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Abstract
This paper presents a novel method for bioprocess hybrid parametric/nonparametric modelling based on mixture of experts (ME) and the
expectation maximisation (EM) algorithm. The bioreactor system is described by material balance equations whereas the cell population subsystem
is described by an adjustable mixture of parametric/nonparametric sub-models inspired in the ME architecture. This idea was motivated by the
fact that cellular metabolism has an inherent “modular” structure, organised in metabolic pathways, with complex interactions. This study was
supported by simulations using models of different levels of complexity. The proposed method was compared with the conventional hybrid
technique employing the multi-layer perceptron (MLP) and the radial basis function (RBF) networks. As main conclusions it can be stated that
MEs trained with the EM algorithm are able to systematically detect metabolic shifts with the individual experts developing expertise in describing
the individual pathways. The hybrid ME model with thin-plate spline RBF network as experts outperforms both the hybrid MLP model and the
hybrid RBF model in its ability to describe metabolic switches.
© 2007 Elsevier B.V. All rights reserved.
Keywords: Bioprocesses; Bioreactors; Hybrid modelling; Mixture of experts; Expectation maximisation; Artificial intelligence; Waste-water treatment; Control

1. Introduction
The development of optimal control strategies for bioprocesses is frequently constrained by the availability of
sufficiently accurate mathematical models for supporting such
developments. Bioprocesses may be generically characterised
as complex systems exhibiting non-linear and time-varying
dynamics. The main source of complexity arises from the
intracellular phenomena. Model-based bioreactor performance
optimisation studies rarely incorporate detailed descriptions of
the intracellular phase. The method is often viewed as being too
“expensive” for routine applications. It has been pointed out by
several authors that hybrid parametric/nonparametric modelling
techniques may represent a cost-effective alternative for the analysis of bioprocesses [1–6]. Hybrid parametric/nonparametric
systems combine first principles modelling with chemometric
techniques for extracting knowledge hidden in process data;
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hidden knowledge that has not been incorporated in the first
principles submodels so far. The most widely adopted hybrid
structure for bioreactor systems combines macroscopic material
and/or energy balance equations with artificial neural networks
such as the MLP or the RBF networks [4,7–17]. The job for
the neural networks in these structures is the nonparametric
modelling of unknown reaction kinetics, which is normally
the most challenging part of the process to be modelled in
a mechanistic sense. One important feature of living cells is
the fact that they process different substrates through different metabolic pathways. Diauxic growth on two carbon sources
is one of such examples. Another is aerobic/anaerobic growth,
depending on the presence or absence of dissolved oxygen in
the medium. For example, the Saccharomyces cerevisiae yeast
grows through three different metabolic pathways for exploiting
energy and basic material sources and is able to switch between
a oxidative metabolic state and a oxido-reductive metabolic
state [18]. With high glucose supply or in conditions of oxygen
limitation, Escherichia coli produces acetate via an alternative pathway. In case of glucose limitation, E. coli is able to
alternatively metabolise acetate [e.g. 19]. In the more com-
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plex example of mixed cultures, several different metabolic
mechanisms may occur simultaneously. In activated sludge processes, three main families of bacteria are involved, each of
them switching between metabolic mechanisms [20] yielding
complex kinetic behaviour, viz. nitrification/denitrification, aerobic/anaerobic, phosphorus accumulation/release states. The
biological systems exemplified have inherent non-linear discontinuous reaction kinetics due to switching between metabolic
mechanisms. The popular MLP networks have some limitations
for approximating discontinuous input–output systems. MLPs
tend to exhibit erratic behaviour around discontinuities [21].
RBF networks have the capacity of capturing the underlying
local struture of the input–output mapping [21] and could be
more suitable for processes with discontinuities. [22] showed
that modular neural networks, such as the ME [23], are well
suited for the identification of processes that switch between
different operating conditions. Such modular network architectures might be an interesting alternative for bioprocess hybrid
modelling. A modular network architecture consists of two or
more (small) network modules mediated by an integration unit,
which decides how to combine their outputs to form the final
system output and which modules should learn which training
patterns [21]. This type of architecture performs task decomposition in the sense that it learns to partition a task into two or more
functionally independent tasks and allocates distinct networks to
learn each task [23]. As already mentioned, cells reaction kinetics are ruled by a rather complex network of metabolic reactions
organised in different pathways: glycolysis, tricarboxylic acid
cycle and many other. Hence a modular network structure is
hypothetically highly compatible with the internal structure of
the cell system. The main objective of this work is to develop
a hybrid modelling method for bioprocesses accounting for the
intracellular modular structure of the cells subsystem. The combination of first principles modelling with modular network
architectures is thus explored. The remaining of this paper is
organised in four more sections. In Section 2 a general hybrid
structure for bioreactor systems is described. Following, the ME
network architecture and the expectation maximisation (EM)
algorithm are reviewed. The incorporation of these concepts in
the hybrid modelling framework is discussed. In Sections 3.1 and
3.2 two case studies are presented where hybrid models employ-
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ing mixture of experts, MLPs and RBF networks are compared.
Finally, in Section 4, the main conclusions are presented.
2. Proposed hybrid modelling technique
2.1. General parametric/nonparametric hybrid model for
bioreactor systems
Hybrid model structures have been classified as parallel
and/or serial [7,8]. In parallel structures a full mathematical
model is available that however is not sufficiently accurate
for model-based applications. A nonparametric modelling technique is then combined in parallel with the mathematical model,
having access to the same input variables and correcting the
mathematical model outputs. In the serial case, there is knowledge concerning the general structure of the system, but parts
thereof are not known in a mechanistic sense. Such unknown
sub-systems are modelled with nonparametric techniques, which
feed with information to mechanistic parts. The hybrid model
structures that naturally arise in bioreactor modelling problems
tend to be simultaneously serial and parallel [24,25]. The bioreactor system is described by material balance equations while a
parallel neural network/mechanistic structure represents the cell
population system. In this work, a similar structure is adopted
that however uses a ME architecture for modelling the unknown
reaction kinetics term instead of the usual MLPs or RBFs networks (see Fig. 1). This model may be mathematically stated by
the following two equations:
dc
= r(c, w) − Dc + u
dt

