirrer power reaches 20.5 A.
flowrate
The steam flowrate is kept around the maximum of 2.75 kg/s. (hard constraint).
Control loop 4 Controlled
The volume fraction of crystals is kept at the set point 0.45.
variable: volume fraction of
The volume reaches its maximum value (30 m3)
crystals. Manipulated variable:
The feed valve is close.
syrup feed flowrate
The stirrer power reaches the maximum value of 50 A (hard constraint).
No control
The steam valve is closed.
The stirrer and the barometric condenser are stopped.

The optimal control problem in the NMPC framework can
be mathematically formulated as:

min

u min ≤u (t ) ≤u max

J = ϕ ( x(t ), u (t ), P),

(5)

subject to:

x& = f ( x(t ), u (t ), P ), 0 ≤ t ≤t f , x(0) = x0

(6.1)

y (t ) = h( x(t ), P )

(6.2)

g j ( x) = 0,

j = 1,2,...... p

(7.1)

v j ( x) ≤ 0,

j = 1,2,......l

(7.2)

B. Error tolerant digital nonlinear MPC control framework
(main contribution)
Discrete process model. Considering the discrete nature of
the on-line control problem the continuous time optimization
problem involved in the NMPC formulation is solved by
formulating a discrete approximation to it, that can be
handled by conventional nonlinear programming (NLP)
solvers. The time horizon t = t 0 , t f is divided into equally

[

]

spaced time intervals ∆t , with discrete time steps
t k = t 0 + k∆t and k = 0, 1,...., N . The process model (6) is
discretised as follows:

where (5) is the performance index, (6) is the process
model, function f is the state-space description, function h is
the relationship between the output and the state, P is the
vector of possibly uncertain parameters and t f is the final
time. x(t ) ∈ R n , u (t ) ∈ R m and y (t ) ∈ R p are the state, the
manipulated input and the control output vectors,
respectively. The manipulated inputs, the state and the
control outputs are subject to the following constraints,
x(t ) ∈ Χ, u (t ) ∈ Ζ, y (t ) ∈ Υ in which X, Z and Y are convex
and closed subsets of

respectively.

R n , R m and R p . g j and v j are the

x(k + 1) = F [( x(k ), u (k ), P ]
y p (k ) = h[( x(k ), P]

(8.1)
(8.2)

Process input constraints arise due to actuator limitations
such as saturation and rate-of-change restrictions and can be
expressed as

u min ≤ u (t + k ) ≤ u max , k = 1,2,...H c
∆u min ≤ ∆u ≤ ∆u max

equality and inequality constraints with p and l dimensions
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where umin and u max are the minimum and the maximum
values of the input, ∆umin and ∆umax are the minimum and
the maximum values of the rate-of-change of the same input.
Process output constraints are usually associated with
operational limitations such as equipment specifications and
safety considerations and can be expressed as:

y min ≤ y p (t + k ) ≤ y max , k = 1,2,...H p

TuBPo.2

λ2 an empirical formula was deduced as follows,

(u max − u min )2 ⋅ λ2 = e p max ⋅ P 100

(12)

where P defines the desired contribution of the second term
in (11) (0% ≤ P ≤ 100%) and

(

e p max = max (r − y max ) , (r − y min )

(10)

We propose a modification of the general MPC
formulation (5), where the optimization is performed based
on the following performance index

 
min
J =
 [u (t + k ),u (t + k +1,.....u (t + H c )) ]
u :  H p
2
, if e(t ) > α
H
 λ (e(t + k ) ) − λ c (∆u )2
u (t + k ) =   1 ∑
2∑
k =1
  k =1

 u*
if e(t ) < α

where e(t ) = r (t ) − y (t ),
∆u = u (t + k − 1) − u (t + k − 2)

2

2

)

(13)