(1)

r = Krmec (c)ϕnonp (c, w)

(2)

with c a vector of n concentrations, K a n × m yield coefficients
matrix, rmec a m × r matrix of mechanistically known kinetic
expressions, ϕnonp (c, w) a vector of r unknown kinetic functions modelled with ME networks, w a vector of parameters that
must be estimated from data, D the dilution rate, and u is a vector of net volumetric input rates (possibly control inputs). The
unknown reaction kinetics ϕnonp (c, w) are thus modelled with
ME networks as discussed in the remaining of this section.

Fig. 1. Proposed mechanistic/mixture of experts hybrid structure.
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2.2. The mixture of experts architecture
Different types of modular networks may be designed,
depending on the network modules definition, on the integration
unit definition and on the levels of hierarchy. The most well studied network (initial proposal) is the mixture of experts network
(also known as associative Gaussian mixture model) [21,23].
The ME architecture consists of a set of K expert networks and
a gating network (see Fig. 1). Basically, the task of each expert
j is to approximate a function fj : c → ϕj over a region of the
input space. The task of the gating system is to assign an expert
network to each input vector c. The final system output ϕME is
a combination of the expert network outputs:
ϕME =

K


gj (c)ϕj (c)

(3)

j=1

with gj (c) the gating outputs. The ME architecture has strong
statistical foundations since it was inspired by the concept of
mixture models [26]. The expert modules are simple linear functions for non-linear regression problems or linear functions with
a single output non-linearity for classification problems. In some
non-linear regression problems it may be necessary to use more
complex non-linear experts. MLP networks with the tangent
hyperbolic function in the hidden layers and linear functions
in the output layer are a possible choice [27] and was one of the
chosen structure in this work (the other one was a RBF network):
ϕj (c) = w2,j tanh(w1,j c + b1,j ) + b2,j

(4)

with w1,j and w2,j the weight matrices in the connections
between nodes of layers 1 and 2 and 2 and 3, respectively, whereas b1,j and b2,j are bias associated parameter
vectors. In the following analysis, the parameters associated
with each expert j are represented in a vector form wj =
{w1,j , b1,j , w2,j , b2,j }. Also, different forms for the gating system have been reported. The softmax function suggested initially
by [23], is a normalised exponential function of the inputs c and
provides a “soft” hyperplane division [28]. A localised gating
system based on Gaussian functions provides “soft” hyperellipsoids input space partitions [28,29]. The localised gating
system provides more flexible input space partitions and was
adopted in this work. It can be formulated as follows:
gj (c, a) =

αj P(c, mj , j )
K


(5)

αi P(c, mi , i )

i=1

P(c, mj , j ) = (2π)−n/2 |j |−1/2


1
T −1
× exp − (c − mj ) j (c − mj )
2

(6)

Eq. (6) is a Gaussian distribution with centre mj and covariance matrix j (usually only the diagonal is considered). Eq.
(5) establishes a normalised gating output scaled by the scalar
parameters αj . In Eq. (5) the variable a is a vectored representation of all gating system parameters a = {αj , mj , j }.

The ME architecture concept has been extended to include
several hierarchical levels being then termed hierarchical mixture of experts (HME). The HME is a tree-like structure where
the input space is subdivided in regions and regions in sub
regions and so on. This structure is more complex but may
often outperform the ME network [30]. For the present study
the ME network structure was adopted instead of the HME,
for reasons of simplicity since the ME provided satisfactory
results.
2.3. The expectation maximisation algorithm
The training algorithm to be adopted is tightly connected
with the nature of the network structure and to the solution characteristics sought. The simplest approach is the classical least
squares employing the gradient descent (GD) algorithm [21,23],
with error back-propagation for the calculation of gradients. The
training algorithm has also been treated as a maximum likelihood
parameter estimation problem by [23]. The expectation maximisation (EM) algorithm [31] was derived and applied for this
structure by [32]. It was shown in [33] that when the objective
function is defined as a mean square error the solutions tend to be
more “cooperative”, whereas the maximum likelihood formulation with the EM algorithm tends to produce more “competitive”
solutions. The EM algorithm was also shown to provide linear
convergence, faster than that obtained with a gradient ascent
algorithm along with a maximum likelihood formulation [34].
Since we are particularly interested in competitive learning the
EM algorithm was adopted in this work. This algorithm is a twostep iterative procedure [29,32] that for each iteration p can be
summarised as follows:
1. E-step
p,t
In the E-step a matrix of posterior probabilities hp = {hj }
is computed as follows:
p

p,t

hj =

p

gj (ct , aj )P(dt |ct , wj )
K


p

p

i

i

,

gi (ct , a)P(dt |ct , w)

i=1

j = 1, . . . , K,

t = 1, . . . , np

(7)

with the subscript index j denoting expert index, the superscript indexes t and p denoting training pattern and iteration,
respectively, with np being the number of measured patp
terns. The term P(dt |ct , wj ) is the conditional probability
of a desired target d of dimension nd , given the input c of
dimension nc and given the expert j. For regression problems
a Gaussian probabilistic model with identity covariance is
normally assumed, hence


1
1
p
t t
2
(8)
P(d |c , wj ) =
exp − ||d − ϕj ||
(2π)−nd /2
2
2. M-step
The M-step consists of a set of K + 1 independent maximisation problems. The first K optimisations evaluate new
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expert module parameters wj :
 np

 p,t
p+1
p
t t
wj = argmax
hj ln P(d |c , wj ) ,
t=1

j = 1, . . . , K

(9)