The intuition behind (12-13) is to make the two terms of
(11) compatible when they are not previously normalized
and to overcome the problem of different numerical ranges
of the two terms.
Note that, the main reason for the α error modification of
the classical MPC is the expectation to reduce the
computational burden. MPC controller requires a significant
amount of on-line computation, since the optimization (5) is
performed at each sample time to compute the optimal
control input. However, the α error tolerance proposed by
the modification (8) reduces significantly the computational
efforts.
V. CONTROL TESTS

(11)
A. PID controllers
First the PID parameters were tuned, where k p , τ i , τ d are

subject to constraints (9) and (10). y (t ) ∈ R are the process
p

measurements.
Equation (11) is a particular discrete format of the general
performance index defined by (5) [20]. We denote it as an
error tolerant MPC formulation because the optimization is
performed only when the error e(t + k ) is bigger than a
predefined α value. In order to reduce the computational
burden when the absolute error e(t + k ) is smaller than

related with the general PID terminology as follows:
k


∆t
τ
u(t + k) = k p e(t + k) + s ⋅ e(t + i) + d ⋅ (e(t + k) − e(t + k −1))
∆ts
τi i=0



∑

(14)

α the control action is equal to u * which is the last value
computed before the error enters the α strip. α is a design

Since the process is nonlinear, classical (linear) tuning
procedures were substituted by a numerical optimization of
the integral (or sum in the discrete version) of the absolute
error (IAE):

parameter and its choice is crucial for achieving a good
compromise between bearable computational costs and
acceptable tracking error. The prediction horizon H p is the

IAE = ∑ r (t + k ) − y p (t + k )

number of time steps over which the prediction errors are
minimized and the control horizon H c is the number of time
steps over which the control increments are minimized, r is
the desired response and y p is the prediction model
response.
u (t + k ), u (t + k + 1),.....u (t + H c ) are tentative values of the
future control signal, which are limited by u min and u max .
Parameters λ1 and λ2 determine the contribution of the
output error and the contribution of the control increments
respectively on the performance index. In all control tests
summarized in section V λ1 was set to 1, as a normalized

N

(15)

k =1

Equation (15) was minimized in a closed loop framework
between the discrete process model and the PID controller.
For each parameter an interval of possible values was
defined based on empirical knowledge and the process
operator expertise. A number of gradient (Newton-like)
optimization methods were employed to compute the final
values of each controllers summarized in Table II. All
methods concluded that the derivative part of the controller
is not necessary. Thus, a PI controller was analyzed in the
next tests.

value for the importance of the first term. For the choice of
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TABLE II
OPTIMIZED PID PARAMETERS (EQ. 14) FOR THE CONTROL LOOPS
DEFINED IN TABLE I
Control
Control Control Control
Loop 1
Loop 2 Loop 3 Loop 4

kp

0.05

-0.5

20

-0.01

τi

30

40

10

70

τd

0

0

0

0

B. MPC parameters ( α , H p , H c )
The values of α in (11) were defined based on empirical
process knowledge and are summarized in Table III.
TABLE III
CONTROLLED VARIABLE, SET-POINTS AND α - STRIP VALUES FOR THE
CONTROL LOOPS DEFINED IN TABLE I
Control Loop
(CL) /controlled
variable

CL 1 /
Volume

CL 2/
Supersatur.

CL 3/
Supersatur.

CL 4/
Fraction
of crystals

Set-point

12.15

1.15

1.15

0.43

α

0.02

0.01

0.001

0.001

-strip

The operation strategy, summarized in Table I and
implemented by a sequence of MPC (Table III) or PI
controllers (Table II) is comparatively tested in Matlab
environment [10]. A process simulator was developed based
on a detailed phenomenological model [8]. The output
predictions are computed by the discretized model (8). The
choice of the prediction horizon H p is a function of the
process time constant. Since the full process response is
almost complete within 50 s. ( H p