These optimisations must be solved iteratively using
appropriate numerical methods. A quasi-Newton method
with conjugated gradients (CG) was employed as described
in [35]. The evaluation of gradients was done with error
back-propagation through the expert networks [36]. The last
optimisation step K + 1 evaluates new parameters for the
gating system. In the case of the localised gating network the
optimisation has an exact one-step analytical solution [29]:
p+1

αj

p+1

mj

=

1  p,t
h
np t j

1  p,t t
=  p,t
hj c
hj t

(10)

(11)

t
p+1

j

1  p,t t
p+1
p+1
=  p,t
hj (c − mj )(ct − mj )
hj t

(12)

t

The algorithms described and adopted in this work are available in the form of a Matlab TM toolbox [37].
3. Results and discussion
3.1. Case study A: fed-batch S. cerevisiae cultivation
process
In this first case study the proposed hybrid modelling technique is applied to a baker’s yeast production process in a
fed-batch bioreactor. The S. cerevisiae yeast cells metabolise
glucose via two pathways under aerobic conditions: oxidative and/or reductive pathways, with ethanol the end product
of the reductive pathway. The yeast cells are also able to
use ethanol as an alternative substrate, but the ethanol can
be metabolised oxidatively only. Sonnleitner and Kappeli [18]
developed a simple unstructured kinetic model based on the respiratory bottleneck concept (see Appendices A and B for detailed
description). The model defines three macroscopic reactions for
carbon source utilisation with well-defined stoichiometry:
μoG

a1 G + b1 N + c1 O2 →X + f1 CO2 + g1 H2 O
(P1 – oxidative glucose uptake)
μrG

a2 G + b2 N →X + e2 E + f2 CO2 + g2 H2 O
(P2 – reductive glucose uptake)
μoE

e3 E + b3 N + c3 O2 →X + f3 CO2 + g3 H2 O
(P3 – oxidative ethanol uptake)
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with X, G, E, N, O2 and CO2 the biomass, glucose, ethanol,
ammonia, oxygen and carbon dioxide, respectively suspended
or dissolved in the liquid phase, ai − gi with i =1, 2 or 3 are stoichiometric coefficients, and μoG , μrG and μoE specific growth rates
associated with the three macroscopic reactions. The yeast cells
may find themselves in one of two metabolic states: oxidative or
oxido-reductive. In the oxidative metabolic state, only pathways
(P1) and (P3) take place. In conditions of oxygen saturation, it
may be shown that the oxidative metabolic state is only possible
for glucose concentrations lower than 0.042 g/L. The oxidoreductive state, corresponding to pathways (P1) and (P2), occurs
for glucose concentrations higher than 0.042 g/L, presuming
again oxygen saturation. The switch between the two metabolic
states is a crisp “if-then” switch. Consequently, pathways (P2)
and (P3) are never simultaneous. The main objective in this study
is to evaluate the proposed hybrid modelling technique and in
particular to verify if a mixture of two experts trained with the
EM algorithm is capable of distinguishing between the oxidative
and oxido-reductive states, and if the individual experts develop
expertise in describing the one or the other metabolic state. In
the next two examples the focus was on illustrating and enhancing the theoretical capacities of the mixture of experts network
so measurement noise was excluded thus avoiding the issues of
model overfitting.
3.1.1. Example A.1: preliminary simulation study
Six batches were simulated using the model described in
Appendices A and B yielding a total number of measured patterns of np = 606. Details for the data generation are provided
in Table 1. To simplify the analysis, oxygen was assumed to be
never limiting. In such circumstances the specific growth rate is
a function of glucose and ethanol concentrations only (see model
equations in Appendices A and B). The main objective in this
study is to compare the ME, MLP and RBF networks in mapping the relationship between (μ) and the two concentrations
(SG ) and (SE ).
The ME network was configured with K = 2 MLP experts
with equal size {2, 2, 1}. The total number of parameters was 24
(9 parameters per expert and 6 parameters for the gating system
– the gating had just one input, the glucose concentration). The
ME was trained with the EM algorithm as described in Section
2.3. The results obtained after 1000 iterations are shown in Fig. 2
(a) and (b). It is not surprising the fact that this small ME network
was able to model this system with almost negligible error for
all 6 batches (the mean squared error (MSE) was 2.59 × 10−6 )
as shown in Fig. 2(a), given the powerful capacity for nonlinear
function approximation of the experts. A more significant result
is the fact that the ME network learned to distinguish between the
two metabolic states: expert (1) developed expertise in describing the oxidative metabolic state whereas expert (2) developed
expertise in describing the oxido-reductive state. Fig. 2(b) shows
the gating outputs (g1 ) and (g2 ) over measured pattern along with
the corresponding glucose measurements. The gating outputs
intercept at glucose concentration of 0.042 g/L that is precisely
where the true process switch occurs. A MLP network with
18 parameters was trained over the same data and the same
structure as the experts in the ME. The network was trained
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Table 1
Data generation and network configuration details
Example A.1

Example A.2

Example A.3

Case study A
Simulations using model Eqs. A.1–A.11
Measurements: SG , SE

Simulations using model Eqs. A.1–A.11
Measurements: SG , SE

Simulations using model Eqs. A.1–A.11
Measurements: X, SG , SE with Gaussian noise
(σ = 1/3[0.025 0.001 0.025][Xmax SG, max SE, max ]T )

Measurements: μ = 1/X(dX/dt) + D = μoG + μrG + μoE = f (SG , SE )
Sampling rate: 0.2 h
Sampling rate: 0.0002 h
101 measured patterns per batch
2601 measured patterns

Sampling rate: 0.5 h
33 measured patterns per batch

ME network structure

MLP network structure

RBF network structure

Inputs: SG , SE
Outputs: μ
Number of experts: 2
Type of experts: MLP or RBF network

Inputs: SG , SE
Outputs: μ
Number of layers: 3

Inputs: SG , SE
Outputs: μ
Number of layers: 3

Hidden layer: tangent hyperbolic

Hidden layer: Gaussian or thin plate spline (TPS)
radial basis function Gaussian:
ϕi (x) = exp((−||x − ti ||2 )/(2σ 2 ))
TPS: ϕi (x) = ||x − ti ||2 log(||x − ti ||)
Output layer: linear function

Output layer: linear function
Gating system: Gaussian input for the gating: SG

with the same algorithm employed to solve the first K optimisations of the M step: quasi-Newton with a Conjugate Gradient
method (CG) along with error back-propagation for the analytical evaluation of gradients. The objective function was defined
in this case as a least squares problem. After 2000 iterations
the MSE stabilised at 3.62 × 10−5 . This error is higher than
that obtained with the ME but still very small (one order of
magnitude below). In practical terms an almost perfect mapping is achieved indicating that there is no apparent advantage
of using a ME network in this example. The results produced
by a RBF network with two inputs (SG and SE ), a single hidden
layer with 16 nodes and an output layer, trained over the same
data, were however worst (MSE = 2.3 × 10−4 ). The basis function units were symmetrical Gaussian density functions. The
training algorithm follows the scheme proposed by [38]. On

the first stage the centres and the widths of each radial basis
function are determined by the k-mean clustering and by a Pnearest-neighbour heuristic, respectively. The second stage, for
determining the network weights for interconnections between
the hidden layer and the output layer, consists simply of computing a pseudo-inverse matrix since the error function is quadratic
in the weights [27].
3.1.2. Example A.2: accuracy in the vicinity of the
metabolic switch
In this example (data generation details are presented in
Table 1), the objective was to assess the performance of the different network structures in the vicinity of the switch between
metabolic states (network structures details are presented in
Table 1). Three ME networks were considered: one was config-

Fig. 2. Results for six simulated batches: (a) specific growth rate estimates with a ME with 2 experts (18 parameters): measured values (◦), estimated values (—).
(b) Gaussian gating network outputs: g1 (· · · ), g2 (—). The true switch is when substrate is constant and equal to 0.0422 g/L.
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Fig. 3. The square error of the specific growth rate estimates with: (a) a ME with 2 MLP experts (18 parameters); (b) a MLP network with 17 parameters; (c) a ME
with 2 TPS RBF experts (14 parameters); (d) a TPS RBF network with 16 parameters.

ured with 2 MLP expert networks, another one was configured
with 2 Gaussian RBF expert networks and the last one was configure with 2 TPS RBF expert networks. The 3 experts were
configured with the same dimensions: {2, 2, 1}. The output of
the ME network was again the total specific growth rate and
the inputs were c = {SG , SE }. The gating system was a localised
gating network as in the previous case. For comparison it was
also considered a single MLP network with dimensions {2, 2, 1},

a single Gaussian RBF with dimensions {2, 4, 1} and a single
TPS RBF with dimensions {2, 5, 1}. The results are presented
in Figs. 3(a)–(d) and 4 (a). Fig. 3(a) and (d) show the modelling
error for the best ME networks, for MLP and for the best RBF
networks. Three differences are evident: (i) the mean squared
error (MSE) is much smaller for the mixture of experts (ME)
than for both MLP and RBF, (ii) the MSE is slightly smaller
for the ME with 2 MLP experts than for the ME with 2 TPS

Fig. 4. (a) Gaussian gating network outputs. (b) The true switch is when glucose is constant and equal to 0.0422 g/L.
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Table 2
Comparison of the models for case study A.3
Network type

MLP
RBF (Gaussian)
RBF (TPS)
ME (2 MLP experts)
ME (2 RBF Gaussian experts)
ME (2 RBF TPS experts)

nh

5
12
12
2
4
4

nw

21
49
37
24
40
32

Cells system

Reactor system, test data

Estimation data MSE
error (×10−4 )

Validation data MSE
error (×10−4 )

RMS error

BIC

2.6
3.0
3.7
2.8
3.7
3.4

3.5
5.0
5.7
3.4
4.4
5.1

0.092
0.096
0.118
0.092
0.149
0.072

−204.6
−247.9
−251.8
−209.5
−278.8
− 195.9

Bold values corresponds to the best values obtained for each criterion.

RBF experts and (iii) the MSE is erratic in the case of the MLP
and RBF. This is a relevant result though not totally unexpected
because it is well known that MLPs have difficulties in mapping discontinuous systems and exhibit oscillatory behaviour at
the extremities [21]. The use of a ME could represent a clear
advantage for modelling processes that are run near metabolic
switches. The case of recombinant S. cerevisiae or E. coli are
such examples since they are facultative aerobic microorganisms and the build up of ethanol or acetate are associated with
lower biomass and product yields.
The more accurate results provided by the ME network arise
from the ability to detect the switch of both metabolic states and
to assign each expert to describe the individual metabolic states.

Fig. 4(b) is a contour plot showing the true process switch. The
metabolic switch is independent of the ethanol concentration and
occurs for constant glucose concentration of SG = 0.042 g/L.
The black surface signals the oxidative state while the white
surface signals the oxido-reductive state. Fig. 4(a) shows a contour plot of the gating system outputs in the same 2D input space.
The black colour indicates the g1 output whereas white represents g2 output. The ME transition occurs precisely for the true
switch of SG = 0.042 g/L. The ME transition is however soft
when compared to the true crisp switch shown in Fig. 4(b). Soft
transitions are however characteristic of biological systems thus
this result is not seen as a disadvantage of the Gaussian gating
system.