* ∆t s =50) and the

sampling interval is ∆t s = 10s, the prediction horizon was

TuBPo.2

However, in average both control strategies (PI and MPC)
are equally successful in keeping the controlled outputs
around their set points. The set-points, for example
supersaturation =1.15, are chosen empirically as the values
referenced by the particular sugar refinery process
considered and eventually they might not be the optimal
values. Due to space limits the results for the other control
loops are not shown in this paper but they look similarly in
the sense that over the sequence of control loops MPC do not
bring significant tracking improvements to justify its use.
However, the main benefits of the MPC strategy are with
respect to the batch end point performance. The results of the
two scenarios are summarized in Table IV. Note that with
respect to AM, the MPC has slightly better results that could
probably disappear in the real system due to the
measurement error effect. More realistic advantage of MPC
is the improvement of CV in Scenario 2 (Table IV) and the
lower energy consumption in Scenario 1. These
improvements are achieved with less energy quantified by
the kilograms of vapor consumed. Moreover the MPC
strategy led to higher quantity of sugar for approximately the
same batch duration (scenario 2). There is a clear tendency
of final batch process improvement when the proposed MPC
control is applied.
Remark: Using the same amount of raw material in both
cases will improve the comparison between the two control
paradigms, however during a normal operation cycle these
quantities vary. For example the liquor consumed is usually
not fixed, its quantity depends on the time it takes to achieve
the supersaturation set point.
A comparison between the classical and the modified
MPC proposed in this work was also made with respect to
the anticipated reduction of computational efforts. In Fig. 2
are depicted the CPU times per iteration along the process
duration for both methods. The small error tolerance
influences directly the computational time and for about half
of the iterations the time is much less. The work reported
here is at an initial stage and more study is required to get a
comprehensive insight into the effect of the α parameter.

set at H p =5 and the control horizon as H c =2.
C. Results
Scenario 1 (nominal case): MPC versus PI assuming no
disturbances or noise. The main operation parameters are
kept constant (see Table IV).
Scenario 2: MPC versus PI in the presence of realistic
disturbances and noise. Instead of analytical expressions for
the vacuum pressure, brix and temperature of the feed flow,
pressure and temperature of the steam, original industrial
data without any preprocessing is embedded into the model.
Time trajectories of the controlled and control
(manipulated) variables for the main crystallization (2 and 3)
control loops are depicted in Fig. 1. Note that MPC is more
efficient for loop 2 while PI outperforms MPC in loop 3.

VI. CONCLUSIONS
The main contribution of the work is a modified digital
MPC control where the optimization is only performed when
the tracking error is above a predefined level α . This new
algorithm is implemented for the challenging nonlinear
process of sugar production and compared with traditionally
applied PI controller. An operation strategy with four control
loops was formulated, with individual MPC or PI controllers,
and different simulation scenarios considered. The results
has shown that the error tolerant MPC and the PI controllers
perform equally good with respect to the individual loop
tracking error but the MPC definitely outperforms the PI
strategy with respect to the final batch performance measures
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(less energy consumption, improved crystal size parameters
and higher productivity).

(a)

CPU time (s)

0.6

TABLE IV
PI &MPC FINAL BATCH PERFORMANCE MEASURES
Scenario 1
Scenario 2
Performance measures
PI
MPC
PI
MPC
AM (mm) (reference 0.58)
0.59
0.58
0.6
0.59
CV (%) (reference 30)
31.34
31.2
31.12
30
Batch duration
87:55
89:00
94:26
94:30
Liquor consumption ,m3
38.54
38.84
39.18
39.6
Energy consumption
9398
9261
9937
9849
(Quantity of vapor in kg)
Quantity of sugar
21.707
22.03
21.72
22.09
production ( t)

0.4
0.2

CPU time (s)

0

1.16
1.15
1.14
1.13

0

20

40
60
Time (min)
(b)

80

0

20

40
60
Time (min)

80

0.4
0.2
0

Controlled Variable 2−3 (Supersaturation)

S
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Fig. 2. CPU time per iteration along the process duration. (a) -Error
tolerant MPC –Eq. (11); (b) - Classical MPC

30

40
50
60
Time (min)
Control Variable 2 (Liqour Feed Flowrate)
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