Fig. 5. Results obtained with the hybrid ME model with 2 MLP experts (24 parameters) for the test partition: (a) biomass: measured values (♦), estimated values
(—). (b) Gaussian gating network outputs: g1 (· · · ), g2 (- - -) vs. concentrations of SG (). (c) Measured values vs. simulated values. (d) Estimated μ values (—),
measured μ values (◦), expert 1 (· · · ), expert 2 (- - -).
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Fig. 6. Results obtained with the hybrid ME model with 2 RBF TPS experts (32 parameters) for the test partition: (a) biomass: measured values (♦), estimated values
(—). (b) Gaussian gating network outputs: g1 (· · · ), g2 (- - -) vs. concentrations of SG (). (c) Measured values vs. simulated values. (d) Estimated μ values (—),
measured μ values (◦), expert 1 (· · · ), expert 2 (- - -).

Fig. 7. Results obtained with the hybrid MLP model (21 parameters) for the test partition: (a) biomass: measured values (♦), estimated values (—). (b) Estimated μ
values (—), measured μ values (◦). (c) Measured values vs. simulated values.
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Table 3
Comparison of the models for case study B
Network type

MLP
RBF (Gaussian)
RBF (TPS)
ME (2 MLP experts)
ME (2 RBF Gaussian experts)
ME (2 RBF TPS experts)

nh

12
14
12
5
9
6

nw

225
261
213
204
348
228

Cells system

Reactor system, test data

Estimation data
MSE error

Validation data
MSE error

RMS error

BIC

0.009
0.014
0.018
0.010
0.013
0.019

0.012
0.017
0.022
0.012
0.020
0.021

0.13
0.05
0.16
0.03
0.05
0.02

−3617.5
−2813.2
−3883.2
−1778.0
−2981.3
− 1522.2

Bold values corresponds to the best values obtained for each criterion.

3.1.3. Example A.3: a complete model
In this example the objective was to assess the performance
of the hybrid ME, the hybrid MLP model and the hybrid RBF
model in describing the dynamics of biomass concentration. The
material balance equation for fed-batch operation is given by the
equation:
dX
= (μ − D) X
dt

(13)

Twelve batches were simulated using the process model equations presented in Appendices A and B, varying the initial

concentrations randomly from the uniform distribution in the
range specified in Appendices A and B(Example A.3). The data
generation details are provided in Table 1. Nine batches were
used for training (six batches for the estimation partition and
three batches for the validation partition) and the other three
batches were used for testing. The best parameters of the ME
models and of the MLP and RBF models were identified by
cross validation and by varying the number of the hidden nodes.
Table 2 shows the structure of the best models and the corresponding MSE values obtained on the estimation and validation
partitions. One observes that these MSE values present minor

Fig. 8. Results obtained with the hybrid ME model with 2 TPS RBF experts (228 parameters) for the test partition: (a–h) concentrations: measured values (◦),
estimated values (—). (i) Gaussian gating network outputs: g1 (- - -), g2 (—) vs. concentrations of SO2 ,(◦).
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differences being practically the same for both partitions and for
both network models.
To assess the performance of each model, a different criterion
from that used to train them [27] was used. The performance
of each hybrid model was evaluated in terms of the root mean
square (RMS) error defined as
ERMS =

||c − ctest ||2
||ctest − c̄test ||2

(14)

with c the estimated state values given by the optimal parameters,
ctest the state values of the test data and c̄test is the respective average. Comparing the RMS criterion values presented in Table 2
it can be concluded that in this case study the hybrid ME model
with 2 TPS RBF experts has the lowest RMS value and therefore
the best estimation performance. However, it is not sufficient to
assess the goodness of the fit only by the RMS criterion, given
the different structures and complexities of the hybrid models
(i.e. different numbers of degrees of freedom). It is necessary,
therefore to evaluate the adequacy of the models through a given
measure quantity. The Akaike information criterion [AIC, 39]
is the most widely used but have some problems described in
[40]. Instead AIC it was used the Bayesian information criterion (BIC), more appropriate for data sets with more than 46

199

data points [41,42]:
BIC = L(θ̂) −

nw
np
ln
2
2π

(15)

where L is the likelihood function of the model, θ̂ denotes the
maximum likelihood estimates of the vector of unknown parameters, nw the total number of parameters and np is the total
number of measurements. The maximized logarithmic likelihood L(θ̂):
np 
L(θ̂) = −
(16)
ln
||c − ctest ||2
2
results from taking the natural logarithmic and maximize with
respect to the unknown parameters [42]. From Eqs. (15) and
(16) a model with a higher BIC is preferable to one with a lower
value [43]. The values presented in Table 2 show that in general the models with more parameters have a lower BIC value.
This is consistent with the definition of BIC value because this
criterion penalises models with higher number of parameters.
The hybrid ME model configured with Gaussian RBF experts
exhibits the lowest BIC value. The hybrid MLP model exhibits a
higher BIC value comparatively to the hybrid ME MLP model.
This could be explained by the low level of complexity of this
case study being a single hybrid MLP model sufficient to pre-

Fig. 9. Results obtained with the hybrid ME model with 2 MLP experts (204 parameters) for the test partition: (a–h) concentrations: measured values (◦), estimated
values (—). (i) Gaussian gating network outputs: g1 (- - -), g2 (—) vs. concentrations of SO2 ,(◦).
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dict the biomass concentration values. The hybrid ME model
with 2 TPS RBF experts has the highest BIC. Therefore, in this
case study, the hybrid ME model configured with 2 TPS RBF
experts is preferable in terms of model prediction and complexity. The modelling results for the best three hybrid models for
the test partition are presented in Figs. 5(a)–7(a). These plots
are very similar in accordance with the previous analysis. To
visualise the performance of the models the measured data versus the estimated values from the hybrid models considered are
presented in Figs. 5(c)–7(c). These plots, just confirms the previous results. Figs. 5(b) and 6(b) demonstrates again the capacity
of the hybrid ME model of detecting the switch between the
two metabolic states. The switch occurs for values of SG around
0.09 g/L. Figs. 5(d) and 6(d) demonstrates the ability of each
expert of developing expertise in describing one or the other
metabolic state on a specific part of the input space.
3.2. Case study B: activated sludge processes
3.2.1. Process description
In this case study, a much more complex wastewater phosphorus removal process by activated sludge is addressed. The
study was supported by the activated sludge model number 2d

(ASM2d) described in [20]. The ASM2d model is a complex
morphologically and intracellularly structured model accounting for the existence of three types of organisms. In this work,
the model was simplified for aerobic phosphorus accumulating
organisms (PAO) only. PAOs are facultative aerobic organisms
with the capacity of adapting the metabolism for aerobic or
anaerobic conditions. The wastewater treatment process is conducted in a sequencing batch reactor (SBR) operated through
repeated batch cycles. Each SBR cycle has two main reaction
phases (the other phases such as settling, medium withdrawing
and replenishing with fresh medium are not relevant for this
study). The first phase is the anaerobiose taking a total time
of 40 min per cycle. This phase is immediately followed by
the aerobiose that takes more 20 min per cycle. The transition
between the anaerobiose and aerobiose is controlled by the aeration rate. The SBR model equations and respective parameters
are presented in Appendices A and B. It should be noted that the
problem addressed here is much more complex than the problem
of case study A. The process state is defined by 6 extracellular state variables (concentrations of biomass (XPAO ), dissolved
oxygen (SO2 ), readily biodegradable substrate (SF ), acetate (SA ),
phosphate (SPO4 ) and slowly biodegradable substrate (XS )) and
the concentrations of 3 compounds stored intracellularly (stored

Fig. 10. Results obtained with the hybrid Gaussian RBF model (261 parameters) for the test partition: (a–h) concentrations: measured values (◦), estimated values
(—).
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poly-phosphate (XPP ), stored organic compounds (XPHA ) and
stored glycogen (XGLY )). The main challenge in this case study
is to develop an hybrid model capable of describing accurately
the process state, but also to bear out if he proposed hybrid
structure is able to learn to distinguish between the aerobic and
anaerobic phases.
3.2.2. Data generation
A sequence of nineteen cycles was simulated varying the
starting concentrations of state variables at the beginning of each
cycle. The starting conditions defined in Appendices A and B
were superimposed by uniformly distributed noise with relative
amplitude of ±40% for acetate (SA ) and ±20% for the remaining state variables. The data was collected at sampling intervals
of 1.5 min. The simulation data with noise added was divided
in a training partition, comprehending 533 data records, and a
test partition with 246 records. The training partition was further divided in a estimation partition with 410 records and a
validation partition with 123 records.
3.2.3. Hybrid model structure and training
The hybrid model employed has two experts (because the
process has two metabolic phases) and a Gaussian gating system.
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The material balance equations are the following:
dc
= q(c)XPAO
dt

(17)

with c = [XPAO , SO2 , SF , SA , SPO4 , XS , XPP , XPHA , XGLY ]T
and q the respective specific reaction kinetics,
q = [μ, qO2 , qF , qA , qPO4 , qS , qPP , qPHA , qGLY ]T . The only
assumption regarding the cells system implicit in Eq. (17) is that
the reactions kinetics are specific in respect to active biomass
concentration (XPAO ). The job for the ME is thus to model
the complex relationship between the kinetic rates (q) and the
medium composition (c) (see the reaction kinetic equations in
Appendices A and B). The experts were MLP or RBF networks
with eight inputs (all state variables except XPAO ) and nine
outputs corresponding to the specific consumption rates in
vector q. The ME equations when MLP experts are used are the
following:
q1 (c) = w2,1 tanh(w1,1 c + b1,1 ) + b2,1

(18)

q2 (c) = w2,2 tanh(w1,2 c + b1,2 ) + b2,2

(19)

q = g1 (c) q1 (c) + g2 (c) q2 (c)

(20)

with q1 the expert 1 outputs, q2 the expert 2 outputs, wi,j and bi,j
are MLP parameters, g1 and g2 are the gating system outputs,

Fig. 11. (a–h) Measured vs. state values of the hybrid ME TPS RBF model for the test partition.
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which are scalar quantities defining the relative contribution of
expert 1 and 2 for the evaluation of the specific reaction kinetics
q. The gating system has only one input, the concentration of
dissolved oxygen. The Gaussian gating system (see Eqs. (5)
and (6)) with diagonal covariances matrix was adopted for this
study. The training method employed was the EM algorithm as
described in Section 2.3 and the parameters were identified by
cross validation.
3.2.4. Model selection
An thorough study was performed with the objective of comparing the hybrid model employing the ME network with two
experts (a model that is a compromise between local and global
models) with the hybrid model employing the MLP network (a
global model) or a RBF network (a local model). The optimal
neural network configuration was determined by varying the
number of hidden nodes for all ME, MLP or RBF models. The
training was repeated 30 times with different starting parameters. The experts parameters were initialised by random selection
from a zero mean, unit variance isotropic Gaussian where the
variance is scaled by the number of hidden or output units as
appropriate [27]. The gating parameters were initialised by the
kmeans algorithm applied to the gating input. The selected final
solution was that having the lowest validation error among the

30 trials. The best configuration for all the models considered
are summarized on the first three columns of Table 3.
3.2.5. Modelling the process state
The performance of each hybrid model was again evaluated
in terms of the root mean square (RMS) error over a test partition
as defined in the previous case study (Eq. (14)). Comparing the
RMS criterion values presented in Table 3 it can be concluded
that in this study the hybrid ME model configured with 2 TPS
RBF experts gives the best estimation performance. However,
it is not sufficient to assess the goodness of the fit only with
the RMS criterion, given the different structures and complexities of the two hybrid models (i.e. different numbers of degrees
of freedom). Again, the model selection criterion used was the
Bayesian information criterion (BIC). The values presented in
Table 3 shows that in contrast with the case A.3 the hybrid ME
MLP model has a higher BIC value than the hybrid single MLP
model. This result is in accordance with the greater level of complexity of this case study. Albeit the power of MLP networks for
modelling nonlinear functions they have problems in describing
discontinuities. The hybrid ME model configured with 2 TPS
RBF experts has a BIC value much higher than that obtained
for the other hybrid models considered. The capacity of the ME
structure of dividing the input space along with TPS RBFs capac-

Fig. 12. (a–h) Measured vs. state values of the hybrid ME MLP model for the test partition.
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Fig. 13. (a–h) Measured vs. state values of the hybrid RBF Gaussian model for the test partition.

ity of learning local mappings seems more suitable for processes
with discontinuities. Therefore, it can be concluded that in this
case study, the hybrid ME model configured with 2 TPS RBF
experts outperformed the hybrid single models in terms of model
prediction and complexity.
The modelling results for the test partition for those three
hybrid models that has a greater BIC value are presented in
Figs. 8(a–h)–10 (a–h). To visualise the performance of the models the measured data versus the estimated values for the very
same hybrid models are presented in Figs. 11–13 . All the hybrid
models has difficulties in describing SA concentration. Another
state value not very well described is the SPO4 concentration
although the hybrid ME models showed an higher performance.
It is evident that the estimated XPHA state value is better
described by the hybrid ME TPS RBF model. Both these variables, SPO4 and XPHA , has in common an abrupt switch between
the metabolic states so the advantage of using the hybrid ME
models are better noticed. All the other state variables seems to
be better described by the hybrid ME models except the XS state
values that are slightly enhanced by the single hybrid model.
3.2.6. Switch between aerobiose and anaerobiose
An important and most interesting feature of the ME was
observed: the ME network was able to detect the switch between
the anaerobiose and aerobiose as illustrated in Figs. 8(i) and 9(i)

and , and the experts developed expertise in modelling the kinetics of the one or the other metabolic state. The switch between
the experts occurs precisely at 0.66 h in the transition between
the anaerobiose and aerobiose. It has succeeded in all batches,
either in training or validation batches. This feature was repeatedly observed in several other tests with other processes (not
treated in this work).
4. Conclusions
The main objective of this work was to develop a bioprocess
hybrid modelling method combining material balance equations
with modular neural network architectures for modelling cells
reaction kinetics. This idea was motivated by the fact that the
metabolism of cells consists of a highly complex modular network of metabolic pathways. Two case studies of different levels
of complexity were considered. First, a culture of S. cerevisiae
was analysed using both data from simulation models and data
from a set of experimental batches; subsequently a wastewater
treatment process was studied using data from simulations. The
main conclusions to be taken from this study are the following:
• the hybrid mixture of experts (ME) model, if trained with the
expectation maximisation algorithm, is able to detect different
pathways without breakdown;
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• the hybrid ME model exhibited a better performance than the
hybrid single model in both case studies however on the more
complex case study such as a wastewater phosphorus removal
process by activated sludge the difference were more evident;
• the hybrid ME TPS RBF model achieved the best prediction
performance in opposition to the hybrid ME MLP model;
• the ME architecture has the additional advantage that the
small experts employed developed individually the expertise
in describing the individual metabolic pathways;
• the ME networks are able to describe more accurately the
kinetics around the metabolic switches.

μrG = 0

(A.7)


μoE = min

Ki
E
μE max
, Y oE
KE + E Ki + SG XO
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Appendix A. Case study A: bakers’ yeast fed-batch
cultivation model
State variables: concentrations of biomass (X), glucose (SG ),
ethanol (SE ), and liquid volume (V). Material balance equations:
dX
= (μoG + μrG + μoE − D)X
dt


μrG
μoG
dSG
=−
+ rG X − D(SG − SG0 )
oG
dt
YXG
YXG

 r
μG
μoE
dSE
X − DSE
−
=
oE
rG
dt
YXE
YXE
dV
= DV = F
dt

(A.1)
(A.2)

(A.3)
(A.4)

Initial conditions—Example 1: B i: X(0) (g/L), SG (0) (g/L),
SE (0) (g/L), V (0) (L), F (L/h), SG (g/L). B1: 1.20, 1.46, 2.27,
2.5, 0.12, 50; B2: 1.54, 0.29, 2.90, 2.5, 0.15, 100; B3: 0.38, 1.53
,1.95, 2.5, 0.15, 50; B4: 1.46, 0.00, 1.84, 2.5, 0.15, 25; B5: 0.23,
3.13, 0.72, 2.5, 0.05, 10; B6: 0.25, 2.98, 0.64, 2.5, 0.10, 25.
Initial conditions–Example 3: 1 ≤ X(0) ≤ 2 g/L, 1 ≤
SG (0) ≤ 2 g/L, SE (0) = 1 g/L, V (0) = 1 L, 1 ≤ F ≤ 2 L/h,
SG0 = 50 g/L.
Kinetic rates:
SG
qG = qG max
KG + S G

Y oG
qo max −qG XG
oG
YXO



(A.8)
Fermentative metabolic state:
oG
μoG = YXO
qo max

rG
μrG = YXG

In the context of hybrid modelling, modular mixture of
experts represent a more structured description of cellular kinetics and thus may represent an advance in the extraction of
information from experimental data, yielding more accurate
models with better generalisation properties. This technique may
constitute a powerful methodology for biosystems identification
if connected with metabolic pathway analysis [44].



qG − qo max

(A.9)
oG
YXO
oG
YXG



μoE = 0

(A.10)
(A.11)

Switch between metabolic states:
oG /Y oG ⇒ respirative metabolic state (Eqs.
• if qG ≤ qo max YXO
XG
(A.6)–(A.8))
oG /Y oG ⇒ fermentative metabolic state
• else if qG > qo max YXO
XG
(Eqs. (A.9)–(A.11))

S. cerevisiae model parameters (taken from [18]):
Kinetic parameters: qG max = 3.5 g gluc/(g cell × h), KG =
0.2 g/L, μE max = 0.17 h−1 , KE = 0.1 g/L, qo max = 0.256 g O2 /
(g cell × h), Ko = 0.1 mg/L, Ki = 0.1 g/L.
oG (k −1 ) = 0.49, Y rG (k −1 ) = 0.05,
Stoichiometric yields: YXG
1
XG 2
oG (k −1 ) = 1.2,
rG (k −1 ) = 0.1,
oE (k −1 ) = 0.72,
YXO
YXE
YXE
4
3
5
−1
oE
YXO (k6 ) = 0.64.
Appendix B. Case study B: simpliﬁed activated sludge
model
State variables: concentrations of dissolved oxygen (SO2 ),
readily biodegradable substrate (SF ), acetate (SA ), ammonium
(SNH4 ), phosphate (SPO4 ), inert, non-biodegradable organics
(SI ), bicarbonate alkalinity (SALK ), slowly biodegradable substrate (XS ), biomass (XPAO ), stored poly-phosphate (XPP ),
stored organic compounds (XPHA ) and stored glycogen (XGLY ).
Material balance equations 1 :


dSO2
1
1
=
− 1 r22 − O r23
O
dt
YPHA
YPP


1
r24 − r25
+ 1− O
(B.1)
YGLY
dSF
= (1 − fSI )(r1 + r3 )
dt

(B.2)

(A.5)

dSA
= −r20
dt

(B.3)

(A.6)

1 S
NH4 , SALK , SI are assumed to be constant and hence the corresponding
derivatives are zero.

Aerobic metabolic state:
oG
μoG = YXG
qG
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dSPO4
= YPO4 r20 + r21 − 0.0144 r22 − 0.9955 r23
dt
+ 0.0180 r24 + 0.02 r25
dXS
= −r1 − r3
dt
dXPAO
1
1
1
= O r22 − O r23 − O r24 − r25
dt
YPHA
YPP
YGLY
dXPP
= −YPO4 r20 − r21 + r23
dt
dXPHA
= YPHA r20 − r22
dt
dXGLY
= (1 − YPHA ) r20 + r24
dt

r25 = mO2

fS
SO2
XPAO
L +S
KX + f S K O
O2
2

r3 = ηL
fe kh

L
KO
fS
2
XPAO
L
KX + fS KO2 + SO2

max
r20 = qs,AN

×

fi =

(B.5)

O
Stoichiometric parameters: fSI = 0 (g COD/g COD), YPHA
=
O
1.39 (g COD/g COD), YPO4 = 0.35 (g P/g COD), YGLY = 1.11
O = 4.42
(g COD/g COD) YPHA = 1.50 (g COD/g COD), YPP
(g P/g COD).
L =
Kinetic parameters: kh = 3.0 (g COD/g COD d), KO
2
L
3
0.20 (g O2 /m ), ηfe = 0.2, KX = 0.1 (g COD/g COD),
max ,AP
qs,AN
= 8.0 (g COD/g COD d), kPHA = 5.51 (g COD/
g COD d),
mAN = 0.05
(g P/g COD d),
kPP = 0.10
(g P/g COD d), kGLY = 0.93 (g COD/g COD d), gPP = 0.22,
mO2 = 0.06 (g O2 /g COD d), KP = 1.00 (g P/m3 ), KA = 4.00
(g COD/m3 ), KfPHA = 0.20 (g COD/g COD), KO2 = 0.20
(g O2 /m3 ), KPO4 = 0.02 (g P/m3 ), KNH4 = 0.05 (g N/m3 ),
max = 0.35 (g P/g COD), f max = 0.05 (g COD/g COD),
fPP
PHA
max = 0.50
fGLY
(g COD/g COD),
KPP = 0.01
(g P/m3 ),
KPHA = 0.01 (g COD/m3 ), KGLY = 0.01 (g COD/m3 ),
KfGLY = 0.01 (g COD/g COD), KfPP = 0.01 (g P/g COD),
KALK = 0.01 (mol HCO3 − /m3 ).

(B.6)
(B.7)
(B.8)
(B.9)

r21 = mAN

K O2
XPP
XPAO
KO2 + SO2 KPP + XPP

r22 = kPHA

fPHA
S O2
SNH4
KfPHA + fPHA KO2 + SO2 KNH4 + SNH4

×

SALK
SPO4
XPAO
KP + SPO4 KALK + SALK

r23 = kPP
×

r24 = kGLY
×

References

(B.11)

(B.12)

(B.13)

(B.14)

XPAO
SPO4
S O2
XPP KPO4 + SPO4 gPP KO2 + SO2

max − f
XPHA
fPP
PP
XPAO
max − f K
KfPP + fPP
PP PHA + XPHA

(B.15)

max − f
fGLY
XPHA
SO2
GLY
max
XGLY KO2 + SO2 KfGLY + fGLY − fGLY

XPHA
XPAO
KPHA + XPHA

(B.18)
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max − f
SA
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PHA
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KA + SA KfPHA + fPHA
PHA

XPP
XGLY
XPAO
KGLY + XGLY KPP + XPP

Xi
XPAO

(B.17)

(B.4)

SF (0) = 300 g COD/m3 ,
SA (0) =
SO2 (0) = 0 g O2 /m3 ,
1890 g COD/m3 , SNH4 (0) = 12.6 g N/m3 , SPO4 (0) = 9 gP/m3 ,
SI (0) = 300 g COD/m3 , SALK (0) = 50 g HCO3 − /m3 , XS (0) =
1250 g COD/m3 , XPAO (0) = 18, 000 g COD/m3 , XPP (0) =
4500 g P/m3 ,
XPHA (0) = 9000 g COD/m3 ,
XGLY (0) =
8100 g COD/m3 .
Kinetic equations:
r1 = kh

S O2
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KO2 + SO2
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